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Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed)

7→

Mx(ω1)
. . .

Mx(ωd)



e.g., mod 2 remainder with prob. 1
4 , mod 3 remainder with prob. 3

4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd))

7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed)

7→

Mx(ω1)
. . .

Mx(ωd)



e.g., mod 2 remainder with prob. 1
4 , mod 3 remainder with prob. 3

4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd))

7→

%(ω1)
. . .

%(ωd)



(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed)

7→

Mx(ω1)
. . .

Mx(ωd)



e.g., mod 2 remainder with prob. 1
4 , mod 3 remainder with prob. 3

4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd))

7→

%(ω1)
. . .

%(ωd)



(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed)

7→

Mx(ω1)
. . .

Mx(ωd)



e.g., mod 2 remainder with prob. 1
4 , mod 3 remainder with prob. 3

4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω)

= TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set 7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd))

7→

%(ω1)
. . .

%(ωd)



(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed)

7→

Mx(ω1)
. . .

Mx(ωd)



e.g., mod 2 remainder with prob. 1
4 , mod 3 remainder with prob. 3

4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω)

= TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set 7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed)

7→

Mx(ω1)
. . .

Mx(ωd)



e.g., mod 2 remainder with prob. 1
4 , mod 3 remainder with prob. 3

4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω)

= TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set 7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω)

= TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set 7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)



(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)



(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space

States: S(H) = {% ∈ B(H)≥0 : Tr % = 1} density operators

Measurements: (Mx)x∈X ⊂ B(H)≥0,
∑
x∈X

Mx = I

complete measurement: Mx = |ex〉〈ex|, (ex)x∈X ONB in H.

Born Rule: P%,M (x) = TrMx%

Common generalization

Observable algebra: P1, . . . , Pr projections on H,
∑

i Pi = I

A := {A ∈ B(H) : A =
∑r

i=1 PiAPi}

S(A) = S(H) ∩ A, Mx ∈ A, x ∈ X

classical: Pi = |ei〉〈ei| quantum: i = 1, P1 = I.

A ⊆ B(H) norm-closed ∗-subalgebra: C∗-algebra

S(A) 3 % ≡ ϕ% : A 7→ TrA% positive linear functional, ϕ%(I) = 1

H Hilbert space Observable algebra: A ⊆ B(H) C∗-algebra

States: S(A) = {ϕ ∈ A∗ : ϕ(A∗A) ≥ 0, A ∈ A, ϕ(I) = 1}

Measurements: (Mx)x∈X ⊂ A≥0,
∑

xMx = I

Born rule: Pϕ,M (x) = ϕ(Mx).

Quantum bit

v = (sin θ cos γ, sin θ sin γ, cos θ) unit vector in R3

7→ |φ(v)〉 := cos θ2 |0〉+ eiγ sin θ
2 |1〉 unit vector in C2

perpendicular in C2 ⇐⇒ opposite in R3%(v) = |ϕ(v)〉〈ϕ(v)|, M(w)+ = |ϕ(w)〉〈ϕ(w)|, M(w)− = |ϕ(−w)〉〈ϕ(−w)|

P%(v),M(w)(+) = cos2 1
2^ (v, w), P%(v),M(w)(−) = cos2 1

2^ (v,−w)



Operator algebraic models for single systems

2 / 6

Set of physical states:

Ω = {ω1, . . . , ωd} �nite set

7→ HΩ := `2(Ω) = CΩ

�nite-dimensional Hilbert space

e.g., Ω = [6] := {1, 2, . . . , 6}

States: S(Ω) probability distributions on Ω

S(Ω) 3 % = (%(ω1), . . . , %(ωd)) 7→

%(ω1)
. . .

%(ωd)


(Randomized) measurements: X �nite set of outcomes

Mx(ω) := Prob(x recorded|ω observed) 7→

Mx(ω1)
. . .

Mx(ωd)


e.g., mod 2 remainder with prob. 1

4 , mod 3 remainder with prob. 3
4

Born rule: P%,M (x) =
∑

ω
Mx(ω)%(ω) = TrMx%

H �nite-dimensional Hilbert space
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∑
x∈X
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Composite systems
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ΩA,ΩB 7→ ΩA × ΩB 7→ HΩA×ΩB
= `2(ΩA × ΩB)

= span{f ⊗ g : f ∈ HΩA
, g ∈ HΩB

}

=: `2(ΩA)⊗ `2(ΩB) = HΩA
⊗HΩB

=: HAB

(f ⊗ g)(ω1, ω2) := f(ω1) · g(ω2)

(f, g) 7→ f ⊗ g bilinear

〈f1 ⊗ g1, f2 ⊗ g2〉 = 〈f1, f2〉 · 〈g1, g2〉

Observable algebra: diagonal operators in the canonical basis of HAB
= span{X ⊗ Y : X ∈ AΩA

, Y ∈ AΩB
}

=: AΩA
⊗AΩB

=: AAB

(X ⊗ Y )f ⊗ g := Xf ⊗ Y g

AA ⊆ B(HA), AB ⊆ B(HB),

HAB := HA ⊗HB := span{f ⊗ g : f ∈ HA, g ∈ HB}

=: HA ⊗HB =: HAB

Observable algebra:

AAB := span{X ⊗ Y : X ∈ AA, Y ∈ AB}

Fully quantum: AA = B(HA), AB = B(HB) =⇒ AAB = B(HA ⊗HB).
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AAB = AA ⊗AB ⊆ B(HA ⊗HB)

S(AAB) ⊇
{∑

i
pi%A,i ⊗ %B,i : %A,i ∈ S(AA), %Bi ∈ S(AB)

}
separable states

Classical: All states are separable.

Quantum: |ψmax〉〈ψmax| not separable ≡ entangled

|ψmax〉 := |0〉⊗|1〉−|1〉⊗|0〉√
2

, |0〉, |1〉 ONB in HA = HB = C2.

maximally entangled state= |φ(a)〉⊗|φ(−a)〉−|φ(−a)〉⊗|φ(a)〉√
2

for all unit vector a ∈ R3

Measurement M(v)+ := |φ(v)〉〈φ(v)|, M(v)− := |φ(−v)〉〈φ(−v)| on system A

P|ψmax〉〈ψmax|,M(v)⊗I(+) = P|ψmax〉〈ψmax|,M(v)⊗I(−) = 1
2

Post-measurement state:

%a = (M(v)a⊗I)|ψmax〉〈ψmax|(M(v)a⊗I)
Tr(...) =

{
|φ(v)〉〈φ(v)| ⊗ |φ(−v)〉〈φ(−v)|, a = +,

|φ(−v)〉〈φ(−v)| ⊗ |φ(v)〉〈φ(v)|, a = −

Measurement N(w)+ := |φ(w)〉〈φ(w)|, N(w)− := |φ(−w)〉〈φ(−w)| on system

B

P|ψmax〉〈ψmax|,M(v)⊗N(w)(a, b) = 1
2


cos2 1

2^ (−v, w) , a = +, b = +,

cos2 1
2^ (v, w) , a = +, b = −,

cos2 1
2^ (v, w) , a = −, b = +,

cos2 1
2^ (v,−w) , a = −, b = −.
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AAB = AA ⊗AB ⊆ B(HA ⊗HB)

S(AAB) ⊇
{∑

i
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Existence of quantum systems?

Are there physical systems that require a non-classical description?

If yes, how can we detect them?

Do they provide some bene�t in some practical task?
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Cooperative games

• Referee (R) chooses

a question x ∈ X for Alice and a question y ∈ Y for Bob

with probability π(x, y)

Alice chooses an answer a ∈ A, Bob chooses an answer b ∈ B

• Rule of the game: δ : X × Y ×A× B → {0, 1}

• No communication between Alice and Bob after the game starts.

• Strategy: PAB(a, b|x, y) ≥ 0,
∑

a,b PAB(a, b|x, y) = 1

stochastic matrix with rows X × Y and columns A× B

• Winning probability:

ω(G,P ) :=
∑

x,y,a,b PAB(a, b|x, y)π(x, y)δ(x, y, a, b)

goal: maximize it under some constraint on P
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