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Autonomous system of ordinary differential equations

Ω ⊂ Rd , f : Ω→ Rd : f ∈ C1

ẋ = f ◦ x

f(x∗) = 0, σ(f ′(x∗))
?
⊂ C− /Hurwitz − stability/

• Routh-Hurwitz criterion,

• Liénard-Chipart criterion,

• Mikhailov criterion.

x∗ ∈ ∂Ω+ // x∗ is AS/US ⇐= R0 <> 1.
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Autonomous system of ordinary difference equations

Ω ⊂ Rd , f : Ω→ Rd : f ∈ C1

xn+1 = f ◦ xn (n ∈ N)

f(x∗) = x∗, σ(f ′(x∗))
?
⊂ T := {z ∈ C : |z | < 1} /Schur−stability/

• Schur-Cohn criterion,

• Gerschgorin discs,

• Kakeya criterion;

• Möbius transformation.

x∗ ∈ ∂Ω+ // x∗ is AS/US ⇐= R0 <> 1.
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Reaction-diffusion equations

f : Rd ↣ Rd , f ∈ C1, f(x∗) = 0,

D := [diδij ] ∈ Rd×d , Ω ⊂ Rd : domain, ∂Ω piecewise C1

ut(r, t) = D∆ru(r, t) + f(u(r, t)) (t > 0, r ∈ Ω)

(n · ∇ru)(r, t) = 0 ((r, t) ∈ ∂Ω× R+
0 ),

0 ̸≡ u0(r) := u(r, 0) ≥ 0 ((r, t) ∈ Ω× {0})

⇊⇊⇊⇊

vt(r, t) ≡ D∆rv(r, t) + f ′(x∗)v(r, t)

(n · ∇rv)(r, t) = 0 ((r, t) ∈ ∂Ω× R+
0 ),

0 ̸≡ v0(r) := v(r, 0) ≥ 0 ((r, t) ∈ Ω× {0})
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Fourier method

v(r, t) =
∞∑
n=0

ψ(r) exp (Ant)Λn

where for n ∈ N0

An := f ′(x∗) − λnD, Λn :=

∫
Ω

v0(r)ψn(r)dr

furthermore λn and ψn are solutions of

∆rψ = −λψ,
∂ψ

∂n

∣∣∣∣
∂Ω

= 0

x∗ is

asymptotically stable if ∀n ∈ N0 : An is Hurwitz-stable

unstable if ∃n ∈ N0 : An is unstable

x∗ ∈ ∂Ω+ // x∗ is AS/US ⇐= R0 <> 1.
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Ordinary differential equations

u̇i = fi (u) = fi (u1, . . . , um︸ ︷︷ ︸
infected

, um+1, . . . , ud) =: Fi (u)−Vi (u) (i ∈ {1, . . . , d})

f(x∗) = 0,

JF (u
∗) =

[
F O
O O

]
and JV(u

∗) =

[
V O
J3 J4

]
where

F := [∂jFi (u
∗)]1≤i,j≤m ∈ Rm×m and V := [∂jVi (u

∗)]1≤i,j≤m ∈ Rm×m.

R0 := ρ(FV
−1)
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Difference equations

un+1 = f(un) (n ∈ N0) f(x∗) = x∗

where

Jf (u
∗) =

[
F + T O

A C

]
R0 := ρ(F (Im − T )−1)

ρ(F + T ) < 1 ⇐⇒ R0 < 1
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Reaction-diffusion equations

ut(r, t) = D∆ru(r, t) + f(u(r, t)) (t > 0, r ∈ Ω), fi (u) =: Fi (u)−Vi (u)

(n · ∇ru)(r, t) = 0 ((r, t) ∈ ∂Ω× R+
0 ),

0 ̸≡ u0(r) := u(r, 0) ≥ 0 ((r, t) ∈ Ω× {0})

F := [∂jFi (u
∗)] ∈ Rm×m and V := [∂jVi (u

∗)] ∈ Rm×m

JF (u
∗) =

[
F O
O O

]
and JV(u

∗) =

[
V O
J −C

]
−DI∆rϕ+ Vϕ = µFϕ (on Ω),
(n · ∇r)ϕ = 0 (on ∂Ω)

R0 = ρ(−FB−1) = ρ(−B−1F ) =
1

µ0
.
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A systems modelling disease propagation

Ṡ = λ−
aSI

S + I
+ βI −ψS − δSS =: f1(S ,E , I ),

Ė = ψS + κI − δEE =: f2(S ,E , I ),

İ =
aSI

S + I
− κI − βI − δI I =: f3(S ,E , I )


(1)

Proposition: (KovácsGyörgyGyúró) All solutions of (1) which are
initiated in R3

+ are uniformly bounded, more precisely

Ω :=

{
(S ,E , I ) ∈ R3 : 0 < S + E + I ≤ K

µ

}
is a positively invariant region for (1), where K > 0 is a suitable
constant and 0 < µ < min{δS , δE , δI }.
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(Ṡ , Ė , İ ) =: F̂(S ,E , I ) − Ĝ(S ,E , I )

F̂(S ,E , I ) :=

 0
0
aSI
S+I

 , Ĝ(S ,E , I ) :=

 −λ+ aSI
S+I − βI + (ψ+ δS)S
−ψS − κI + δEE
(κ+ β+ δI )I


Eb := (Sb,Eb, Ib) :=

(
λ

δS +ψ
,

λψ

δE (δS +ψ)
, 0

)

DF̂(Eb) :=

 0 0 0
0 0 0
0 0 a

 , DĜ(Eb) :=

 ψ+ δS 0 a − β
−ψ δE −κ
0 0 κ+ β+ δI

 .
DF̂(Eb) =:

[
O 0
O F

]
, DĜ(Eb) =:

[
J1 J2
O G

]

F := ∂3F̂3(Eb) = a and G := ∂3Ĝ3(Eb) = κ+ β+ δI .
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R0 := ρ
(
FG−1

)
=

a

κ+ β+ δI
.

κ∗ := a − β− δI

κ

 < κ∗ ⇐⇒ R0 > 1,
= κ∗ ⇐⇒ R0 = 1,
> κ∗ ⇐⇒ R0 < 1.

Proposition: If

1. κ > κ∗ then system (1) has only one equilibrium Eb on
the boundary of the phase space [S ,E , I ] which is
locally asymptotically stable, and

2. the factor κ∗ satisfies κ∗ ≥ κ, then a new (endemic)
equilibrium Ee bifurcates from Eb (as κ crosses the
value κ∗) and becomes the one locally asymptotically
stable as κ∗ > κ, whereas Eb is a repeller as κ∗ > κ.
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Explicit Euler discretization

Sn+1 = Sn + h

(
λ−

aSnIn
Sn + In

+ βIn −ψSn − δSSn

)
=: f eE1 (Sn,En, In),

En+1 = En + h (ψSn + κIn − δEEn) =: f eE2 (Sn,En, In),

In+1 = In + h

(
aSnIn
Sn + In

− κIn − βIn − δI In

)
=: f eE3 (Sn,En, In).


Proposition: Let δ := min{δS , δE , δI } and

h < h∗ := min

{
1

a +ψ+ δS
,

1

δE
,

1

κ+ β+ δI
, δ

}
Then

1. if S0,E0, I0 > 0 then Sn,En, In > 0 for all n ∈ N.
2. If I0 = 0 but S0,E0 > 0 then Sn,En > 0 and In = 0 for

all n ∈ N;

3. Ω :=
{
(S ,E , I ) ∈ R3 : 0 < S + E + I ≤ K

µ

}
is

positively invariant.
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F =

[
ah 0

h(β− a) 0

]
, T =

[
1− h(κ+ β+ δI ) 0

0 1− h(ψ+ δS)

]

⇊⇊⇊⇊

R0 = ρ(F · (I2 − T )−1) = ρ

(
F ·
[

h(κ+ β+ δI ) 0
0 h(ψ+ δS)

]−1
)

=

= ρ

([
ah 0

h(β− a) 0

]
·
[

1/h(κ+ β+ δI ) 0
0 1/h(ψ+ δS)

])
=

= ρ

([
a

κ+β+δI
0

β−a
κ+β+δI

0

])
=

a

κ+ β+ δI
.
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Proposition: Supppose that d ∈ N, A ∈ Rd×d , B := Id + hA,
furthermore conditions

λ ∈ σ(A) and h <
−max2(ℑ(λ)) − 2s(A)

s2(A)

hold. Then s(A) < 0 implies ρ(B) < 1.

Proposition: Suppose that d ∈ N, A ∈ Rd×d ,

B := Id + hA.

Then s(A) > 0 implies ρ(B) > 1 independent of h.
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Nonstandard discretization

Sn+1 = Sn +φ(h)

(
λ−

aSn+1In
Sn + In

+ βIn −ψSn − δSSn

)
,

En+1 = En +φ(h) (ψSn + κIn − δEEn) ,

In+1 = In +φ(h)

(
aSn+1In
Sn + In

− κIn − βIn − δI In

)


Proposition: Let δ := min{δS , δE , δI } and

φ(h) < h∗∗ := min

{
1

ψ+ δS
,

1

δE
,

1

κ+ β+ δI
,
1

δ

}
.

Then

1. if S0,E0, I0 > 0 then Sn,En, In > 0 for all n ∈ N;
2. if I0 = 0 but S0,E0 > 0 then Sn,En > 0 and In = 0 for

all n ∈ N;
3. Ω is positively invariant.
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F =

[
aφ(h) 0

φ3(h)(δSa) +φ
2(h)λ(a − aψ) +φ(h)λ(β− a) 0

]

T =

[
1−φ(h)(κ+ β+ δI ) 0

0 1−φ(h)(ψ+ δS)

]
.

⇊⇊⇊⇊

R0 = ρ(F · (I2 − T )−1) = ρ

(
F ·
[
φ(h)(κ+ β+ δI ) 0

0 φ(h)(ψ+ δS)

]−1
)

=

= ρ

(
F ·
[

1/φ(h)(κ+ β+ δI ) 0
0 1/φ(h)(ψ+ δS)

])
=

= ρ

([
a

κ+β+δI
0

φ2(h)(δSa)+φ(h)λ(a−aψ)+λ(β−a)
κ+β+δI

0

])
=

a

κ+ β+ δI
.
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A reaction-diffusion version

∂tS(r, t) = dS∆rS(r, t) + f1(S ,E , I ),
∂tE (r, t) = dE∆rE (r, t) + f2(S ,E , I ),
∂t I (r, t) = dI∆rI (r, t) + f3(S ,E , I )

(r, t) ∈ Ω× R+
0 )

⇊⇊⇊⇊

∂tS(r, t) = dS∆rS(r, t) − (ψ+ δS)S + (β− a)I ,
∂tE (r, t) = dE∆rE (r, t) +ψS − δEE + κI ,
∂t I (r, t) = dI∆rI (r, t) + (a − κ− β− δI )E

(r, t) ∈ Ω× R+
0 )

C =

[
−ψ− δS 0
ψ −δE

]
and J =

[
a − β
−κ

]
,

resp.
F = a and V = κ+ β+ δI .

ϕ ′′ =
µa − (κ+ β+ δI )

dI
· ϕ (on (0, 1)), ϕ ′(0) = 0 = ϕ ′(1). (2)

On the role of the basic reproduction number 17/18



The solutions of (2) are clearly

ϕ(x) = cos
(√
λx
)

(x ∈ [0, 1]),

where

λ =
κ+ β+ δI − µa

dI

provided that √
λ = kπ (k ∈ N0)

The values

λk = (kπ)2 ←→ µk =
κ+ β+ δI − kπdI

a

are the eigenvalues. Thus

R0 =
1

µ0
=

a

κ+ β+ δI
.
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Thank you very much for your
attention!
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