Codes and gap sequences of Hermitian curves

Gébor Korchmaros, Gabor P. Nagy, Marco Timpanella

Abstract—Hermitian functional and differential codes
are AG-codes defined on a Hermitian curve. To ensure
good performance, the divisors defining such AG-codes
have to be carefully chosen, exploiting the rich combina-
torial and algebraic properties of the Hermitian curves. In
this paper, the case of differential codes C,(D, mT) on the
Hermitian curve 7z defined over I ¢ is worked out where
supp(T) := Hs(F,2), the set of all [F--rational points of
3, while D is taken, as usual, to be the sum of the points
in the complementary set D = J7s(F ) \ s(F,2). For
certain values of m, such codes Cq(D, mT) have better
minimum distance compared with true values of 1-point
Hermitian codes. The automorphism group of C7,(D, mT),
m < ¢ — 2, is isomorphic to PGU (3, q).

Index Terms—AG-code, Weierstrass gap, pure gap,
Hermitian curve; 14HS5, 11T71, 11G20, 94B27

I. INTRODUCTION

Algebraic-geometry (AG) codes, also called
Goppa-codes, are certain linear codes arising from
an algebraic curve X defined over a finite field;
see for instance [1], [7], [10], [19]. In this pa-
per, we work on the projective plane PG(2,F )
defined over the finite field F s of order ¢° and
equipped with homogeneous coordinates (X, Y, 7).
The points and lines of PG(2,F ) with coordinates
in the subfield F > are the points and lines of the
projective subplane PG(2,F2) of PG(2,F,s). We
take X’ to be the (non-singular) Hermitian curve J73s
of PG(2,F ), with genus g(.73) = ¢*(¢*—1) and
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defined by its canonical homogeneous equation

XCH _y?y _yze =, (1)
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and construct a particular family of AG-codes on
the set of all points of JZs lying in PG(2,F),
that is, on the set s (F ) of its Fs-rational points.
For this purpose, we take a divisor G whose support
comprises all the points of JZs lying in the subplane
PG(2,F2), that is, the F2-rational points of .7s.
They satisfy the equation X! — Y497 —Y Z9 = (,
and are exactly the [F -rational points of the Her-
mitian curve of PG(2,F ) given in its canonical
homogenous equation

X —YiZ —-YyZ1=0. 2)
More precisely, we define

> o

Qey(F 2)

T:=

and, for a positive integer m, we put G = mT. Also,
we define the set D by complement, that is,

D = Ao (Fos) \ Hq(Fp2).

In particular, D has size n := ¢ — ¢3. Furthermore,
letD:= > p Q.

An AG-code arises by evaluating at the points
of D the F-rational functions whose poles are
prescribed by T (each with multiplicity < m). It
is an AG [n, k, d|,s-code with

d>n—deg(mT) = ¢’ — ¢* —m(¢’ + 1)

and
k = ¢(mT) — £(mT — D),

where /(P) stands, as usual, for the dimension of
the Riemann-Roch space associated to a divisor P
on #. Here, if m(¢® +1) = deg(mT) > 2g—2 =
(¢* + 1)(¢* — 2), that is, if m > ¢ — 2, then the
Riemann-Roch Theorem yields & = deg(mT) +1 —
1¢3(¢* — 1) whence

k=(¢*+1)(m—(¢* —2)), for m > ¢* — 2.

Such an AG-code is the Hermitian functional code
Cr(D,mT) whose Goppa’s designed minimum dis-
tance is

0 :=n —deg(mT) = (¢’ + 1)(¢*(¢* — 1) —m).



The dual code Cq (D, mT) of CL(D, mT) can also
be obtained by computing residuals in the space of
holomorphic differentials 2(mT — D). Therefore,

Ca(D,mT) = {(res(df)q,, - - -, res(df ), )|

df € Q(mT —D)}.

For this reason, the latter code is called a differential
code. It is a [n, k', d'] s-code where

d > deg(mT) — (2g —2) = (¢* + 1)(m — (¢* — 2)),

and k' > n+ g — 1 — deg(mT) when deg(mT) >
2g— 2. In particular, equality holds if deg(mT) < n,
that is,

K=+ —1) —m—3(¢*—2))

for

@ —2<m<@@—1).
Its Goppa’s designed minimum distance is
0" = deg(mT) — (26 — 2) = (¢’ + 1)(m — (¢’ — 2)).

We exhibit values of m for which the differential
code Cq(D, mT) has good parameters. Its minimum
distance is larger than the minimum distance of the
one-point Hermitian code with the same length and
dimension. The improvement is O(q*), see Theorem
IV.3. The essential ingredient of the proof is the
gap sequence of 7z on T, which we compute
explicitly: see Theorem III.2. We also prove that
the group of permutation automorphisms of the code
Cr(D,mT), m < ¢*>—2, is isomorphic to PGU (3, q):
see Theorem V.4. The computer algebra systems
MAGMA [2] and GAP [5] helped us to formulate
the results by computing the gap sequences for
q = 2,3 and 4. Moreover, we used these programs
to verify that for ¢ = 2, the true minimum distance
of the code of Theorem IV.3 is equal to its designed
minimum distance.

II. PRELIMINARIES

We quote now several geometric and combinato-
rial properties of the Hermitian curves J7; and 773,
the references are [8], [12].

A. Plane algebraic curves

Our notation and terminology are standard. For
the theory of plane algebraic curves, the reader
is referred to [9, Chapters 1-5]. Let ¥ be a finite
field and fix an algebraic closure K of [F, and let
AG(2,K) be the affine plane defined over K. If
F € K[X, Y], then the affine plane curve .7 is

F ={P = (2,y) € AG(2,K)|F(z,y) = 0}.

The degree of % is the degree of F. A component
of .7 is a curve ¥ = v,(G) such that G divides
F. A curve % is irreducible if I is irreducible;
otherwise, .% is reducible and it splits in irreducible
curves, the components of .%. All these defini-
tions are translated from AG(2,K) to its projective
closure PG(2,K) when F' is replaced by a form
F* e K[X,Y, Z]. For a form F* € K[X,Y, Z], the
projective plane curve 7 is

V(F*) = {P(l’l,xg,l'g) c PG(Q,K) ‘ F(l‘l,xg,.fljg)

If % is non-singular, that is, it has no singular
point in PG(2,K), then its genus equals g =
2(deg(.#) —1)(deg(F) —2). Basic tools in the the-
ory of plane curves are the theorem of Bézout, see
[9, Theorem 3.14] which state the main properties
of the intersection of two plane curves .# and ¢ in
terms of their intersection divisor % -9 depending

on the intersection number I(P,.# N¥) at a point
P € PG(2,K):

deg(F)deg(9) = Y I(P,.FNY).

PeFnY

B. Riemann-Roch spaces

Let F(.%#) be the function field of .% with con-
stant field [F, regarded as the subfield of the function
field K(Z) of % over K. The divisors are formal
sums of places (or branches) of K(.#). If .# is non-
singular, then the places of K(.%#) can be identified
with the points of .% so that each point is the center
of a unique place. For every non-zero function h
in F(%), Div(h) stands for the principal divisor
associated to h. For a divisor D on .%, the Riemann-
Roch space £ (D) is the vector space consisting of
all rational functions which are regular outside D.
The dimension ¢(D) of .Z(D) and deg(D) are linked
by the Riemann-Roch Theorem, see for instance [9,
Theorem 6.70]: ¢(D) = deg(D) — g+ 1 + ¢(W —D)
where W is a canonical divisor. In particular,

¢(D) = deg(D) — g + 1 for deg(D) > 2g — 2.

0}.



To compute the dimension of the the Riemann-
Roch space .Z(D) we use a geometric approach
based on the corresponding complete linear series
ID|; see [7, Chapter 3] and [9, Chapter 6.2]. Since
% is assumed to be non-singular, the divisors of
ID| are cut out on .% by certain curves of a given
degree [ which are determined as follows. Take any
plane curve ¢ of degree [ such that ¢ -.% > D and
let B=¢%-.% —D. The curves Z : U(X,Y) =0
with deg(%) = [ such that % - .# > B form a
linear system that contains a linear subsystem A free
from curves having .%# as a component. The curves
in A cut out the divisors of |D|. The (projective)
dimension of |D| is dim(A), that is, the maximum
number of linearly independent curves in A. In
terms of the Riemann-Roch space,

[ U(z,y)
Z(0) = {Gu,y)

|degU§degG,%~§iB}.
(3)

C. Weierstrass semigroups and gap sequences

For simplicity, assume that .% is a non-singular
projective plane curve. For any [F-rational point
P € %, anon-gap at P is a non-negative integer g
such that there exists h € F(.%) with pole number
g at P which is regular on the remaining points
of .7, that is, Div(h), = g¢gP. The Weierstrass
semigroup at P consists of all non-gaps at P, that
is, of all positive integers other than the gaps at
P. In the study of differential codes it is useful to
consider the generalization of the gap sequence and
the Weierstrass semigroup to several points; see [3],
(4], [11], [13], [14], [15], [16].

For an ordered r-tuple (P, P,...,P.) of F-
rational points of .%, a non-gap is an ordered 7-
tuple of non-negative integers (g1, g2, ..., ¢-) € Nj
such that there exists h € K(.#) with Div(h)s =
aP + gP, + ... + g.P. while the Weierstrass
semigroup H(P;, P, ..., P,) consists of all r-tuples
of positive integers other than the gaps, that is, the
Weierstrass semigroup at (Py, P> ..., P,) is

H(Pl,PQ,...,PT):NS\G<P1,P2...,PT),
where G(Py, Ps, ..., P.) is the set of all gaps at
(Pi, Py, ..., P,). An equivalent definition of these
concepts in terms of Riemann-Roch spaces is stated
in the following result.

Lemma II.1 ([4, Lemma 2.2 and Corollary 2.3]).

Fix (ny,...,ny) € NJ* and write D = n1Q1 + - - -+
anm'
@ (n1,...,nn) € G(Q1,...,Qn) < Ti such
that ¢(D) = {(D — Q).
(b) (nl,...,nm) S H(Qlaan) < Vi we

have ¢(D) = ¢(D — Q;) + 1.

A little bit more general concepts are the Weier-
strass semigroup and the gap sequence at an effec-
tive divisor. Let D be an effective divisor of F(.%).
The Weierstrass semigroup at D is

H(D) ={neNy|3f € F(.Z) s.t. Div(f)s = nD}.
The Weierstrass gap sequence at D is
G(D) ={n €Ny | £(nD) = £((n —1)D)}.

Unfortunately, it is not true that G(D) = Ny \ H(D).
However, the following holds.

Lemma IL2. Let D = P+ P+ ...+ P, with points
Py, P, ..., P. of %#. The non-negative integer n
is in G(D) if and only if we have (ki,...,k.) €
G(Py, Py, ..., P.) for all integers ky, ... k. € {n—
1,n} such that k; = n for at least one index
ie{l,...,r}

D. The geometry of the Hermitian curve ¢,

We keep up our notation from Introduction. A
line [ of PG(2,F,2) is either a tangent to .7, at an
IF j2-rational point of JZ; or it meets J7; at ¢ + 1
distinct [F 2-rational points. In terms of intersection
divisors, see [9, Section 6.2],

ol {(q+1)Q, Q € Hg;

+1
;‘1:1 Qi)

Through every point V' € PG(2,F,2) not in
H;(F ) there are ¢* — ¢ secants and ¢ + 1 tangents
to J7,. The arising ¢ + 1 tangency points are the
common points of 7, with the polar line of V'
relative to the unitary polarity associated to ;. Let
V' =(1:0:0). Then the line [, of equation Z = 0
is tangent at P, = (0 : 1 : 0) while another line
through V' with equation Y — c¢Z = 0 is either a
tangent or a secant according as c¢? + c is 0 or not.
This gives rise to the polynomial
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of degree ¢*> — ¢+ 1. By [9, Theorem 6.42],
Div(Ry(2,y))oe = (¢°~q+1)(g+1) Poo = (¢*+1) Pc.
The above results can be stated for .73 by replacing
q with ¢3. In particular.
Div(Rys(2,9))ee = (¢° = ¢* + 1)(¢° + 1) Px
= (¢" +1)P.

E. Intersection of the Hermitian curves ;s and
=z

As we pointed out in Introduction, since o
x4 for all © € Fp2, we have J(F2) = 53 (F ),
that is, all IF.-rational points of J7; lie on J7s.
Moreover, the curves 7, and 7Zs have the same
tangent line ¢ at any point ) € 7 (F,2). Their
intersection multiplicity at () is therefore

I(Q, N Hp) =1(Q, #;Ntg) =q+ 1.

By the theorem of Bézout [9, Theorem 3.14], JZ
and s have no further common points. As in the
Introduction, define the divisors

T=> @

> oQ
Qe

Qe 3\

on #s. Then deg(D) = ¢° — ¢4, deg(T) = ¢* + 1
and the intersection divisor is
Hy - Iz = (¢ + 1)T.

Let H,(X,Y) = X% — Y7 — Y be the affine
polynomial of 7. From [9, Theorem 6.42],

D= and (&)

Div(Hy) = (¢ + )T = (¢ + 1)(¢ + 1)P  (6)
in Fs(73). In particular,
(@+DT= (¢’ +1)(g+1)Px. ()

F. Equivalence of functional and differential Her-
mitian codes

Lemma IL.3. For any divisor G of 3,
Q(G-D) = dz Rjy' L (~G—T+(¢"~1)(¢°+1) P).
Proof. The proof is similar to that of [13, Lemma
2.1]. Since z is a separable variable of F(73),
we may write the differential w as w = hdz. Then
w =hdz € Q(G —D) < Div(w) = G—D

< Div(h) = G—D — Div(dx)

& Div(Rpsh) = G — D — Div(dz) 4+ Div(R,s)

& Div(Rgsh) = G+ T — (¢° — 1)(¢* + 1) Px.

In the last step, we used the following facts:
Div(dz) = (2g — 2) P, Div(Rp) =D+ T — (¢° +
1)P,, and ¢° —2g+1 = (¢° —1)(¢®>+1). Therefore

w=hdr € QG—-D) <
he RIL(—6—T+ ("~ (g + 1)Px),

which proves the lemma. 0

Proposition I1.4. Let G be an effective divisor on
s, with supp(G) N supp(D) = (. The differential
code Cq(D,G) and the functional code C,(D, —G —
T+ (¢° —1)(¢® +1)Py) are monomially equivalent.

Proof. By Lemma I1.3, every differential in 2(G—D)
can be written as w = Rq_glfdx with f € Z (-G —
T+ (¢®—1)(¢* +1)Px). As G and T are effective,
f only has poles at infinity. From the Horizon
Theorem [18, Section 4.3] f is a polynomial in
xr and y. Also, P, is not a pole of w. Hence
resp_(w) = 0.

Take a point S(a,b) € s \ {Ps}. Then, b* +
b= aq3+1, t =x — a is a local parameter at S, and
the local expansion of y at S is y(t) = b+ ta?” +
t+1]. . ). Therefore f(a+t,y(t)) = fla,b)+t[..]
while Rs(a,b) = 0 and Ryp(a + t,y(t)) = ut +
t[...] with nonzero u = u(S) given by

I (b—c), fora=0.

cque , c® +c#0

a?’+1
cqug s e +c#0, c#b

(b—rc), fora#0.

Thus,

gla+t,y(t) = Rp(a+t.y(t) " fla+t,y(t))
=utfla,b)t ™+,

whence

ress(gdz) = res;(u™' f(a, b)t ™ +---) = u" " f(S),

showing the monomial equivalence between the
codes Cq(D,G) and C(D,—G — T+ (¢° — 1)(¢* +
1)Py). ]

Proposition ILS. Let m be a positive integer. The
codes Cq(D,mT) and Cr(D,(¢® — m — 2)T) are
monomially equivalent.

Proof. Since a = (¢° — 1)/(¢ + 1) is an integer,
Equation (7) implies (¢° — 1)(¢* + 1)Py = alq +
(¢ + 1)Py = alg + 1)T = (¢° — 1)T. By
Proposition 11.4, our claim follows.

[



III. THE GAP SEQUENCE OF %3 AT supp(T)

In this section we prove some results on the
Riemann-Roch space .Z(mT) of #s. We keep
our notation of the previous section. Moreover %,
stands for the completely reducible plane curve with
affine equation R,(X,Y) = 0. For Q € supp(T),
we have I1(Q, %, N H;3) = 1. In particular, for the
intersection divisor Z, - s =T+ T = T.

Lemma IIL1. Let 0 < m < ¢3—2 be an integer and
write m = mgy(q+1) +my, 0 < my < q. Define the
polynomial G(X,Y) = H,(X,Y)™R,(X,Y)™.
Then

degG =mo(qg+ 1)+ ml(q2 —q+1)

and
V(G) - A = mo(Hy - Hip) + i (R - Hip)
=mT+mT
= mT.

Furthermore, for the Riemann-Roch space,

F(x,y)

Z(mT) = {m | deg F' < deg G and

V(F) - Hyp = mlTl}.
Proof. This follows from Equation (3), applied to
F = H,s and D = mT. N

Theorem IIL.2. Let 0 < m < ¢> — 2 be an integer
and write m = mo(q+ 1) +my, 0 <my <gq.

@ If (mo+1)(qg+1) < (g+1—-m1)(¢*—q+1)

then
ZL(mT) = L (mo(q+ 1)T)
_ [ _F(zy)
= {W | deg F' < mo(q + 1)}
In particular, ((mT) = {(mo(q + 1)T) =
mo(g+1)+2
, .
(b) If (mo+1)(g+1) > (¢+1—=m1)(¢* —q+1)
then
Rq+1—m1
W € Z(mT)\ Z((m—1)T).

Proof. (a) We use the notation of Lemma III.1. Let
F(X,Y) be a polynomial with deg F' < deg G and
v(F) - s = myT'. By assumption,

degFgmo(q+1)+m1(q2—q+1) < ¢ —q.

We prove that R* | F. Otherwise m; > 1 and
there is a linear component ¢ : L = 0 of %, such
that F = FyL*, L { Fy and k < my. As { is not a
tangent of .7, for all points () in {\ JZ, we have

[(Q,V(Fo) m%:&) 2 my — k Z 1.

Clearly we have ¢ — ¢ choices for @, and since
deg Fy < deg F' < ¢ — g, our assumption L | Fj
is inconsistent with the theorem of Bézout. Hence,
F = FiRy and F/G = Fy/H]™ is the generic
element of £ (mT), with deg F} < mg(q+1).

(b) Equation (6) together with

Div(Ry) =T+T — (¢’ + 1)(¢* — g+ 1)Px
yield
q+1—my
Div (W) =—mT+ (g+1—m)T
+(¢* + 1) ((mo +1)(g + 1)
—(g+1—=mi)(¢® —q+1)Px.

Our assumption (mo+1)(g+1) > (¢g+1—m1)(¢*—
q + 1) implies the claim. O

Since 2g — 2 = (¢ + 1)(¢* — 2), if m > ¢ — 2
then deg(mT) > 2g — 2 and

(mT) = deg(mT)+1—g = (q3_|_1)(m_ ¢ —2

).

Corollary II1.3. The Weierstrass gap sequence at T
is

G(T) = {mo(qg+ 1) +m |

?—q+1
Proof. The claim follows from Theorem III.2, ex-
cept for m; = 0. In this case, 1/H;"™ € £ (mT) \
Z((m — 1)T), which shows that m = mg(q¢+ 1) &
G(T). O

IV. HERMITIAN CODES Cq(D, kT)

In this section we exhibit some values of m which
produce good Hermitian codes. We compare our
code with the one-point Hermitian code of the same
length and dimension. We rely on the following
result by Carvalho and Torres [4, Theorem 3.4].

Proposition IV.1. Suppose that a,ao + 1,..., 3 is
a sequence of consecutive numbers in G(T). Let



k = a+ [ — 1. Then, the minimum distance of the
differential code Cq(D, kT) satisfies

d> k(@ +1)—(*—2)(*+ 1)+ (B—a+1)(¢*+1),

where the last term is the improvement on the
designed minimum distance.

Proof. With notation of [4, Section 3], n; = «, p; =
Bfori=1,....,¢3+1,m=¢+1and T = Q, +
e 4 Qm ]

Lemma IV.2. Let ¢ > 3 be a prime power and
define the integer

k,:{(q6—q3— P—3a—1)(*+1)

Then the one-point functional code C1,(D, k' Py,) has
parameters

3 q
9 3 6 3 2 3
- A 1
{q q,(q 50— 2)( +1),
< <q2+g+1>(q3+1)+q3}

for q even, and

2
< (q2 - %1) (¢’ +1) +q3]

3 q+1
{qg —q°, (q6 — §q3 — ¢+ —) (¢®+1),

for q odd.

Proof. We give the proof for ¢ even, the odd case
is similar. It is straightforward to see that the length
is n = ¢° — ¢>, the dimension is as given, and

S=n—K=(@+3+)@+1)

is the designed minimum distance. For

1
a=q¢' —q¢ —5¢-3

1
b=¢—-¢—=q—1
q q Qq
we compute k' = ¢° —q%+aq®+0b. Let D’ be the sum
of the affine points of JZ3. Asa <b=a+2, [21,
line 4) of Table 1] implies that the true minimum
distance of C(D', k' Py) is

qg—k’=5+q3=(q2+g+1)(q3+1)+q3-

for q even,
(- —P+La-1) (P +1) forqodd.

Since C(D, k' P,,) is obtained from Cp (D', k' Py)
by deleting ¢* positions, the minimum distance of
C(D, k' Py,) is at most 6 + ¢°>. O

Theorem IV.3. Let ¢ > 3 be a prime power and
define the integer

b q3—|—q2—|—g—1 for q even,
=3\ 3 2 g+l
¢ +q —5-—1 forqodd

Then the differential code Cq (D, kT) has parameters

{qg — ¢, (q6 - gq?’ -’ - g) (¢’ +1),
=6+ (5-1) (@ +1)]
for q even, and
¢’ — ¢, (qﬁ - gq?’ —¢+ %) (¢° +1),
>+ %1( 34 1)}
for q odd, where
§=deg(kD) —2g+2=(¢* +1)(k — ¢* +2)
is the designed minimum distance of Cq(D, kT).

Proof. Let q > 4 be even and my := ¢*/2. Then

(mo+1)(g+1) ¢ +¢*+2q+2
¢?—q+1 2(¢? —q+1)
3q
2> —q+1)

q
— 241
SR

This implies

(mo+1)(g+1)| _|4q 3q
¢+1- 2 T 9 9(s2
¢ —q+1 2 2(¢>—q+1)
4 4
2
for ¢ > 2. By Corollary I11.3,
2 2
¢*(q+1) ¢“la+1) g
=——+4+1,...,f=—F+-—-1
a 9 +1,...,p 5 +2

is a sequence of consecutive gap numbers. More-
over, k = a + [ — 1. As deg(kT) > 2g — 2, we
have

dim(Cq(D, kT)) = n + g — deg(kT) — 1
3

1
=(¢° - 5(13 —q - §q)(q3 +1).



Proposition 1V.1 improves the designed minimum
distance

§ = deg(kT) — 29 +2 = (¢* + % +1)(¢* +1).
of Cq(D,kT) by
(8—a+1)deg(T) = (3 -

This proves the theorem for ¢ > 4 even. Similar
computation applies for ¢ > 3 odd with mo = (¢* —
1)/2. ]

Remark IV4. (a) Lemma IV.2 and Theorem 1V.3
show that the code Cq(D, kT) performs much
better than the one-point Hermitian code of
the same length and dimension; the improve-
ment is approximatively q*/2.

In [20, Theorem 2.5], the authors show the
existence of a divisor G such that Cq(D, kT)
and Cq(D, G) have the same length and dimen-
sion, and Cq(D,G) has a minimum distance
d+ O(q®). While the parameter of Cq(D,G) is
better, no explicit construction for G is known.
We compare the parameters of our code with
the bound given by Matthews and Michel;
see [17, Theorem 3.5]. The Matthews-Michel
bound improves the designed minimum dis-
tance of AG-codes when the support of the
defining divisor consists of a unique place P
of higher degree. The improvement is given
in term of the Weierstrass gap sequence at
P. In [13], this sequence was computed for
degree 3 places of the Hermitian curve, and
the arising Matthews-Michel bound was spec-
ified. It should be noticed that the case of
higher degree places is open and appears to
be more difficult. In [13, Theorem 4.1] the
improvement is shown to be at most 3q for the
Hermitian curve over F 2. In our context, this
means an improvement of 3q> for the designed
minimum distance, which is asymptotically
worse than the improvement q* /2 of the codes
in Theorem 1V.3.

When g = 2 then k = 12 and C = Cq(D, 12 T)
is a [504, 423]g4-code with designed minimum
distance 0 = b4. Theorem IV.3 gives no
improvement for the minimum distance, and
indeed, the true minimum distance of C' is 54.
To see this, consider the equivalent functional
code C' = Cp(D,50T), together with the

(¢® +1).

(b)

(©

(d)

polynomial Rg(X,Y) of degree 57 introduced
in (4). Take any 51 linear factors of Rg(X,Y)
including X,Y — 17,Y — 7%, where T is the
primitive element of 4, Then their product
R*(X,Y) defines a (totally reducible) curve
of degree 51 that covers the 9 points of
5 (Fy), and as many as 9- (51 —3)+3-(9—
3) = 450 further points of ;(Fes). More-
over, let g = R*(z,y)/ (23 —y — y*)'". Then
g € Z(507) and g determines a codeword of
C" with weight 504 — 450 = 54.

V. THE PERMUTATION AUTOMORPHISMS OF
C’L(D,mT)
Definition V.1. Let 2~ be a smooth irreducible
curve over F,, Q1,...,Q, € Z(F,), D = Q1 +
-+ ++Qy, and C be an F ,-rational divisor on 2~ with
supp(D) Nsupp(C) = (. A monomial automorphism
of Cr(D,C) is a triple («,f,7), where « is an
automorphism of £(C), [ is a permutation of

{Q1,...,Qn} and vis a {Q,...,Qn} — F, map.
Moreover, for all P € {Q,...,Q,} and f € Z(C)
yields

a(f)(P) =~ (P)f(B(P)). (8)

If v = 1 is constant then («, 3) is called a permu-
tation automorphism of C(D, C). If « and [ are the
identity maps then one speaks of a pure monomial
automorphism.

With the notation of the previous definition, let
7 be an automorphism of the function field F,(.Z")
and assume that 7 preserves the divisors D and C.
Then, 7 induces an automorphism « of .Z(C) and
a permutation 8 of @Q1,...,Q,. In fact, « is the
restriction of 7 to .Z(C), and [ is defined in such a
way that (8) holds. We say that («, 3) is an inherited
permutation automorphism of Cp (D, C), induced by
T.

The following proposition generalizes [15, The-
orem 4.1] in such a way, that it can be applied
to certain codes C (D, mT) of the Hermitian curve
Hps.

Proposition V.2. Let % FX,)Y) = 0
be a smooth irreducible plane curve over [,
Q,...,Qn € Z(F), D = Q1+ -+ Qn and
C be an F,-rational divisor on 2 with supp(D) N
supp(C) = 0. Let x,y be generators of the function
field B (Z") satisfying F'(x,y) = 0. Assume that the
following hold:



(a) The points (), ...

, Q,, are affine.

(b) There is a curve ¢ : G(X,Y) = 0 and an
effective divisor B, defined over Iy, such that
Z -9 =C+B.
(c) There is a polynomlal S (X Y) e F [X,Y]
such that S(m 7 S(;”y), 5 zy) Z(C).
(d) n > (deg G)(deg F)*.
Then all permutation automorphisms of Cp(D,C)

are inherited.

Proof. Let (o, 3) be a permutation automorphism
of CL(D,C). By (a) we can set Q); = (a;,b;) and
ﬁ(Qz) = Qy = (ai/,bi/) with al,bl,al,bg S Fq.
Equation (3), (b) and (c) imply the existence of
polynomials u(X,Y), v(X,Y), w(X,Y) of degree
at most deg(G) such that

“(s5w) = cir
“(sow) = cieay
“(s0) = ey

G(a;, b; @
x
= air, bis
(5537t
— al/
S(ai/,b )
;s w(aL L) J— ].
for all «+ = 1,...,n. Similarly, 5 Glard) = Sty b
and g((‘;l;)) = S(a/ 55- This implies
i)bi iabi
ap = Manbi) oy vlanb) )
w(ai,bi) w(ai,bi)
Define the polynomial
uX,Y) o(X,Y)
FY(X,Y) =w(X,Y)dsp (
(X,Y) w(X.Y)

Clearly, deg(F™) < deg(F') deg(G), and
F*(a;,b;) = w(as, b)) F(ay, by) = 0

holds for ¢ = 1,...,n. In particular 2°*
F*(X,Y) = 0 and 2" have at least n points in
common. The theorem of Bézout and (d) imply

Since w(x,y) # 0, the curve # : w(X,Y) =0
has a finite number of points in common with 2.
Take an arbitrary affine point (a,b) € 2'(F,), not
on # . We have

0= F*(a,b) = w(a,b) s F (u(a, l;) ’ v(a, l;))) ’

which implies
7 u(a,b)’ v(a,b) _o
w(a,b)” w(a,b)
This means that the rational map

HX,Y) = (u(X,Y) U(X,Y))

w(X,Y) w(X,Y)
maps any point of 2 (F,) to 27, up to a finite
number of exceptions. Since 7 is defined over [,
we obtain that

u(z, y) vz, y)
w(z,y)’ w(z,y)
extends to a homomorphism of the function field
F,(%Z) to itself. We show that 7 is surjective. Notice
that we identified the places of F,(.2") and the
points of 2", and, the action of 7 on the places
and the action of 7 on the points are equivalent.
By Equation (9), 7 induces S on @Qq,...,Q,.
For all f € £(C) we have 7(f)(Q;) = f(Qw#) =
a(f)(Qi). As n > deg(C), the evaluation map
F = (F(@0),. .., F(Qu)) is injective and a(f) —
7(f) holds. In particular, 1/5(z,y), z/S(x,y) and
y/S(x,y) are in the image of 7, hence z,y €
Im(7), which shows that 7 is indeed an auto-
morphism of F,(Z). We have also seen that 7
induces the permutation automorhism («, /3), which
is therefore inherited. [l

T.T

We can extend this method to monomial auto-
morphisms.

Proposition V.3. Under the hypothesis of Propo-
sition V.2, if deg(G) < deg(F) and («,f3,7) is

-a monomial automorphism of Cp(D,C), then ~y is

constant. In particular, the monomial automorphism
group of Cr(D, C) is the direct product of the permu-
tation automorphism group by the pure monomial
automorphism group.

Proof. With the notation of Proposition V.2, we
have

aff)(ai, b)) = v(aq, b;) f(ai, by),



for all + = 1,...,n. Therefore, as in the for all 1 = 1,...,n. Since
proof of that proposition, there exist polynomials 7(X,Y),7*(X,Y),s(X,Y),s*(X,Y) have degree
u(X,Y),v(X,Y) and w(X,Y) of degree at most at most deg(G), and

deg(G) such that

wiai, bi) — (g, by) (deg(G))*(deg(F)) < (deg(G))(deg(F))* < n,

GY(CLz7 bz) ’ S(ai/, bz/) ’

was, b;) = v(ay, bi)L, Bézout’s theorem yields 7s* = r*s. In other words,

Gla,b) S(a, br) a(f) = r*/s*f for all f € £(C). We show that

v(az,bl) = ~(as, by) by this only holds when r*/s* is a constant. Since

G(a,,bz) Y (ag, by) a is an endomorphism of the finite dimensional
for all 2 = 1,...,n. Then (9) holds and as shown vector space .Z(C) over Fy, a is represented by

a matrix A with respect to a fixed basis. By the
classical Cayley-Hamilton Theorem, there exists a
u(z,y) s v(7,y) polynomial u(7") over F, such that u(A) is the zero
w(z,y)’ Y w(z,y) matrix. Since A'(f) = o'(f) = (r*/s*)'f, this

ield A *)f for all Z(C).
is an automorphism of F,(2"). Let (o/, 57!) be the yields u(4)(f) = <: és )J for all J € Z(C)

X . X - Therefore, u(r*/s*) in K(Z7). In particular,
inverse of the permutation automorphism («, ) in- for any (az, by), u(r*/s*) valuated in (a;,b;) equals

* * _ —1

flUCed by 7. Theg (a*, B*,7) = (@, 3,7) (@, 877) Lero. On the other hand, since r*/s* valuated in
is a pure monomial automorphism and (a;,b;) gives an element, say &, in F,, T — kis a
o (F)(ai, b;) = ~v(az, b;) flai, b;), (10) factor of u(T). Therefore, w(T) = (T' — k)"v(T).

This factorization, interpreted in K(.27)[T], gives

for all ¢ = 1,...,n. Now, Equation (3) applied w(r*/s*) = (r*/s* — k)w(r*/s*). If r*/s* # k
to the functions o* # and <~ implies the then v(r*/s*) = 0, and the above argument can

z,y) S(zy) .

existence of polynomials (X, Y) and s*(X,Y) of be repeated for v(7'). Since deguv(t) < degu(T),
this ends up with 7*/s* = k, a constant. To con-

degree at most deg(G) such that :
clude the proof observe that every pure monomial

in the proof of Proposition V.2

T:T

1 s*(X,Y) automorphism with constant y commutes with any

S(X,Y) - G(X,Y) and permutation automorphism. [
1 (XY

S(X,Y) G(X.,Y) Now, we are able to compute the group of

monomial automorphisms of the functional code

Then equations (10) and (11), give ~(a;, b;) = Cy (D mT) for several values of 1

% for all 2 = 1,...,n. Therefore we define
v(X,Y) = EX Y; The same argument applied to Theorem V.4. Let ¢+1 < m < ¢*—2 be an integer
each f € .Z( ) yields and wrlte m=mo(qg+1)+my, 0 <my <gq.lIf
< =
oy S(X,Y) ) o r(X,Y) mp (q+1) then the following hold:
FX,Y) = G(X,Y)’ a(NXY) = G(X,Y)’ (a) The group of permutation automorphisms of
(12) CL(D,mT) is isomorphic to the projective
where s(X,Y) and r(X,Y) are polynomials of unitary group PGU (3, q).
degree at most deg(G). Then, by equations (10) and  (b) The group of monomial automorphisms of
(12) we have C'1(D, mT) is isomorphic to the direct product
r(as, bs) s(as, by) of the projective unitary group PGU (3, q) by
m = v(ai, bi)m, a cyclic group of order ¢°® — 1.

Proof. We apply Proposition V.2 for the curve s
over [F 6. Condition (a) is immediate. Conditions (b)
r(a;, b;)s*(a;, b)) — r*(a;, b;)s(a;, b;) =0 and (c) follow from Lemma III.1 with G(X,Y) =

for all ¢+ =1,...,n. In particular,



H™ R and S(X,Y) = H™, mo > 0. Hence,

deg(G) =mo(g+1) +mi(¢® +q+1)

=m+myq(qg+1)
<q¢ -2

and
deg(G) deg(Hyp)? < (¢°—2)(¢°+1)* < ¢’ —¢* = n.

This means that Condition (d) of Proposition
V.2 holds, and all permutation automorphisms
of Cp(D,mT) are inherited. It is known that
Aut(Fye(H#3)) = PGU(3,4¢%), and the action of
Aut(FF s (7,3)) on the F-rational places is equiv-
alent to the action of PGU(3,q) on the points
of ;. Clearly, if 7 € Aut(F,s()) induces
a permutation automorphism of C7 (D, mT), then 7
preserves D. Thus, it preserves supp(T) = 7, and
7" € PGU(3,q). This finishes the proof of (a).
Since deg(G) < deg(H,;) = ¢ + 1, Proposition
V.3 implies (b). [
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