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Introduction

Background: linear problems (previous year’s work)

e Letd > 2, Q C R be a bounded domain.

* We consider the elliptic problem

(1.1)

—div(GVu) +nu = g,
upo =0,

where 17 = 7(x) and G is a constant matrix.

ELTE



Introduction

Construction of the discretization

e LetV, C H(l)(Q) be a FEM subspace. We look for uy, in Vj;:

/(GVuh Vv + nupy) = / gv, veEV,. (1.2)
Q Q
The corresponding linear algebraic system:
B, ¢c=g,.
~—
(Gh+Dh)
Preconditioned form:
G,'Bye= g, . (1.3)
~—— ~~

(Ih+G;,_th) G, 'g,
* Preconditioned conjugate gradient method (PCGM)= CGM for (1.3).



Introduction

PCGM Algorithm

e Let uy € H arbitrary, pg = Bug — g, Gppo = po, ro = po-.
e Fork e N:
Up1 = Uk + P,
Tt = 1 + Gy, ' Bypy,
Pk+1 = Tk1 + B
* Auxiliary problems:
Gnzx = Bupi.

They can be solved easily with fast solvers due to the special structure
of Gy, [9], [5].
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Introduction

Results

* Derive mesh-independent superlinear convergence of the precondi-
tioned CGM.

» Estimate the rate of superlinear convergence.

* Extend the results of [8] from € C(Q) to n € LI(Q).
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Introduction

Assumptions

(i) G is positive definite.

(i) There exists 2 < p < %:

n e LP/P=2(Q).
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The main results

Main theorem

Theorem 1 (Superlinear convergence rate estimation)
Let2 <p < %. Then there exists C > 0 such that

1

k
leclia, \* _ €

< — =0, as k — oo, (2.4)
lleolla, ke

whereazé— +

=
T =
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The main results

Extension to elliptic systems

Systems of PDE’s:

—Au; + niuy + .. nislls = &, 2.5)
uilon =0, (i=1,...,s),

: Q) = RSXS such that:

s
ij=1 Symm

where H = {n;}

Vije{l,...,s}: n;e /P2 (Q).

Main result

Theorem 1 holds for (2.5) as well. If H is not symmetric, we substitute
CGM with GMRES, and Theorem 1 still holds.
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The main results

Advantages of the preconditioner

The auxiliary problem S,w; = Q,,px for the PCGM becomes

—Awr = > mipe);,
—A(wi)2 :Z;:1U2j(Pk)j>

—A(wr)s ZZlemj(pk)j,
(wi)loa =0, Vi=1,...,s.

These equations are independent of one another, hence they can be
solved in parallel.
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Extension to non-linear elliptic systems

Non-linear problems

Goal: Generalize previous results for nonlinear elliptic systems.

The nonlinear problem: elliptic transport system of the form

{—diV(KiVui) b Va4 filxun, ) =g 56

uilon =0,

wherei=1,...,L

Objective

Solve FEM discretization of (3.6) with a Newton iteration plus GM-
RES technique and prove superlinear convergence.
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Extension to non-linear elliptic systems

Operator equation for the weak form of the system

e Let F : H(Q)! — H}(Q)! given by

/

(F(w), Vi) = / S KiVus - Vi + (b - Vi) + i, w)v).
Qi

0

* There exists a unique g € H} ()’ such that

/Q gv=(Z V)@ (veH Q). (3.7)

Altogether,



Extension to non-linear elliptic systems

FEM discretization

e LetV, € H(l)(Q)l be a N-dimensional subspace. We look for u;, € V},
such that

(F(un), vi)uy ) = (& Vilui) (Y € V). (3.9)

* Denote Fj, = PyF and g, = P)g.
The projected problem:
Fh(uh) = 85 in Vh (3.10)

is then solved using the Damped Inexact Newton (DIN) method
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Extension to non-linear elliptic systems

Construction of the DIN iteration

* Letug € V), arbitrary. DIN iteration (u,) C Vj constructed recur-
sively as
U+ = Uy, + TPy, (n € N)v

where 0 < 7, < 1.

* Here p, € V), is the approximate solution of the linear auxiliary prob-
lem

(F ()P, Vi) = —(Fu(Wn) — 8h: Vi)uy o) (3.11)
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Extension to non-linear elliptic systems

DIN as an outer-inner iteration process

¢ Let u, be constructed in the DIN iteration.
* Linearized problem (3.11) :

F,(u,)p, = o, (3.12)

where r;, = g, — Fy(u,).
Equivalent to the FEM approximation of
—div(K;Vp;) +b; - Vp; + Zjl-zl Vi pj=ri
~—~

O (- un) (i=1,...,D),
pilaa =0

where r; = g; + diV(K,'vunJ‘) —b;- Vumi —f,-(x, lln).



Extension to non-linear elliptic systems

* The corresponding algebraic system:
L"c =d, (3.14)

where ¢ and d are the coefficient vectors of p;, and ry, respectively.
* Construction of the preconditioner: for any u;|5o = 0 let

Siu; = —div(K,-Vui) + hiu; (i =1,..., l), (3.15)

where h; € L*°(£2) and h; > 0. Denote by S, the stiffness matrix of
the operator S given by:

Su = (Syuy,...Suy). (3.16)
* Preconditioned system:
S, 'L"e=t:=S5,d. (3.17)
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Extension to non-linear elliptic systems

We have the decomposition
S;'L" =1+ QY.

where Qé:) is the corresponding Gram matrix in V}, of the operator

Qg") defined implicitly as follows:

(O, z)5 = /Q((b -VV) -2+ (fi(x,u,) —hDv-z)  (v,z € Hy(Q)').

Proposition
The operator Qé") s HY()! — HY(Q)' satisfies
108vls < Collvllo  (veHY@),  318)

for some Cp > 0.
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Extension to non-linear elliptic systems

Theorem

The GMRES algorithm with S;-inner product, applied for the N x N
preconditioned system S;lLin)c = S;ld, yields

1/k
175 1 111
<C— h =——=-4-. 3.19
(Hronsh S G Wherea=g Tt GD)
Specifically,

C = max{l| Q{"||, Ry - Co(1 — @)™ '}.

We proved that the estimation of the superlinear convergence rate is
independent of the outer Newton iterate u, and Vj,.
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Extension to non-linear elliptic systems

A numerical example: single equation

Let us solve the following PDE numerically:

~A 3= in Q = [0, 1]?
{ utmd =f, inQ=[01), (320,

ulon = 0,
where 77 and f are defined by

n(x,y) = (x=0.5)> + (y = 0.5)%) 74,
f,y) = 10((x — 0.5)* + (y — 0.5)))7,  (x,y) € Q.

We look for approximate solutions using the DIN plus PCGM tech-
nique.

ELTE



Extension to non-linear elliptic systems

* Given u, from the DIN iteration, we solve the linearized problem

F/(un)pn = _(F(Mn) _f)7

i.e.,
—Ap, + Smtip,, = Au, — 77142 +f.
N———

In

* Apply FEM with stepsize h = ﬁ Algebraic system:
(Sy +Dj)p, = d,, (3.21)

where d,, := —Gpu, + h*(f — nu).
* Choose Sy, as a preconditioner and apply PCGM.
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Extension to non-linear elliptic systems

* Theory holds whenever mu2 € LP/P=2(Q) and g € L4(f2), where
1,1 _
atr= 1.

* We define the numbers

1

rn %
(5]’: _ H kHSh koc

175 ls,

)

where k denotes the inner steps of the process and n the outer ones.

By the previous theorem:

& sC
~—
Expectation

whenever

a<—L y<l-a
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Extension to non-linear elliptic systems

* We check that these numbers are independent of u,,.

Values of 6:, for n outer iterations, k-inner steps
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Figure: Numerical solution of (3.20) and behaviour of 6} for i = 0.1,
~v = 0.75. The right picture is obtained for v = 0.22

ELTE



Extension to non-linear elliptic systems

Numerical solution of a nonlinear system

* We consider the following set of problems:

(3.22)

—eAu; + (|u|2 +B)u =g, inQ=]0, 1}2,
wlon =0, i=1,...1,

for 5 > 0 and g; € L9(2), where é +% = 1.

» New choice of preconditioner:
Su = (Slul, .. .Slul)7

where
Siu; = —eAu; + Bu; (i =1,... ,l).
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o non-linear elliptic systems

e Let/=10,e =0.1,3 = 10and g;(x,y) = ((x—0.3)>+(y—0.3)%)7".

Values of 6:, for n outer iterations, k-inner steps

Values of 6:, for n outer iterations, k-inner steps
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Figure: Behaviour of 6} for « = 0.24,v = 0.75 and o = 0.5,y = 0.9,

respectively.
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Conclusions

Conclusions

 Superlinear convergence rate estimation when PCGM is applied to
single equations or symmetric systems:

1
||ekHAh ' <Ck % o= 1_14_1‘
leolla, /|~ ’ d 2 p

* This also holds for the non-symmetric case when replacing PCGM
with GMRES.

* We applied these results in the nonlinear case to provide mesh inde-
pendence estimations of the rate of superlinear convergence for inner
iterations of a Newton-Krylov method.
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A numerical example

Let us solve the following PDE numerically:

_ — O — 2
{ Au+nu=f, inQ=][0,1], 6.23)

ulon =0
Here n € Lie (€) is defined as
2 2\—8 -2
nx,y) = (x—=0.5)"+(y=05)7)"", 0<B<4;f

and

flxy) =1
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* Apply FEM with stepsize h = ﬁ Algebraic system:
(Gp+Dp)e =g, (6.24)

* Choose Gy, as a preconditioner and apply PCGM.
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Figure: Graph of the numerical solution with 5 = 3/4 and N = 40.
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* To measure the error of the PCGM, we use the energy norm

1
HeHAh = (Ape,e)? (e € RN2)7

where A;, = G, + Dy,.

¢ Notice:
lexlla, = llAn~"?r]
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Recall our main result:

Superlinear convergence rate
There exists C > 0 such that

1

k
C
lella, < — =0, ask — 0.

leolla, )~ &«

AF

D=
S

_1
Herea—d

To test this result, we study the values of

2 (e, " e
ol
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We performed several runs for different mesh-size and
a=0.12,8=3/4.

Notice that the theorem holds when o < %

N=20| N=40 N=280
1 | 1.0000 | 1.0000 1.0000
2 | 0.5838 | 0.6236 0.6518
3 | 0.2865 | 0.3229 0.3499
4 | 0.1620 | 0.1907 0.2129
S | 0.1037 | 0.1239 0.1412
6 | 0.1320 | 0.0946 0.0997
7 | 0.1069 | 0.1188 0.0999
8 | 0.1018 | 0.0921 0.1009
9 | 0.1001 | 0.0893 0.0802
10 | 0.1026 | 0.0901 0.0781

Table: Values of Sk for different mesh sizes.
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Values of 57 for §=3/4, a=0.12

Figure: Graphical representation of Table 1.
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Sketch of the proof

* We define the operators
Su= —div(GVu), ucD and Qu=nu, ucH)).

* Energy space:  Hs = H}(2) with

(u,v)s = / GVu - Vv. (6.25)
Q
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It can be proved that there exists a unique operator Qg € B(H;) such
that

<QS”7 V>S = <Qu7 V)
for all u,v € Hs.

Lemma 1

There exists C > 0 such that
1Qsvllas < Cllvllr), Vv € Hs. (6.26)

Altogether, Qs is compact and self-adjoint in Hs.
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Proposition 1

LetA =1+ Qs. Foranyk=1,2,...,n

k k
D IN(G, D) <D N(0s). (6.27)
j=1 j=1
Moreover,
lecla, \ ¢ 1<
Hellan 1 <214~ 1=5" A(0). 6.28
<||eO||Ah> = || ”kal .I(QS) ( )

Now we wish to get a rate estimation from (6.28).
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Useful results

1. Let A\, = \,(Qs). Since Qg is a compact self-adjoint operator in H,
we have the characterization, [7, Ch.6, Th.1.5]:

/\n(QS) = min{HQS—Ln,IH /Lnfl € ,C(Hs),rank(Ln,l) S n— 1}.

2. Let a,(Z) denote the approximation numbers of the compact embed-
ding Z: H(2) — LP(12), defined as

an(Z) = min{||Z—Lo_1||/ Ln_1 € L(HN(Q), LP(R)), rank(L,_1) < n—1}.

3. From [6] we have the estimation

o 1
an(I) < Cn™ %, 04:3—54‘;7

for some constant C > 0.
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Proposition 2

There exists C > 0, such that for all n € N,

An(0s) < Can(T). (6.29)

Proposition 3

There exists C > 0 such that

Finally, by (6.28), the theorem is proved. [
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* Given u, from the DIN iteration, we solve the linearized problem

F'(t)pn = —(F(un) — f).
In matrix form:
(Ah + BZ)pn =Ty
Here
—A,
Al = € .. c RINZXINZ
—A,

B! = (B,x)i,; = (/ Ofi(ul, . .. ,uf)¢i¢j> c RIVXIN®
0 .

)
(rn)i = < /Q Vi - Ve + ([ + B)uesy — /Q g,wj) e RV,

i=1,...,landj=1,...,N%
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