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Basic Definitions - Basic Concepts

Modeling 

Using equations to describe physical, social, environmental... processes

Multiphysics Problems 

Described by models made of at least two different constituents that describe 
different kind of physics -- often leading to heterogeneous (different kind of) PDEs

Multiscale Problems 

Solution components to the mathematical model have multiple features at multiple 
scales (temporal and / or spatial)
(e.g. different description levels in material science, evolution under different 
dynamics in different time intervals and co-existence of different spatial gradients in 
fluid dynamics, combination of different geometrical dimensions in highly structured 
networks, etc.) 



3D Visualization
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Mathematics
for our 
health...
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Local flow analysis - Rigid walls 

• Navier-Stokes equations, Newtonian pulsatile flow in large vessels

Numerical simulation: M. Prosi
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Title

Before TEA                                   After TEA

(acknowledgment: Fondazione Cà Granda, Policlinico di Milano; E.Faggiano, C.Vergara, MOX)

“Optimal” surgery for carotid arteries
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Local Flow Analysis: Fluid-Structure-Interaction (FSI)

Equations for the geometry (harmonic or elastic extension of wall displacement):

Equations for the fluid (Navier-Stokes equations, ALE frame of reference):

Equations for the structure (hyperelastic materials):
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Numerical simulation: G.Fourestey



“How do we solve these equations?” 
A long story to tell… 

Projection methods 
consistency stability convergence 

accuracy 
complexity 
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TitleJet flow downstream bicuspid aortic valves

Formazione di aneurismi in aorta ascendente in presenza di  
valvole aortiche bicuspidi (BAV) (1-2% della popolazione)

   Tricuspid valve       Bicuspid valve

La presenza di BAV nel 40-60% dei pazienti si accompagna ad una 
maggior propensione alla dilatazione aortica e alla formazione di aneurismi 
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Title

 COSA PUO’ FARE LA MATEMATICA

Il modello matematico simula la presenza di un getto che investe la parete 
esterna dell’arco ascendente dove tipicamente si sviluppano aneurismi

Patologie valvolari e modelli matematici
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Oxygen distribution in the brain
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Mathematics 
for our 
Safety



Significant Natural Catastrophes 1980 - 2011 
10 costliest earthquake events worldwide ordered by insured losses

Courtesy of M.Stupazzini - MunichRe



Natural Catastrophes 2011 
World map
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Introduction

There are di�erent kind of seismic
waves. The most important ones are

� Compressional or P (primary)
� Transverse or S (secondary)
� Love
� Rayleigh

An earthquake radiates P and S
waves in all directions.

The interaction of the P and S waves
with Earth’s surface � surface waves.

P and S waves travel at di�erent
speeds (used to locate earthquakes)
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Seismic waves: many different kind of waves

Seismic waves propagate vibrations that carry energy from the source of the shaking 
outward in all directions 
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Introduction
P-Waves (Compressional)

The ground is vibrated in the
direction the wave is propagating.

Travel through all types of media.

CP =
�

(�+ 2µ)/⇤ (P-wave
velocity)

Typical speed: � 1 ⇥ 14 km/sec

S-Waves (Transverse)

The ground is vibrated in the
perpendicular direction to that the
wave is propagating.

Travel only through solid media.

CS =
�

µ/⇤ (S-wave velocity)

Typical speed: � 1 ⇥ 8 km/sec

Much of the damage close to an earthquake is the result of strong shaking caused by
S-waves.
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P and S waves - continues
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The mathematical model
Equilibrium equations for an elastic bounded medium subjected to an external force f

�
⌅⇤

⌅⇥

⇧⌦ttu�⌦ · ⌃(u) + 2⇧⇥ ⌦tu+ ⇧⇥2u = f in �⇤ (0,T ],

+ B.C.s on ⌦�⇤ [0,T ],

+ I.C.s in �⇤ {0}.

u displacement of the medium

�(u) = 1
2 (⌦u+⌦u⇥) strain tensor

⌃(u) = ⇤⌦ · u I + 2µ�(u) = D �(u) stress tensor

⇧ material density, ⇤, µ Lamé elastic coe⇤cients

2⇧⇥ ⌦tu+ ⇧⇥2u viscous forces

In applications the decay factor ⇥ is typically ⌅ 0.01s�1

Variational Formulation
For any time t ⇧ (0,T ] find u = u(t) ⇧ V = H1

�D
(�) such that

dtt (⇧u, v)⇥ + (⌃(u), ⌥(v))⇥ + (2⇧⇥ ⌦tu+ ⇧⇥2u, v)⇥ = L(v) ⌃ v ⇧ V
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2⇧⇥ ⌦tu+ ⇧⇥2u viscous forces

In applications the decay factor ⇥ is typically ⌅ 0.01s�1

Variational Formulation
For any time t ⇧ (0,T ] find u = u(t) ⇧ V = H1

�D
(�) such that

dtt (⇧u, v)⇥ + (⌃(u), ⌥(v))⇥ + (2⇧⇥ ⌦tu+ ⇧⇥2u, v)⇥ = L(v) ⌃ v ⇧ V

Alfio Quarteroni (EPFL/PoliMi) DD21 Conference 6 / 31

The Mathematical Model (with I.Mazzieri and P.Antonietti)

Requirement on the numerical solution
Accurate description of the behaviour at interfaces
=� high-order accuracy

Waves are typically propagated over many periods
=� control the numerical dispersion and dissipation errors

Complex geometries and strong contrasts in wave speeds
=� methods that accommodate non-conforming grids

The size of the bodies excited is large relative to the wavelengths of interest
=� e�cient and scalable implementation

Non-Conforming Spectral Element Method in elastodynamics

Discontinuous Galerkin Spectral Element Method - DGSEM
[Kaser, Dumbser, 2006], [Riviere, Shaw, Whiteman, 2007], [Grote, Diaz, 2009], [Wilcox,
Stadler, Burstedde, Ghattas, 2010], [Ainsworth, Wajid, 2010]

Mortar Spectral Element Method - MSEM
[Casadei, Fotia, Gabellini, Maggio, Quarteroni, 2003], [Chaljub, Capdeville, Vilotte, 2003]

Weakly continuity across interfaces (polynomials are globally discontinuous)

Non-conforming meshes

Non-uniform polynomial approximation degrees
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Approximation principles: Domain Decomposition fitting material properties - Discontinuous Galerkin 
treatment of interfaces; high order spectral elements within each subdomain
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Marsica Earthquake
(13 January 1915 - magnitudo 7.0 - 32000 casualties)
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Acquasanta Bridge, Liguria, Italy
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Acquasanta Bridge, Liguria, Italy
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Christ Church, Nuova Zelanda (6.2 Richter , 22.02.2011)
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Christ Church, New Zealand (6.2 Richter - 22 February 2011)

Christ Church Business District



EPFL Lausanne, MOXOFF & Politecnico di MilanoAlfio Quarteroni

Christchurch Central Business District
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Christchurch Central Business District



EPFL Lausanne & Politecnico di MilanoAlfio Quarteroni

Volcanic eruptions:  Vesuvio

Volcanoes



Preservation of cultural heritage
Mathematics is non-distructive





Maggio-Massidda-Fotia @ CRS4



Maggio-Massidda-Fotia @ CRS4



Maggio-Massidda-Fotia @ CRS4
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Mathematics
and

 sports...
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Real swimmers, real swimmers... (N.Parolini,  A.Veneziani)



Alinghi

America’s Cup



Alinghi
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America’s Cup
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Title



Le equazioni dei fluidi

Water 
Phase

Air 
Phase

Interface 
Conditions
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Title
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Title
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Moto Helmets: crash analysis





Moto Helmets: aeroacoustics



Moto Helmets: internal ventilation
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Where do we stand

Acknowledgment: John Barrow, Cambridge
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