Abel Summation in Hermite-type Weighted
Spaces with Singularities

Agota P. Horvath *

Department of Analysis, Technical University of Budapest
Egry J. u. 1-3. 1111 Hungary

Abstract

On the real line besides the Hermite weight (w) there is another weight
function (s) with polynomial-type zeros. We will show, that if the total
degree of the zeros of s is M, then {hy}2,; is a basis for Abel summation
in the weighted space L%,,, that is lim,_1_ || f — ZZO:M a0 (f)hnllws,p =
0.

1 Introduction

In the classical case, on the unite disk the Poisson integral solves two problems
together: the Dirichlet problem, and the problem of Abel-summability. Until we
are on the unite disk, we can handle these two questions together. On the real
line the solution of the Dirichlet problem may separates to Abel-summability.
At first some words on the unite disk-problem are needed.

Investigating the connection of the weighted norm of the Hardy-Littlewood
maximal function with the weighted norm of the original function the following
question arised by Benjamin Muckenhoupt in 1972 [10]: There is an orthonormal
system ({¢n}) in a space/ with respect to a weight w on [0, 27), and there is
another weight u on the same interval. The Poisson integral of a function f is
defined by P,(f,z) =, r"an(f)en, where ay(f)-s are the Fourier coefficients
of f with respect to w. The question is the following: Under what conditions
will this Poisson integral converge to the function (with r — 1—) according to
the weighted norm with u? B. Muckenhoupt gave the answere in two cases: in
the trigonometric case (that is w = 1), and in ultraspheric, or Gegenbauer case
(w(f) = sin®**(#)). In these cases the necessary and sufficient condition was that
u had to fulfil the A,- or the weighted A,-condition.
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If v is an Ap-weight, then u may has only ”week” zeros. The whole situation
changes, when u has ”strong” zeros, like sin® 2Z%0. On the trigonometric system
the question was generalized (in this direction) by Kazaros S. Kazarian in 1987
[7]. Developing the multiplicative completion method of R. P. Boas and H.
Pollard [3], he gave a method for giving the fundamental system in the weighted
space with respect to u with ”strong” zeros, and for giving the modified Poisson
kernel here [8] [9]. Roughly speaking the new system (with respect to u) can
be get from the old one by deleting some consecutive ¢, —s, and the number of
the members has to be deleted depends on the zeros of u. The characterization
of the existence of the solution of Dirichlet’s problem in a weighted LP-space on
the unite disk was given also by K. S. Kazarian [7].

A sufficient condition for the similar problem in the continuous case was
given by K. S. Kazarian and the author in 2007 [6].

Turning to the real line we have to mention that Abel-summability for Her-
mite weights (w(x) = e*“j) was proved by B. Muckenhoupt in 1969 [12]. He
showed in this paper, that to get and to solve a Dirichlet-problem here, a mod-
ified Poisson integral has to be introduced. With the original Poisson integral,
the differential equation is lost, but we can discuss the Abel-summability.

In d-dimension the Poisson-, and heat-diffusion semigroups were investigated
by Krzysztof Stempak and José L. Torrea (eg [13],[14]). Laguerre case is very
closed to the Hermite one. In Laguerre-weighted spaces the question of mul-
tipliers, which is inconnection with the Abel-summability was investigated by
George Gasper and Walter Trebels [4], and by Cristian E. Gutiérrez, Andrew
Incognito and José L. Torrea [5].

The aim of the present paper is to give a sufficient condition for Abel-
summability by the combination of the real line- and the unite disk-methods,

when besides the Hermite weight (w(x) = e’é) we have another weight (s(x))
with zeros. We want to get a wider class of functions to be Abel-summable than
in the original Hermite case, so we will suppose that s(z) has no singularities,
and s(z) is bounded on the whole real line.

By these investigations arised some open questions: the case of infinitely
many "strong” zeros of s(x), the Dirichlet problem with the modified kernel,
the adequate multiplier results for the semigroups with weights like this, etc.

2 Definitions, Notations, Results

Definition 1 We say that a locally integrable function v satisfies the A,-property
on an interval J if there exists a constant ¢ = c¢(v,p) < oo such that for all in-
tervals I C J

(1) r}'/lv(x)dx (fﬂ/lv(x)gdx)s <c

where%+%:l,1<p,q<oo.

Definition 2 Let X := {z1,29,...,25} be a finite collection of points on the



real azis, and let s(x) be a nonnegative bounded function on R, and which has
no zeros on R\ X. Let us assume further that there is a § > 0 such that

P
1. There are k; nonnegative natural numbers for j = 1,...,s such that (7‘2C Sf)‘k], )
—x;

fulfils the Ap-property on the ball centered at x; with radius 6: B(x;,0).

2. If + < l‘z:;j‘l < K for a positive constant K in B(z;,0), then ‘zgz;‘ <C

here. (C = C(K)).
3. There is a constant C' such that in B(z;,0), (j =1,...,s).

SUPo<a<s (f0<|m—rcj|<a (|mj(;i.)|kj )pd‘r)% (fa<\m—mj\<6 (%)qdm)% <C
with some C = C(p).

4. There is a yo such that if |z| > yo then ON

—clz|™

< C with a < 2 and with
some C = C(yo, ).
5. There is a yo such that for every |z|,|ly| > yo ; c1x < y < cox for some

e—y)? s(x
¢i >0, there is a C = C(yo,¢;) such that e ggyg <C

Example

s
s(z) = [T le = a/* (@),
=1

where _71 <0 < %, if kj >0and 0 < 6; < % ifk;=0(=1,...,s), and
v(z) = e~l” (a < 2) or v(z) = (1 +22)~N, with ozj:kj—i—&j:N:Z;:l a;.

or simply
H‘;:l |z —2;F%%  ifx e (z; — 1,25+ 1)
s(zy=¢ 1 ifz € (—o0,x1 —2)U (x5 +2,00)
continuous elsewhere
Remark:
1)The assumptions 2) and 5) exclude the oscillation near zero that is the func-

1
T—Xj

1\ % .
—i—f) if

n

tions with behavior locally as ( sin € (nm, (n+ 1)) and

T—Xyj
around the infinity as [sinz| + L, when z € (nm, (n + 1)7).

2)A function uP(z) > 0 has the A,-property on B(0,d) means that there is a
constant ¢ such that for all a < ¢

@ () (L)) =

which means that % € LqB ( and applying the the Holder inequality with %

we get that

0,6)

a 1 q a1 q a 1—q
o () o= () see) ()
o \zu(z) o T 0
that is —ml(z) ¢ L%(O 5)
According to this observation we give the following definition:




Definition 3 ([9]) A function f has a singularity of order q with degree k at
a point xg, if xo has a neighbourhood I = I(xq, ) such that

(& —20)* f(2) € Ly(I),

but
(x —x0)* " f(x) ¢ Ly(1).

Remark:

1) With the above definition we can say that ( ) has a singularity of order ¢
with degree k; at the points z;, j =1,...,
2) Let us denote by hg(z) the k-th orthonormed Hermite polynomial (k =
0,1,..., ) that is thk hl( Je _xzd:l}:(sk’l.
3) For the Hermite-Poisson kernel we have a nice closed form [12]:

> 1 —r22242ray—r2y?
3 P.(x, = " hyp(2)hy, = — ¢ 1-r2
3 (520) 5= 3 o) = ey
where 0 < r < 1.
With this we can define the modified Poisson kernel:

Definition 4 Let {x1,...,x5} is a finite system of points, and s(x) is a function
(as in Definition 2.) such that ( ) has a singularity of order g with degree k; at
the points ¢j, j = 1,...,s. For this weight function the modified Poisson kernel
18

s kj—1

(4) Py(r,z,y) = Z Z BP (2 y

j=1 1=0

Hl,j(y)v

Y=

where Hy ;(y)-s are the fundamental polynomials of Hermite interpolation on
x;-s with degree k;, that is

(5) (Hi )™ (@) = 6ij61m 1<i,j<s 0<I<k;j—1; 0<m<k —1

If for some j € {1,...,s} k; = 0 we have no any conditions at the point z;, and
it results a zero member in the sum.

Let us introduce the notation: f € LE if fw € LP(R) , and for 1 <p < o0

(6) [ llw.p = [lfwllp

Now everything are together to formulate the first theorem

22

Theorem 1 If s(x) is a weight function as in Definition 2, and w(x) = e~z

then
([ s)r 0o dy) s

(7) sup <cllfsllwp
To give a consequence of this theorem we need the notion of A-basis.

w,p

0<r<1



Definition 5 A system {pn}52,, is A-basis (that is a basis for Abel-summation)
in the space L. (1 < p < o0) if for every f € LE_ there is a unige series

Z;l.o:no a’”(f)(pn fO?” which

© i 1= 3 el enllusy =0

n=ngo

With the previous notations (see eg. the remark after Definition 3) we can
formulate the main result of this paper.

M

x

Theorem 2 Let s(x) be a weight function as in Definition 2, and w(x) = e~ 2
and

Then {hi}32 ,; is an A-basis in LE,, that is the series Y, y; ax(f)hy is Abel

ws’

summable to f, where f € LP . and ay(f) are the Fourier coefficients of f in
Ly .

3 Proof of Theorem 2

At first we want to prove Theorem 2, provided that Theorem 1 is valid. For this
we will use a theorem of S. Banach ([2]). As it is usual a system {@, }52,, in LE
is called complete with respect to the dual space LI (% + é =1,1<p,qg< )
if for a g € L2 for which fR gpns?w? = 0 for every n > ny we have that g is
the zero element of the space; and we call a system {¢,};2,,, minimal in L
if there is a conjugate system {@y}o2, in L%  which is biorthonormal to the
original system, that is fR Onpisiw? = 6, k.

S

Theorem 3 (S. Banach) A system {¢n}52,, is A-basis in the space L, (1 <
p < o0) if and only if it is a comlete and minimal system in LE . and there is
a constant ¢ = ¢(p) such that

0o
sup || > r"an(f)en < el fllsw.p
0<r<1 n=no

Sw,p

where an(f) = 3. f = [g fehs*w?.

According to the theorem of S. Banach we have to prove the following lemmas:

Lemma 1 If s,w and M are the same as in Theorem 2, then the system H =
{hi}32 s is complete and minimal in L.

Proof: At first we give explicitely the conjugate system of H. Let k > M, and
let us constuct the Hermite interpolatory polynomial of hy with the less degree
(px(z)) which interpolates hy at z; in order of k; (j = 1,...,s). Because the



degree of pj is at most M — 1, we can express it as the sum of some h;-s with
I<M-—1: p, = Zl]\ial a; h; We will show that

1 — t
* Lk
(10) k= sz (hk — ZZ; ahkhl) = ?

hy is in LY, because
q % s _ M-1 q q
(k)Y <5 (1, (25200 o
R \S =1 \/B(z;.0) s(x)

h _ M-1 h q a s
+</ ( b(®) =2 l(x)w(x)> dx) =S 41

R\US_, B(x;,5) s(x) =

[<¢(s HMH < (8, k),

be\U B(IJ ,0)

where py, is a polynomial with degree k, and we used the growing property of %
at infinity. Around the singularities we get that

((k) Zalkh(a) > ()

I <

00,B(x;,0)

- </B(a;j,5) (W;(;«";W)qu) ' < c(k,zj)

Now it is shown that hj € L% . The orthonormality follows from the orthonor-
mality of {hg} in L2: for k,m > M

M—-1
/ hihmw?s® = / hi = Y akhi | hpw? = Ggm +0
R R 1=0

In the proof of completeness we also use the completeness of the original
Hermite system. Let g € LY . such that

/ghkw232:0 k=DMDM+1,...
R

In this case
1 M— 1 M—1 q
= = z; bih;, and /R <52 lz:; blhlsw> < 0

M—1
Zl 0 blhl
lo—a;| " ] ) )
in the nominator has M roots so it must be identically zero.

It means that isin Ly around z; (j = 1,...,s), that is the polynomial



Lemma 2 The Abel sum with respect to s(z) is a Poisson integral with respect
to the modified Poisson kernel, that is with the previous notations:

(11) 3 rha(Fhi(x) = | f@)Ps(r,z,y)e ™ d
k;/[ k k /R Yy Y Y

where the right hand side is absolute and locally uniformly convergent for every
r<1.

Proof: At first we have to show the convergency. Let us remark that |hg(z)| <

22
ck—1zeT [1].
tkw

b

q

lax| < /R Ftilw? < || fsuwll

We have to give a little bit finer estimation on H t’“T“’ Hq as in the previous lemma.
Let us choose a yo such that if |z| > yo then % < K, and z; € (—yo, o) for
allj=1,...,s! In (—yo,yo0), as in earlier we can estimate with c(l’c)||h,(€k7‘)w||OO <
c1(k), where the coefficients in hf results c(k) and using that hy, = v2khy_;
[15], we can se that cq(k) grows polynomially with k. When |z| > yo, we use
that w(ax)hy(z) < k™12 if || < 2k + 1, and w(z)hy(z) < e 7 with some
~v >0, when |z| > +/2k + 1 [1]. Thus

M—-1

hk(x) — Z al,khl(x)
=0

2
—27 elal®

[t |w <C
S

e

<C p-treck® if lz] < vV2k+1
- e el if || > 2k + 1
That is

</Iw>y° (tk(f:():) - </¢W>|x>yo(.)q> R </¢m$|x(.)q> |

Because, as we have seen, I; < ¢(k), where c(k) grows polynomially with k, and

1
(f(\wao)\Uj:lB(wj,é (t’;w)q> T < () ||tk o, jal<yo < c(k, 8), where c(k, §) also
(#-9\"

grows polynomially with k, we get that r%ayhy(z) < c(z,)c(k) (reCk ;

—
&
~—
N———
Q
IS
5
N——
Q

where ¢(k) grows polynomially with k, so the sum is absolute and uniformly
convergent on every bounded intervals for every fix r < 1.

The previous calculation results that we can apply the dominated conver-
gence theorem, that is

> rFar(f)hi(x) :/ Fly)w?(y) (Z r’“hk(fv)tk(y)> dy = ()
k=M R k=M



Observing that if k& < M then tx(y) = hi(y) — Zl]\ial a; khi(y) is a polynomial
with degree at most M — 1, and with at least M roots these polynomials are
identically zero, so we can write that

- /R Fy)w?(y) (Z rkhk<x>tk<y>> dy

Let us rearrange the polynomials ¢; as

where Hj ;-s are the fundamental polynomials of Hermite interpolation. Using
that the series below are absolute and locally uniformly convergent together
with their derivatives, we get that

- s kj—1
Zrkhk(w) Zrkhk Zrkhk Z Z hg)(ffj)Hl,j(y)
k=0 j=11=0
s k-1
_ Z Z Hij(y Zrkh h() (z;) = Ps(r,z,y)
J=1 1=0

The lemma is proved, and according to the theorem of S. Banach Theorem 2
comes true if Theorem 1 is valid.

4 Proof of Theorem 1

Lemma 3 For the norm of the Hermite-Poisson kernel we have the following
esttmation:

12 s ( / (w(w) ( / <Pr<x,y>w<y>>qdy)‘l‘>pdx>;<c

where C = C(p) is independent of r, and % + % =1,1<p,q< .

Proof: Let f € L, - an arbitrary function. With this f

sup
0<r<1

/ Py (. 9) f(y)w?(y)dy
R

< swp sup (w<x> / Pr<m,y>w<y>dy) 1 llwco
0<r<lzeR R

Thus we give an estimation on the weighted infinite norm of the integral of
the kernel. Because the maximum in y (with fixed z) of w(x)w(y)P.(z,y) is in



1-r2 2
— == .
\/lcje 204797 we can devide

the integral to two parts and can estimate as it follows:

Yy = fjﬂ and this maximum value is equal to

w(m)APr(w,y)w(y)dy=w(x) /’2_ ’<FPr(x,y)w(y)dy

+w(z) P (@, y)w(y)dy =1+ 11
‘12:::2 7y|>v 1=r
[<_ & T remin”
—re 20479 g,
T Vl-—r

where c is independent of z and 7.

_ 0+ E—y2+20-r)2ay
2(1—r2)

C
II <
o \/1—T42rm y|>\/ﬁ<e

A+r))(x—y)— (1 —7r)% 1—r2

1—r2 )(1+,’,2)(27‘x )

X dy

1+r2 Yy

Estimating the two parts of this integral separately and observing that we can
do the same on the two parts we get that

2(1—r2)

II <e¢e

<c

_4r)E—y)24+2(-r)2ay o0
(&

2raz Ve
1+r2+ I=r

After substitution one can see that ¢ is independent of x and r again. That is
this calculation follows that

(13) sup
0<r<1

/ Py, ) F(y)w? (y)dy
R

< cllfllw,00

w,00

(¢ # ¢(r).) For p =1 we can use the duality of the spaces, that is let f € Ly, 1:

H/R Pr(z,y) f(y)w® (y)dy

= s /R gla)u? (x) /R Py (2, y) f(y)w? (y)dydr

w1l gllw,ee<1

~ sw /R F)w?(y) / P (2, y)g(@)u? (2)dady

19lw,00 <1 R

< Flloa /R (e y)g(@)w?(@)dz| < el flun
That is
(149 swp || [ P f)wt @iy < ellflus
0<r<1 R w,1

Applying the Riesz-Thorin interpolation theorem on the operator



f = Jg Pr(z,9) f(y)w?(y)dy in the spaces Ly, , we get that for every 1 < p < oo

(15) sup
0<r<1

< el fllw,p
w,p

/ Py (o, ) F(y)w?(y)dy
R

It follows that for any 1 < p,q < oo, for which % + % =l,and 0<r<1

( /. (w(x) ([ <Pr<x,y>w<y>>qczy)é>pdx>;
:ngiié1/;gtwumx)(“‘x)(/L(f?@%yﬁdyﬂqdy>;>dx

- swp  swp /R g2y (z) /R Py, 9) f (9w () dydar = ()

lgllw,q <1 fllw,p<1
According to (15), and by the Holder inequality
(%) < cllgllw,gll fllwp < €
and ¢ does not depend on r, which proves the Lemma.

Lemma 4 For the l-th derivative of the Hermite-Poisson kernel the following
formula is valid:

l

[ T -k
W = (=) Po(a,y) Y ana(ry)(@ - y)* (1~ ol
Y k=0
I
(16) = (1= P y) Y b o) (@ =) =) 5]

k=0
where ay,(r,y) depends on r and y polynomially and the same is valid for
b (r,x); [a] = min{k € Z|a < k}.
Proof: We will prove this Lemma by induction.

mgjy)ljﬂfuamm«1ﬂy+@y»

= P y)2r((rla —y) + (1~ r)a)

From the first derivative we can see that type of symmetry of the right hand
side expression in the dependence of the coefficients of = or y, so we will prove
only one of them, the proof of the other one is the same.

So if the result is known for some [, then

IP(wy) _ ) 2y (ap@cy)

l
v oy 2 ak(ry)e =yt =l

k=0

10



a (>t ap(ry)(z— — =
o (Zho aralry)@ = )1 = 1) )>

dy

ﬂ%(”((lrw r—y Zaklry T — )(1,r)f12k]

+(1 —rQ)Z M(m — R =]

=) [T 2ryana(r, y) (1 = 1) + 2rag_1i(r, )

(L= 1) (1) + arsns(ry) (b + 1)(1+ r>)
o =)0 =) (Zvoui(r) + 2aaglr) + 2414 ))
+(z — y)l+127“al,l(r, Y)

And so the Lemma is proved.
Remark:

Using the definition of the k-th Hermite polynomial Hy(x), we can express
of the [-th derivative of the Hermite-Poisson kernel as

2 2 .
—EE? efm)

oy

. L 20 \'F -1 ¥ r(y —x)
= BP.(z,y)r — H )
) () (o) (522)
which gives back our formula with by ;(r, z).
For the proof of Theorem 1 we need one more lemma [11]:

i 1
? (me

Lemma 5 (B. Muckenhoupt) If1 < p < oo there is a finite constant ¢ such

that .
(/Ooo ux)/:of(t)dt

p % o P
d P
x) Sc( [ b )
if and only if

B = sup ( |u(a:)|pdx> ’ </ |U(x)|qu) T <o
r>0 0 r

11




Remark:

Using Muckenhoupt’s proof one can see that the previous lemma is valid
with some finite d instead of oco.
Proof of Theorem 1: Let us denote by B(z;,d) a neighbourhood of z; with
radius 0, such that ; ¢ B(z;,2) if ¢ # j, and the assumptions on s(x) are valid

in B(z;,26), where i,j = 1,...,s, and by Py)(x,xi) = ali;i;f’y) . With

Y=
these notations we can decompose the integral in the theorem to parts:

([ @ pdw)é

< . (/Rsp(:c)wp(:c) dx)
d:z:) ' = (%)

j=1
+ / sP(z)wP(x)
R
Now we decompose the modified Poisson kernel to a sum. If k; = 0 for an
1 < i < s, then Zfzgl() is an empty sum, which is zero, and Hp,; = 0, that
is, effectively both in the outer and the inner sums we have so many terms as
many positive k;-s are there.

/ Pu(r,2,9) F(0)u? (y)dy
R

z;+0
/ Pu(r, 2, ) f(y)w?(y)dy

;=6

/ Pu(r, 2, ) f(y)w?(y)dy
R\US_, B(z;,6)

S S

CED»Y ( [ @)

i—1

x40
/ (P(a: y)Ho.i(y ZP”m»Hm >> Fy)w? (y)dy

dm) ”
30 1=0
+ (/R sP(z)wP(x) d;v) = (*x)

Where O;Zl means that the union for that indices for which k; # 0.

(ee) < ; ([ #@w

ki—1

z;+06
/ (P (fE Yy HOz Z Pﬁl) :E y Lg Hl z( )> f(y)wz(y)dy

elfsln S 3 ([ @

j=1 1<i<s
i#g

N Pu(r.,y) f (y)w?(y)dy
R\US_, B(z;,0)

1

p »
dx)

12



ki—1

P y) Hoaly) — 3 PO (o, i) Hya(y)|
=0

=
Sl
N~
Q
QU
<
N~
U
8
=

(/Ij+6<
;-6

p P
+ell fsllwp /RS (@hw() </R\o;_lB(xj»6)

=c) A + | fslluy (B +C)

i=1

PS(T?‘/L‘7y)57

=]
U
<
N———
QU
&
=

It has to be mentioned that in A; and B can be an identically zero term in the
integral (when k; = 0), and the integral around an x; for which k; = 0 is in the
term C.

Now we have to show that A;, B and C' are bounded independently of r. We
have to note, that if r is less than, say %, then everything is trivial, so we can
assume that r > max{%, 1-— 54}.

At first we deal with the main part:

Ai :

We can suppose that k; > 0! In this situation we have to distinguish some
cases.

Case a: If z; separates x and y, say ¢ < z; < y. It means, that we are on
(=00, ;] X [z;,2; +d), and the computation is the same on [z;, 00) X (z; — 0, z;].
In Case a we have some subcases:

Lz —a;] > 2 ((1 —r)B3log =
(will be given later)
I/1: If |y — ;| < ng(r), denoting by

)E := 2ng(r), where (3 is a suitable constant.

ki—1

(17) gi(r,x,y) = P.(x,y)Ho i(y) — Z PW (2, 2;)H, ;(y)
1=0

we have that

A< elfsllun | [ ( /
R ly—zi|<ng(r)

8ki gi (7", €, y)'LU(y)
s(u(e) =0

(18) (/ly_w@g(r) (W)q> E

Q
U
<
N
I
S
S

13



Here &; € (2;,y) so |z — &] > 2ng(r). According to Lemma 4, we get that

9% (gi(r,z, y)w(y))

ayki y=&;
b kz (ki —m) i - m—n
- |35 ()= e (e £ ()
m=0 K =0
n ki—1
3 (r &) (@ — E)FA - )T - Poezy) S HI(E)
k=0 =0

l
(19) X ZakJ(r,xi)(x,xi)k(l T)[lzk]l>'
k=0

_ r2 2
Because the function ¢(z) := zFe” 12 (=)

( where z > 0 and k > 0), and is monotone before and after this maximum place:

. . E(1—r2
attains it’s maximum at z = %

0% (g; 2 1\ ki
(.T _ xl)k, (g (Téx];y)w(y)) < C(Z‘i, ki)e—m4ﬂlogflr (log )
v y=&i L—r
1 22
20 X T)eTEr T ER
(20 ye—

where p(z) is a polynomial, and it’s coefficients depend on z;.

So if g > gr{ , then using that s is bounded and has a singularity of ordedr

q with degree k; at z;, we have that

22, 2

(21) Ai < |IFslluwpC (@i, ki, 8)||p(x)e™ =+ o7

»<C

I/2: If |y — x| > ng(r), then observing that if |z — z;| > 2ng(r), then
|z — y| > 2ng(r) we can esimate |z — z;|*|g;(r, ,y)| term by term:

e 1+r

w(@)w(y)gi(r,z,y)| < (@)Y~ Tl ()w(y)
s(y) |z — @[Fis(y)
1 2r o L - (y—a)?
x | ng(r ﬁel*r Y —ylFe T YT Hy i (y)]
1 (g L
@i e T T s ()l — @R

Vi
ki—1 1
(Z D lak (o)l — il (1 - >>> |

1=0 k=0

where |p31.i(y)||ly — @:|' = |H1.i(y)|. So by the previous remark on the function
q(2), we can estimate the last term by

(22)  (np(r) M e

2
€T (1 (r)) e AT T Hy ()|

—_
=
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1
1—

- 2 -
et R T (g )| sup ((mp(r) (L) )
0<I<k;—1

1 kifl
i\ Ly 1
pi(r,@ y)l(ogl_r> )

Here p;-s are polynomials in r, and y. That is if we assume that 3 > %:

Rl Gttt ) o)

ly — @™
-, < C.
= Ely,

Where p is a polynomial, and in the estimation of the p-norm of the first term
we had to decomposite the integral to an integral around z; and away from x;.
With it we get again that

+

<

7'2 T T
(23)< (1 —r) T ( P |, (y)| + eTET
1

e s()

(24) < c(wi, 0)||lw(z)e™ mp(l‘)

Ai < Cf5lw,p-

IL: |x — 24| < 2ng(r), where 3 is given above.
IT/1:At first we will deal with that case: § > |y — z;| > |x — ;).
As in a previous case

% (gi(r,z, y)w(y))
ayszl

|ZE — T ks
‘y — I ki*lw('r)w(y)gi(r7xvy) < 'UJ(ZIJ)
i

_ ZZ_ (’f - 1) Ww@ (amgi) > (Z‘) H 1)

m
n=0

y=&;

ki—1

- . n—k —_n m
<N g (r,€0)lle — &1 (1= )T L P Y HT(E)

k=0 =0

l
(25) % S lag(r, zo)l o — 2l (1 TW]l) =¢

k=0

Here we used again the remark on the maximum of ¢(z). So

</|w—xi§2nﬁ(r) s”(z)w” (2)
</Imzi<nﬁ(r) (ui(xx)ZkL)p

ly — a;|F 1 ! . v
(26) ( Lo s dy> d)

15
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p
dx) <

/ FW)gi(r, 2z, y)w(y)dy
le—x;|<|y—z;| <8




According to Lemma 5 and replacing |« — ;| or |y — z;| by z,

=i = s ([ (£)) ([ (G)) =

and the right hand side is valid by the assuption on s(z).
I1/2: If |y — ;] < |z — x;], then we have to divide the interval to infinitely
many parts:

(/ sP(z)wP(x)
lz—2s|<2n5(r)

/ £ (0)gi(r. . y)w (9)dy
ly—z;|<|z—w;]
o0 P
s(x)
< [l fswllp (Z /MM 2 () (Ix—xk)
m=0" ZmTT 7 !

(/m-mi (w(:c)w(y)||$y—_f;ii||]:i|gi(r,x,y)l)q (|y ;(Z; ki>qdy> 2 . 3 i

NESEN

Q=

P z
dm)

<|z—z;|<

As in Case I, (19) when Zfi(fl) <l|lz—mx] < "S—(f) and |y — z;| < |z — x;|, we can
estimate

ki (gi(r,z,y)w(y))
Oyki

w@w(y)le - zil*|gi(r, z, y)|
ly — @[k

ki

<z — ;[P w(x)

y=&;

Because of the assumption |y—z;| < |[x—z;| < 2ng(r), one term in the expression

of this k;-th derivative on the interval (Zfi(fl) , ”gﬂ(r )

) can be estimated by

cwl@yw(&)lr—zil* (1=r) =" max {Po(w, &)l — &%, Pr(w, i)z — mi[ (1 = 1)}

. ! 7l+%
= CQ(m_l)(k"rki) (lOg 1 — T‘> (1 - r) 2T aFna™

Using that this expression is increasing in k we have that

oo

1 1 k:ip 72+ Przﬁ
() < fsully (Y srmmes (logl_r> (1 — ) B+

m=0
/"ﬂm<|w_wi§

=

b
P ki ¢ q
Y (o ()
il AN y—zil<le—ail \ 5(¥)

P
Because the A, property is valid for (| s(x) ) , we have that

x—x;|Fi

1 1
/ s(x) pdz ! / ly — x]* qdy ! < ()
lo—a| <280\ 2 — @y |Fs ly—mi|< 240 s(y) A

16




=

(27) () < cllfsuwll, (Z bm) ,
m=0

o 4(m*1);0(ki+%) 8 1—r

Let us denote by

1 )p(ki""é) 28p

by (1 — )T

r2[3 2

and by M = M(r) that index for which

L

~ ¢(r)

log <4M,

1—1r

2l
Because the maximum of the function (1og 1;) (1—r)?isat I =log -, we
have that

MA+1\ @ o
by < 4~ Mo (W) <ec (C(T)) <ec
er?Gp e
(Ifr> 1)
If m < M, then b, is increasing with r, and so
a _e(r)aMt1,28, 4> M—m
b < o (e()M ) T = gy ST
eOL

If m > M, then b, is decreasing with r, and so

by < —(c(r))4Me < ¢ (40yM-m

m = gma

It means that
[eS) M-—1

(28) D b= bmtbut Y, ba<c
m=0 m=0 m=M+1

That is A; is bounded by ¢|| fs]w,p-

Case b: If x; does not separate x and y, (which means that we are on
(=00, ] X (x; — §,2;] U [x;,00) X |24, 2; + 8)), say z; < x,y.
Inr: z; <z < y.
IIT/1: |z — z;| > 2ng(r). (In this case |y — x;| > 2ng(r) as well.)
IIT1/1.1: If |z — y| > ng(r), we are almost in the same situation as in Case a1/2;
the only difference is that, when we estimate P,.(x,y) (as in (22)) we have to
use ng(r) instead of 2ng(r), and it yields that A; is bounded if 3 > LI
II1/1.2: If |z — y| < ng(r): We will deal with this case later.
II1/2: |z — z;| < 2ng(r). This case is coincides with II/1.
IVig, <y<zx.

17



IV/1: |z — =] > 2ng(r).
IV/1.1: Either |y — x| < ng(r), or |y — z;| > ng(r), if |y — x| > ng(r), we
get back case I/1, with the same remark as in IIT/1.1, that is A; is bounded if
5> b
IV/1.2: If |y — x| < ng(r), the situation is the same as in I11/1.2; we will deal
with these cases together.
IV/2: |z — x;| < 2ng(r). This is the same as II/2.

Now we give an estimation on A; when |z —z;| > 2ng(r) and |y —z| < ng(r).
In this case we have that § > |y — z;| > ng(r) and |z — z;| < 26.

1
P »
p s(x)
ey W@ f(y)w(y)S(y)Pr(Ly)w(y)ﬁhi(r,x,y)dy dx
€(2nﬁ(r)l,%6) <nﬁl(7') y
where h;(r,z,y) = gg,ﬁ?;;’)) Applying the Holder inequality in y with fixed x

we can estimate the previous integral by

o ( [ ( / <Pr<x,y>w<y>>wy) ' dx>;

X sup s(z)
le—a;|€(2ng(r), 35) S(y)
lo—ul<ng(r)

/sl

|hi(ra mvy)|

In the second assumptions on s(z) let us choose K = 2. In this domain in case

M2 1 < };:il‘ <1, and in case IV.1.2 1 < Ejif" < 2, that is the function

Zﬁmg is bounded. We will estimate |h;(r, z,y)| term by term. Because y is around

xi, [Hoi(y)| < c(w;).

W .
P;D ((;E’;)Z) |Hi(y)| < Ce_ﬁ(@_‘”)z_(z_y)%el%mi(m_y)

!
Ltk .
X Zakﬂx —zi|"(1=7)"2 |y -z |B(y)|
k=0

. IR
If |z —2;] > (1—r) "= for arbitrary v > 0, then e G y)g)(l—r)_a
is bounded for every o > 0, and so |h;(r, z,y)| < ¢(ki, z;,0).
If | — 2;] < (1—r) =", then

2

N2 _(z—v)? 27
¢ T (@ @) o B ey) g (1 — )5 |y — 2R (y)]

T l—~ _ l+k

r2
< c(aci,l)efﬁmog = (1- T)_# <eclx;, DA —r)= "2,

which is bounded by e(x;, k;) if v < ﬁ With Lemma 3 it proves the

boundedness for k; > 0, and so A; is bounded for i =1,...,s.

18



B: We can estimate thye following expression term by term:

([ s@we

<3
S

/ R o) - 3 PO ) Y2 ay) d
z;j—0 1—0 S(y)

P p e i ly — ay|* ! ’ ’
<| [ @ ( L, [repewinm s dy> s

ki—1
N ﬂwp T
+Z ( R |7 — x;[kP @)

1=0
v 1
£J+5 ~ . k14 1 P
/ w(y) P (2, z;) |z — $z|k1le(y)M dy | dx
z;—0 s(y)
ki—1
S
1=0
Here we denote by ﬁ“(y) = 7|flx(1|/’“) which is a polynomial by the definition
—ay %

of the interpolatory polynomials. If k; = 0 then the above sum is empty, so we
have to estimate I; when k; > 0. In the integrals after the sum the expression

|Pr(l)(x, x;)|lz —z;|*| (0 <1 < k; — 1) is bounded according to Lemma 4 and the
remark on the function ¢(z). So

R

ly —a;]*

s(y)

w(y) PO (z,2)|x — 2 |¥ Hyi(y)

Ij+5 q % %
</ dy) dx
ﬂCj-é
s(x)P By — g\ T
< . P < .
o) ([ 2 o ) </5< sw ) ) =)

where we used the assumption on s(y).
Now we have to deal with the first integral. The situation is almost the same
as in case V. in the estimation on Aj;, the only change is to replacing i by j,

=

—x;|Fi .
and ﬁ by s(yj)‘ . So if |z —y| > ng(r), or |z —y| < ng(r), and there are

K;-s for which K; < Ii:ijll < Ko, then zgzi is bounded around z;, and the
J
computations are the same

19



If |z — y| < ng(r), and ‘z il > 9 or =2l < 1, then we have to deal with
ly—z;| = ly—a;]|

the k; > 0 case. Asin V. y — 1'j| |z — ;] §2n5( )

p
I <c¢(0,24,1) / L)kwp(:c)
|lz—z;|<2ng(r ‘l‘ -y | P

/ <w<y>P»<x )l - 'y)dy "da
ly—zj|<2ng(r) ’ J 3(y)

3 =

1
< (8, 25,1) ———=ng(r)king(r),
where we used the Ap-property on - s (QT)JP It means, that I is bounded, when
k; > 0.
Now we finished the estimation on B.
C:
Y 1
q q P
/ sP(z)wP(x) / Ps(r,amy)w(y) dy | dx
R R\US_, B(x;,0) s(y)

< /Rsp(:v)wp(x) (/R\U.%B(wj’é) <pT(x,y)Z’((5)))qdy> v daz) 3
+ /Rsp(x)wp(x) </R\u | B(x;,0) <

=1 (=0

olo
3 RO
+ kz]:o /Rsp(x)wp(x) (/B(%é) ( ; ; PO (z,2;)Hyi(y) s(y)> dy) dz
] [+ T+ I +1V

If k&, = 0, then there is no i-th term in the sum in I1. If k; > 0 then from
Lemma 4 we have that for all 0 <[ <k; — 1

(20) ()| PO (0, ) () < ) 2D e

20
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and by the assumption on s(x) there is a yo > max{|z1| + 1, |zs| + 1} such that
if |y| > yo for every polynomial p(y) we have that

<c(p,s)
a|y|>yo

Applying (29) and (30) we get that

T 22
IT < c(zq,...,x5)) L)heﬁwmi_T
|z — ;7 »
s ki—1 N
. H; q q
<222 ( / Hiiy)w(y) dy)
i=1 1=0 \YI¥I<yo\Ui_, B(z;,9) s(y)

Bu </| ()

The estimation on IV is almost the same as the estimation on I7, the only
difference is that we have to replace the sum in (31) by

1
q q
(/ dy> < Hiwloe (/
B(z;,8) B(xz;,6)

To estimate I, let us observe that zg% < K(8,y0) on the set M = {|z] <

cyot x {(lyl < eyo) \ Uj_1 B(x;,0)}. Using Lemma 3 :

I< / sP(z)wP (x) (/ (Pr(x,y)
|| <4yo (lyl<4yo)\U5_, B(x;,0)
P

* /w24yo(-) </y|24yo(.)> o
* ~/|9c|24y0(.) </(|y<4yo)\U';=lB(xj75)(.)> dm

D

i /Ir|<4yo(.) </|y|24yo(.)> o =)=V

On that part of the remainder domain, where ;8; < K(8,y0), we can also apply

Lemma 3. According to the 5th assumption on s(z), when zgzg > B for some

! dy) ' <c(x1,...,25)(c(d,y0) + c(5))

Hy i (y)w(y)
s(y)

s(y)

' dy) ‘? < e(s)

1
P

) dy) g

=

Qs
=
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B, we can suppose that |z — y| > 1 (say). Observing that when zy < 0 and
|x —y| > 1 then P,.(z,y) is bounded independently of r, and according to the
assumptions on s(z) ws € L, and ¥ € L, that is That part of the integral in
V is bounded. We have to investigate the situation, when ZEZ% > K(d,y0), and
zy >0, say z,y > 0.

If y < £, then (the only interesting case is © > 4yg) and P,.(z,y)w(z) <

e
2rzy 22 z2 . . . .
ceTir T T < ce” 7, and so the integral in this part can be estimated by

1
x 2\ »
el , T 9 a
c / sPw? / w(y) dy <c
4yo Yo Sq(y)

zy 22y 2
If y > 2z then P.(z,y)w(z)w(y) < cetir 27 < ce= (¢ > 0), and

P, (z,y)w(y)w(z) ce Y
5(w) < W

. Thus we can estimate this part on = > 4y by

c (/ (/ e_cqydy> ' dx) <c
4yo 2z

and on 0 < x < 4yy we get the same.

a2
If £ <y < 2z, then by the assumption on s(y), e~ igg is bounded in

this domain, and we can estimate the integral by

00 1 2 2 2 q
e e (w—y)? _lorgy
c / / e 20— e 20-r2) e 1tr dy
ve(§22) <\/1 —r
0 >1

ly—=|

P
2 o) 2x . q
< ce 20-r?) e” Ty | dx
0 z
4

1
1 - r? R g 22 P c __r?
<c(l-—r)"te 20- e NPT dy | < ———e 20-) <¢
0

~(1—-r)?
Finally we have to give an estimation on /I, that is we have to estimate

/R P (z)w” (z) ( /z mj (Pr(x,y) f((j;)qdy> % da ' = J;

If zg; is bounded around z;, then by Lemma 3 the result is proved. If |z —y| >

ng(r) with 8 = I then P.(z,y)w(x)w(y) < e1(0, xi)662(57"”i)w’%w2, and the

272
1 q
— d
ﬁazré,zné) <s(y)> 4

integral can be estimated by
lo—y|>ng(r)

e1(8,2;) ( /R (s(w)ecQ(é’x'i)x_é$2)pdx)
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wich is bounded by the assumption on s(y).

If |z — y| < ng(r), and ‘lz:iz‘l > 2, or % < %, then |y — x4, |z — ;] <
cle —y).
Ji S 6(67 .%‘z)
» 1
/ L)) ]
x ) | | (wP @) ) ) as
o= <2ns(r) ey s(y)
<6 Y ( / P(@)ur ()
m=0 |z —zi|<2np(r)
N
1\ '
[ (vwng) )
2=m—lng(r)<|e—y|<2~Mng(r)
= ¢(d, z;) Z b,
m=0
. . . . _gM _gM+1
As in earlier let M = M (r) be that index, for which 1—e <r<l-e ,

and we will cut the sum to three parts: Z%;Ol by, + bas + Z;’::M_H b,
When 27 Ing(r) < |z — y| < 27™ng(r)

4—m—1_4

Pr(z,y) <clz)(I—r) =,

and so by the A,-property

4—m—1_4

b < (i, B)(1—r) 2

1 \? .
X sP(x) / () dy | dx
/|3:—x,3|<n2575:) ( |y—xi|<n§775:) S(y)

g—m—1_1

<c(z, B)1—r)" =7 27"ng(r) < c(xi,ﬁ);n\/log 1 i 70(1 — )t

That is in by; we can estimate this function of r by its maximum, that is if

4M, we have that

r=1—e"

1

(32) buv < c(zi, 5)27M2M+1

If m < M, then we get an upper estimation on b,,, when we replace r by
1—e 4" again:

(33) bm < c(xi,ﬁ)%nfw (e—é)

4M—'m
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And if m > M, then we get an upper estimation on b, again, when we replace
r by 1— 6_4M, and so we get formally the same as when m < M. Now

M—-1 o0

m=0 m=M+1

(34) < (@i P) <i g (e*%)_‘ﬂ +1+ i% (eé)_4l> < o(z;, B)
=1 =1

With the above estimations the boundedness of C is proved, and also the
theorem is.
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