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Abstract. Results on weighted polynomial approximation and interpolation with respect to Freud
weights are extended to a more general class of weights. Among others, weights having zeros
(Freud—Jacobi type weights) are considered, and a system of nodes is constructed for which the
weighted Lebesgue constant of Lagrange interpolation is of optimal order.
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Recently, there has been a considerable interest in different aspects of polynomial approximation (orthog-
onal polynomials, interpolation) with respect to Freud and Erdés weights on the real line. In this paper we
extend some of these results for a more general class of weights. We will consider weights which have finitely
many zeros on the real line, and prove density theorems for polynomial approximation in the corresponding
space of functions. Also, we will construct systems of nodes of interpolation where the weighted Lebesgue
constant is of optimal order. Allowing roots for the weight opens the possibility of considering spaces of
piecewise continuous (unbounded) functions. As far as we know, it was D. S. Lubinsky and E. B. Saff [1,
Theorems 3.4-3.5] who considered such weights (from different aspects).

Our starting point is the following result, attributed to Akhiezer, Babenko, Carleson and Dzrbasjan (see
D. S. Lubinsky [2]).

THEOREM A. Let w = e~ % where Q is even on R, Q(e®) is convex on (0,00), and let

(1) Cu(R) :={f[f € C[R), lim (f(z)w(z)) =0}

|z] =00

For an f € Cy(R) define the best polynomial approzimation

Ea(f)ui= inf [fu(f = p)]

where || - || is the supremum norm over R, and I1,, is the set of polynomials of degree at most n. Then
(2) lim E,(f)w =0 forall feC,(R)
n—oo

if and only if

o 1l+a2
Our first result generalizes the ”if” part of this theorem for a wider class of weights defined below.

DEFINITION 1. The set of weight-functions w(z) = e~9®) € W), is defined by the following conditions.
Let —0co < 11 < ... < ts < oo be arbitrary fixed real numbers, and let Q(x) satisfy the following properties:

(i) 0< Qe CR\UL_{t;}), limy_, Q(z) =00 (i=1,...,s),

(ii) limsup |Q(x) — Q(—x)| < oo,

T—>00
(iii) Q(e*) is convex for z large, and



(iv) [ Q)dr _

14+x2
to+1
This class of weights W) is more general than those considered in the above cited theorem, since w € Wy
vanishes at ¢t; (¢ = 1,...,s). Also, condition (ii) permits a certain asymmetry of the weight at +co0. Finally,

(iii) requires convexity only for large .
Here are two characteristic examples for weights in W;:

Bi

(3) w(z) =e 171" H |x — t;]“

i=1

log |z — ;]

(a>1,0; 20,6, €R, 5, <0if; =0,i=1,...,5),

(4) w(z) = exp <—|a:|a - Z bza> (a>1, bj,a; >0,i=1,...,3).
i=1

|(E—ti

Now let (compare (1))

Cu(R) = (/] f € CR\ UL {t:}), lim (w() f(2)) = 0, =0,1,....5 + 1},
where tg = —ts11 = —00. Hence Cy,(R) contains functions which are unbounded at the ¢;’s.

THEOREM 1. We have (2) for all w € Wy and f € C,(R).
Proor. Let f € C(R) and € > 0 be arbitrary. Then there exists § = §(¢) > 0 such that

(5) w@)|f(x)|<e if zel:=t;—0t;+3d),i=1,...,s.

Let I;(x) be the linear function which interpolates f(x) at t; =46, i =1,...,s, and let
R f(Qf) if g Uf:l-[h

(6) fel@) := {min{f(x),li(x)} ol im1,.. s

Now let max(|t1],|ts|) < a < b be such that the continuous function

. min|, <, Q(z) if 0 <z <a,
Q(z) := ¢ linear if a <z <b,
Q(x) ifz>b

has the property that Q(em) is convex for all z > 0. Such a and b exist by the properties of ). But then,

extending Q to (—00,0) as an even function, the resulting weightfunction @ (z) := e~ ?®) evidently satisfies
the conditions of Theorem A. Besides, by definition

(7) Q) <Q(z) + M, where M :=sup|Q(z) - Q(-z)].

r>a

Hence and by (6), f:(z) € Cg(R), and by Theorem A there exists a polynomial p(z) such that

(8) [l@(z)[fe(x) = p)]]] <e.

Hence and by (7)



w(@)|f(z) = p(e)| < w(@)[[f(2) = f-()] + [f=(z) = p(2)]] <

< w(@)|f(2) = fo(2)| + " (2)| fo(2) - p(2)] < w(@)|f(z) — fe(@)] +eMe.
Here by (6), the first term is zero if @ € Ui_,I;. Now by (5) and (6)

w(@)|f(z) = fe(2)] < w(@)[f(2)] + w(@)|f-(2)] <

<2u(@)|f(2) <2 (¢ €U L),

Collecting our estimates we get

w(@)|f(z) —p(x)| < (2+e')e  (z€R),
which proves the theorem.
Now we define a subset W5 of Wj.

DEFINITION 2. We shall say that w(z) = v(x)e~?(®) € W, if the following conditions hold:
(a) Q is even, continuous in R, 0 < Q" € C(0, ), and there exist 1 < A < B < oo such that

(@)
Q/

(b) v(z) > 0 is continuous in R, v(xz) > 0 if x € R\ U_;{¢;}, and there exist integers m; > 0 (i —
1,...,s) and constants ¢, ca,c3 > 0 such that!

(9) A< <B (z>0)

i+1
£C*tim+

10
(10) al,

(le =t <|ly—ti] <es,i=1,...,5).

(c) v(z) is twice differentiable for large ||, and 2

(11) v(x) ~v(—x) (x — 0),

(12) |(1;'((j))) ‘ — o) (fa] - oc).

It is easy to see that Ws C W;. Namely, with the notation

Q(z) := Q(z) — logv(z),

we can show that (i), (ii) with Q instead of Q follow from (b), (a)-(11), respectively, while (iii) follows from
the fact that @Q(e*) is convex for large x. Namely,

1 In what follows, c1, ... will denote positive constants possibly depending on the weights but independent
of n.

2 ~ means that the ratio of the two sides remains between two positive constants as x — 0o.
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(13) Q'(x) > Q'(V)min(z"~1, 2" (220

(cf. G. Criscuolo, B. DellaVecchia, D. S. Lubinsky and G. Mastroianni [3], Lemma 4.1(a)-(b)), and since (12)
evidently implies

(14) @I _ 141y (2] = o),

we get from (9)

v (x)
v(x)

with some constant ¢ > 0. Finally, (iv) follows from

(2Q'(2)) = (2Q'(2))" ~ ( > > AQ'(z) —o(z" ) 2 x>0 (z21)

Q(z) > ca? — o(z?) (z large)
(see (13) and (14)).

A characteristic example for weight in W, is the function (3). The only difficulty in checking this is to
choose the m;’s in (10):

[cv] if o; is not an integer,
m; = if ; is an integer and 3; < 0,
a; — 1 if o is an integer and 3; > 0.

However, it is easy to see that the function in (4) is not in W, since (10) does not hold because of the
non-polynomial decrease of the weight near the singularities. The weights with Q(z) = |2|* and

—r if -1<2x2<0,
v(z) = 2?2 fo<az<l,
1 ifjzl >1

o(@) = 2] <|x| + sin;D

are also not in Ws; the first because of the asymmetry and the second because of the oscillation at the
singularity (again, the critical condition (10) does not fulfil). Nevertheless, these weights are easily seen to
be in Wl.

Since Theorem 1 ensures the density of polynomials for weights in the class Wx, it makes sense to look
for systems of nodes of interpolation for which the weighted Lebesgue constant

Aw = Hw(@z |l ()]

= i)

or

(cf. e.g. Szabados [4]) is optimal in order for w € W.

THEOREM 2. For any w € Wh, there exists a system of nodes {zi}7_, C R such that

Aw = O(logn).

This order of magnitude of the Lebesgue constant is probably optimal, but we do not address this
problem here. Theorem 2 is a generalization of Theorem 1, (7) from [4].

ProoF. Let a > maxi<;<s |t;| and



u(z)u(—z)
By2

._{ b emen if || > a,

V(a)ea(|m\B*GB)+ﬁ(|x|B*a if ‘SE| <a,

m;

(16) u(z) = H |l —t;

1 V! 1 1744 V!
) (

' B-1
O Bar1 v W P o v) @) = g1 v (@)

(Here V'(a) and V" (a) are meant to be right derivatives calculated from the first part of the definition of
V(z) in (15).)

First we show that w;(z) := e~ 91(®) where

(18) Qi(z) = Q(z) —logV (),

is a Freud weight, i.e. it satisfies (a) of Definition 2 (with Q; instead of Q). Q is, by definition, even and
continuous in R. An easy calculation shows that the values of @ and 8 in (17) are defined such that V(z) is
twice differentiable at = +a, and thus by (c) of Definition 2, for all z € R. Further, we obtain from (15),
(16) and (14)

(19) @)

Hence and from (17)

(20) la] = o(aA*B) (a — 0).

Similarly, using also (12)

(21) ‘(3) (x)

Thus from (17)

=o(z7?) + 0(z7%) = o(27?) (z — 00).

(22) 18] = o(aA_QB) (a — 00).

Now, in order to show condition (9) for @1 and for some Ay, Bj instead of @, A, B, respectively, we
write



- ey _,

Here, by the definition of V(x), (13), (19), (20)-(22) and (14)

L v [ e+ 2067 - )] = Offala” A 48104 = o(1) i o] <
Q(x)V % =o(1) if |z| > a,
i.e.
1 vV
= =[] <

provided a is large enough.
Similarly, using (14) and (20)-(22)

B(B-1)z?~'(a—2B8a®)+2B(2B-1)pz>E~!

g v / g,(xé—A 2B—A .
Qx) \V (x) =< = O(g|fY1| + [Bla”)a +|Bla )=o(1) if |z| <a,
T = o(l) if 2] > a,
i.e.
x v\’
(25) M; = W (V) (x)|| < A
provided a is large enough.® Now (9) and (23)-(25) yield
A—M, _ (zQi(z)) B
1<1+ 7 < QL) <1—|—1_M1<oo (x € R)

which shows that w;(x) is indeed a Freud weight.
We now construct the point system realizing the optimal order of magnitude of the Lebesgue constant.
Let

(26) roi= imi,
i=1

and consider the roots of the polynomial p,,,_2(x) of degree n 4+ r — 2 orthogonal with respect to the Freud
weight w1 (7)2. Let n be sufficiently large, and for each 1 < i < s, let Yil, Yi,2s - - > Yi,m;+2 be the m; + 2
roots of this polynomial nearest to ¢;, in such an order that

(27) lti —yinl <t —wial <. <t = Yimege|  (G=1,...,9).

We drop the first m; + 1 of these roots from, and add

3 The "O” and ”0” signs in the previous formulas refer to either x — oo or a — oco.
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(28) (i=1,...,9)

Ati+yi 2

A+1

Ayi 1ty .
- y5\1+1y 2 if sgn (t; — yi1) = sgn (t; — yi2),
otherwise

to the set of roots of p,4,_2, where A > 0 is a constant to be chosen later. In this way we get n — 2 roots.
Further let zo > 0 be a point where the norm ||wipy4r—2|| is attained; we add £z to the previous system of
nodes. These n nodes x1,...,x, will be our system. In other words, these are the roots of the polynomial

S

(29) wn(@) = pugr—2(@)(@® — 2) [[ =i

i=1 Hj:l (@ = i)

of degree n.

We shall prove a series of lemmas estimating quantities related to this polynomial. Let a, be the
Mhaskar-Rahmanov-Saff number belonging to the Freud weight w; = e~@ (i.e. Q; satisfies (a) of Definition
2), that is for any polynomial p of degree at most n we have

[wipll = nax wy(z)[p(z)|

z|<an
(cf. e.g. Mhaskar and Saff [5]).
LemMA 1. Given a Freud weight wy = e~@1, there exist constants 0 < c4 < 1 < c5 such that for any
polynomial of degree at most n we have
wi(z)|p(e)] < [lwipllef  (lz] = csan).
Proor. By the above definition of a,, and the monotonicity of Q1 we get

o< lml
)] < S

(2] < an).

Then, as it is well-known, outside this interval p can be estimated as
[wip (2|x|>"
p(x)| < x| = ap).
)l < s (o (12l > an)

Hence, using mean value theorem, the relation

aanl (an) > M,

as well as the monotonicity of @} (cf. Levin—Lubinsky [6, Lemma 3.1] and [7, Lemma 5.1(d)]) we obtain for
Cs Z ]-/CG

2\" 2 ,
> |m|neQ1(an)—Q1(z) < ||w1p|| <) |x|ne—(z—an)Q1(an)
Qa

an n

o @lp()] < wip] (

2 n
< Jwpl (a) oo celem eI < p|| (2e5)" eI < Jwiplcy (o] 2 esan)
n

provided c;5 is large enough.

LEMMA 2. Let x € R and

(30) T — x| = 1I§I}€H<ln|1}*£vk .



Then we have

w(x wy(z) | fu(;zc)na,l/2 75/4(x) .
where
(32) U (z) = max{n=2/3 1 — |z|/a,}.
Here in case
o nan
(33) |z — 2] < i ()12

with a small enough n > 0 the estimate is sharp in the sense of the order of magnitude.

Proor. We distinguish three cases.

Case 1: x; = 2 (the case ; = —zp can be handled similarly). Then we get from (29)
wp () v(x) 2 |z — 2|
w(z) = w1 () [pnir—2(@)|(@ + 20) | | —m———
v—azj| V() H T e — )

Here by the definition of ¥; ; we have

(34) |z — yi | ~ |z —t] (G=1,....m;+1,i=1,...,s)
(35) |$—Zl|N|$—tl| (Z:1778)7

and*

(36) w1 (2)|pntr—2(2) (2 + 20)|

_ O(aﬁlﬂz/}n(x)*l/‘lan) = O(na,ll/z@/}n(x)s/‘l) if ap, <|z| < csan,
O(nl/ﬁai/chf) if |z| > csan

(cf. [3, Lemma 4.2(b)] and [4, Lemma 2]). Note that in case (33), with a sufficiently small n > 0, the last
estimate is sharp (cf. [3, Lemma 4.2(d)]). Using these relations, as well as (16), we get

Y ( u(;)(;;)(x) anl/zwn($)1/4an> o (Imag/wn(mw),

wn ()

m—xj

w(z)

which is equivalent to (31), since in this case ¥, () ~ ¥ (an) = n~2/3 (cf. [4, Lemma 2]). Also, the estimate
is sharp if (33) holds.
Case 2: xj is a z,. Then

wn ()

1‘—$J‘

_ v(@) wi(@)|pnyr—2(@)[(25 — 7°) H | — zil

- +1 i+1 :
V(l’) H;nil |$ - y#7j| ?;1 H;’Zl |1‘ - yi7j|
iFEp

4 Here we use the relation a,,_1 ~ a, (cf. [3, Lemma 4.5(c)]).
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Here 22 — 2% ~ a2, further holds again. Moreover, (35) also holds except for i = . Using again (36), as
0

well as (32), ¥, (x )Nland |x—yu7j|~an/n we get

_ v(z) GZLI/Z%QL _ v(z) nall?
‘O<wmmm : )‘O(wmwm ).

which proves (31) in this case. Again, the estimate is sharp when (33) holds.

wn ()
Xr — l’j

Case 3: x; is not +z, 21,...,2s. Then
wn (z) v(x) wi()|ppyr—2(x)|, 5
w(x) = |22 — 25|
T —Tj V(z) |z — J| H ml | yz,jl

Now (34)—(35) still holds, and we also have

w1 (2)|Prtr—2(z)]
|z — 2]

0% — 23| = O(nay,* i (2) 1l n (2)) = O(nay > (2)**)

(2] < an(1+en™??))
(cf. [3, Lemma 4.2(d)]; and this is sharp in case (33) holds);

w1 (2)|ppyr—2(x)
|z — ;|

2 Tr — 20

22 = 22] = w1 (2)pnsr—ol@)] -

-z + 2o
T —

Ty
= O(a, ¢, (x) " an) = O(nal/*hn(z)¥*)  (an(1+en2/?) < |2| < csay)

(cf. [3, Lemma 4.2(b)]), since |2o|, |z;| < an(1 + (¢/2)n"%/3) if c is large enough (cf. [3, Lemma 4.4]); finally
by our Lemma 1

w1 ( )|pn+7’ 2( )‘| 2 2‘ :O(na}/%ff) (|l“ Zc5an)
|z — x|

which is more than stated.
Collecting these estimates we obtain

w(z)

and the lemma is completely proved.

CoOROLLARY 1. We have

var:ai/2 2/4
wmwmmzo<(iwwmf)> (x € R).

This follows from (31) by taking into account that
A,
—r:l=0
=2 =0 ()
which is a consequence of the root distance relation

Ap

iy ()2
9

(37) Az, =T, — Tipq ~ i=1,...,n—1)



(cf. [3, Lemma 4.4]). The applicability of the last relations for x;’s instead of the original roots of the
polynomial p,,_o follows from the construction of these nodes.

CoOROLLARY 2. We have

U(x‘)¢n<xj)5/4 1/2 .
w(w;)|w), ()| ~ === —na,/ G=1,...,n).
! ! u(z;)V(z;)
This follows again from (31) by letting # — z; and using the sharpness of the estimate.

We now return to the proof of Theorem 2. Using the notation (30), Lemma 2 and Corollaries 1 and 2
we get

(@) (v(@) ulay) Vi) () P
(38) w3 ‘O<u<x> 2378 ()

(@) (@) an u(@p)V (zr)
w(@)V (z)n ; v(@r)Pn (@) 4] — i

k#j

Here in the first term ¢, (z) = O(¢¥n(z;)), and in case |z| > a we have u”& =0(1) by (15). If |z| < a

then again by (10)
ey =0 (i (1 ))-o(i5):

where ¢; is the nearest to x, and by (15) V(z) ~ 1, V() ~ 1. This shows that the first term in (38) is O(1).
For the rest of the right-hand side in (38), applying (37) we get

oyt un) <¢n<x>)>3/4 Ay

x—ti

l‘j—ti

2wV @) o)V (@) \balw)) oo
S S
SHED D D DI >
i=1 lz—t;|<|eg—t;|<cs i=1 o —t;|<|e—t;|<cs wp—t;|>eq, Lt _q4t,)<wp<L(t;+t,
k#kj 3 k oy 3 leg—til=ecg3,5(t; 11;3)_ k<3 (tit+tit1)
+ E =A1 + A+ Az + Ay,
zp <% (totti)orzg>L (ts+toqq)

k#j

where now tg = —a = ts41.
For Ay, we get from (10), (15) and (32)

(39) V(z)~1, V(zg)~1
and
V() _



whence

Az
(41) A =0 Z P ;k| = O(logn)
kg

(cf. [4, Lemma 6]). For As, (39) and (40) still hold, and again by (10)

Uv((;k)) =9 (5((;2) ;;c:tzz > =0 <5((;k)) <1 " ;k:t; )> ’
whence
A =0A)+o (Y |t,.A_ka = O(log n),
k#5 '

again by Lemma 6 in [3].
For As, by (10) and (15)

v(x) ~u(x)V(x), ulzr) ~v(xp)V(zg),

and (40) still holds. Therefore A3 has the same estimate as A; in (41).
Finally, A, is estimated the same way as As. Theorem 2 is completely proved.
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