p-CAPACITY WITH BESSEL CONVOLUTION

A. P. HORVATH

ABSTRACT. We define and examine nonlinear potential by Bessel convolution
with Bessel kernel. We investigate removable sets with respect to Laplace-
Bessel inequality. By studying the maximal and fractional maximal measure,
a Wolff type inequality is proved. Finally the relation of B-p capacity and
B-Lipschitz mapping, and the B-p capacity and weighted Hausdorff measure
and the B-p capacity of Cantor sets are examined.

1. INTRODUCTION

Classical, nonlinear, and Bessel potentials are widespread, have an extensive
literature, and are widely applicable, see e.g. [17], [10], [15] and the references
therein. Below we introduce and examine nonlinear potential defined by Bessel
convolution with Bessel kernel.

Bessel translation was defined by Delsarte [5] and the basic investigation is due
to Levitan, [14]. In a series of works the authors pointed out that Bessel translation
and convolution methods are effective tools to handle Bessel-type partial differential
operators, see e.g. [16], [12], [18], [13]. It also proved useful for deriving Nikol’skii
type inequality, see [4], and for giving compactness criteria in some Banach spaces,
see [11].

This leads to examine nonlinear potential and p-capacity with respect to Bessel
convolution. The curiosity of the method is that the underlying space of Bessel-
p capacity is automatically weighted. Weighted nonlinear potential was studied
already in the ’80-s, see e. g. [1], [3]. For logarithmic potentials with external field
see the monograph [21]. In our investigation the Bessel weighted space is a natural
consequence of the definition of convolution, and so many of the results are very
similar to the ones proved in the unweighted case.

The paper is organized as follows. After the preliminaries, in the third sec-
tion, applying recent results on Bessel potential, we investigate removable sets for
Laplace-Bessel equation. In the fourth section a Wolff type inequality is proved,
which is the basis of the study of the last section. This last section contains some
”metric” results on Lipschitz type mapping and on capacity of Cantor sets. Since
Bessel translation is not a geometric similarity, moreover the underlying space is
weighted, we have to introduce a special property (B-Lipschitz mapping), and the
notion of weighted Hausdorff measure.

2020 Mathematics Subject Classification. 31C45, 26D15, 28A78.
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inequality, weighted Hausdorff measure.
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2. NOTATION, PRELIMINARIES

Let R} = {z = (21,...,2,) : ; > 0, i = 1,...,n.}. X is the n-dimensional
Lebesgue measure. a = ay,...,a, is a multiindex. Let £ C R} and M(E) stands
for the Radon measures supported on E. If u € M(E) for some E, duq(z) :=
x®dp(z). Define the Banach space L? as follows.

10 = [ 1@Pd(o)

n
and as usual

LD = LERL) = {f + [flpa < 00}, LE*i={f € LL: f >0},
The dual index p’ is defined by % + ; =1

1. Bessel translation. Let

a:=2+1,... 20 +1, a>-5, i=1..n lad=> (20;+1), teR].
i=1
The Bessel translation of a function, f (see e.g. [14], [16], [20]) is
Tsz(‘r) = th: o ~T;if($1a v 7xn)7

where
T(Zf(xla s axn)

i+ 1) . o0
ff‘aoj— / flx,... m + 12 — 22t cOS Yy, Tig 1, - . ., Tp) SINZY D, d0;

The translatmn can also be expressed as an integral with respect to a kernel func-
tion:

(2) T(fjf(xl, Cey ) = / K(xiti, zi) f(z1, .-y 2n)d g, (24),
0
where for any o > —%, z,t >0
7P (at1) [(@40)’ 222 = (= 1))

(3) K(J?,t,z) = 22“*1F(a+%) (ztz)2e
0, otherwise.

e —t|<z<z+t

Obviously
T, f(x) = T7 f(2).
T, is a positive operator, and
(4) 1 Ta.0f(@)llpa < IIf
see e.g. [14].

|p,a; 1§P§007

The generalized convolution with respect to the Bessel translation is
frog= [ Te.f@gle)d o)
+

We have
f*a9=9x*alf,
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and Young’s inequality fulfils i. e. if 1 < p,q,r < oo with } =+

and g € LY, then

(5) 1S *a gllr.a < [ fllp.allgllg.a,
see [20, (3.178)].

8=

Subsequently if it does not cause any confusion, T f(z) stands for T} f(z). For
any set H C R™ we denote by Hy := H NR’. The next technical lemma will be
useful in the following sections.

Lemma 1. suppT*xp, (o,r)(z) = By (z,7), suppT*Xjoryn(x) = Xji[zi — 725 +
rl4 =: Ty (x,r). There is a ¢ > 0 such that for all x € R}, t € By (z,7r)

t - i d )
(6) T'XB, (0 (%) < Cgmm {17 (l"z> } .

There is a ¢ > 0 such that for all z € R}, t € T (ZE, %)

(7) T'X 0.0y () > cf[lmin{l, (;)a}

Proof. The first two statements are direct consequences of the definition, for (6)
see [8, p. 321].
(7): Since \/x? + t? — 2z;t; cosV; < x; + t; if x; +¢; <7, then

/ 1d0’,”l9 = 1,
{¥€l0m):/x2+t2—2x;t; cos¥; <r}

F(O&i+1) . 20 i e }
(et ) sin ¥2*idy; is a probability measure on [0, 7].
If r < a; +t; < 2r, using (2) and recalling that |z; —¢;] < § we have

where do; :=

-

_M T 2-2—1"—'2 T _2_22 ai_az-z-
I, = (xiti)gai /witil [( i ( 4 tz) )(( 1—|—t1) z)] dz;

1 & 1
> ) J, O = P 2 )
8

If ©; +t; > 2r, then x; ~ t; (f ~ g if there are positive constants A and B such
that Af < g < Bf) and we have

T 200, —1 20;+1
@i ) T
I; > c/ ploi I%Zidzi =c () .
5

5r (wit;)> i

Remark 1. For any ¢ > 2v/n

T'xB, (0.0 (@) ~ T'X B, (0,er) (@),

for all z € R%, t € By (x,7).
Indeed, in view of (2) if H C S C R%, then T'xp(z) < T'xs(z) for any x,t. To-
gether with Lemma 1 it implies that ;T x g, (0,r) (%) < T"xB, (0,er) (%) < 2T X B, (0, ().
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2.2. Radially decreasing kernels and B-p capacity.

Definition 1. Let g be a non-negative lower semi-continuous, non-increasing func-
tion on Ry for which

1
(8) / g(®)t" =1t < oo
0
Then k := g(|x|) is a radially decreasing kernel on R™.

The B-p capacity with respect to s is as follows.
Definition 2. Let E CR%}, 1 <p < oo.
Cp(E) = inf{|| [}, : f € LE"

a

K*q f(z) > 1, Vo € E}.

Remark 2. (1) Definition 1 is a special case of [2, Definition 2.3.3]. Thus all the
standard properties proved in [2, Chapter 2.3] are valid.
(2) Notice that by the definition of Bessel translation if  is a radially decreasing
kernel, then T'k(z) < g(Jz — t|). Thus if f > 0, k%, f(x) < K * h(z), where
h(z) = f(z)z"Xry (z) and * stands for the standard convolution.
(3) Let K C R%, 1 < p < oo. An equivalent form of Definition 2 is
1
Cpn(K) = sup{pa(K) : p € M(K), |5 *a pllpra <1},

where M(K) is the set of (positive) measures on K, see [2, Theorem 2.5.1].

(4) As usual, the definitions above can be extended to any subsets of R} as it fol-
lows. If O C R} is open, then C), . (O) := sup{C, «(K) : K C O, K is compact}
and if £ C R is arbitrary, then C) . (E) := inf{C, »(O) : E C O, O is open}.

(5) Cp,x is monotone and o-subadditive (cf. [2, Propositions 2.3.4 and 2.3.6]).

Proposition 1. Let 1 < p < 0. If k is a radially decreasing kernel, then
(1) if ||kl 0 < 00, then Cp . ({y}) > 0 for all y € intR7,
(2) if fRi\B(O,l) kP d\q = 00, then C) .(E) =0 for all E C R,

(3) if fRi\B(OJ) kP d)\, < 0o, E is measurable and Cpx(E) =0, then \,(F) = 0.

Proof. (1) Let ¢, be the Dirac measure concentrated at y. According to Remark 2

and (5),
; pa({y}) y
CP»K({y}) = Sup{”/ﬁ*gﬁ/ pe M({y})} > H/{* 5 || i > ||I<§|| , > 0.
a Oyllp’,a a Oyllp’,a P a

(2) It is enough to show that Cp (B+(0,7)) = 0 for all » > 0. Let u € M(B4(0,7)).
In view of (1) T'k(z) > g(|x + t|), thus

e 1

1
I'Y

I %0 pillyra > u(B4(0,7)) ( / g(r+ t|>P’tadt>

n

1
7

p
>c / g([t))P tedt = 00.
R7\B(0,2r)
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The last inequality is equivalent with the assumption, and according to Remark 2,
it proves the statement.

(3) It is enough to show that A, (ENB4(0,7)) = 0forallr > 0. Let F' = ENB(0,r)
and f € LPT such that s x4 f(z) > 1 on F. Then by Fubini’s theorem

Aa(F) < /Fn*a f(z)xdx :/]R Xr(T)k %4 f(x)ztdT :/ K xq xp(t) f()tdt

R}
<|f |p7aH”€*a XFHP’,LL < ||f||p,a||“*a XB+(O,T)||p’,a-

We estimate the second factor.

n
+

||/€ *a XB+(0,r)Hp’,a

4 .
7

p’ P
([ Graxson@r )+ 0) =rem
B+(0,2r) R?\ B (0,2r)

If |t| > 27, k(z) < k(%) while by Lemma 1 T*xp, (0. (2) < crl®l L on [z —¢] < r.
Thus by the assumption we have

= / /
R7\B4(0,2r) \/R
4
e v
<c / kP () t¢ <ec.
( R7\B. (0,2r) 2

In the first integral |t| < 27 and |z —t| < r, so the convolution can be estimated as

1
/ v

p P
TtXB+(o,r)(SE)/€(m)x“dx> tedt

n
+

K %q X B (0,r)(t) < / (glz])ztdx < c,
B(0,3r)

where in spherical coordinates the last inequality is just (8). Thus, I is also bounded
by a constant. Taking infimum over appropriate functions f, we have that A\, (F) <
cCp . (F), which implies the statement.

Remark 3. Of course, the nonlinear potential with Bessel convolution is V', =

K *q (K %4 ,u)pl_l. Subsequently, we focus on capacity.

2.3. Bessel and Riesz kernels. The modified Bessel function of the second kind,
K, is defined as follows.

o L > 1 x\ 2k+a
T = 3 gy (3)

where J, is the Bessel function, and
™ 1“J_o(ix) — i~ J, (ix)

2 sin o

Ko(z) =
Considering r > 0, around zero

—Ing—c ifa=0
(9) Ka(r) ~ { Ca)r—, if a >0,
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and around infinity

(10) Ko(r) ~ —=e™".

The Bessel kernel is

9m=EE 41 K wtla - (|2])

(11) Gayl/(z) = T (%) H;L:1 ]-—‘(042 + 1) |1‘| nH;I*u

Below we also need the Riesz kernel:
_ n
(12) Ig(z) = 7|I|”757 x e R".

In the last section we use Bessel kernel rather than the Riesz kernel, because its
behavior at infinity allows wider function classes. On the other hand, around the
origin the Riesz kernel, I,_j4(x), behaves similarly to the Bessel kernel and is
simpler, thus it proved to be a useful tool for computations.

Below we examine B-p capacity, which is defined by generalized convolution
referring to the Bessel kernel: Cj 4., (E) := Cpq,, (£). In view of (9), (10) and
(11) Go () € L} if and only if v > 0. On the other hand according to Proposition
1, B-p capa01ty is non trivial if and only if 1 < p < n-ﬁ;lal orl=p= %‘“‘ Thus
subsequently we investigate Cp o, if 1 < p < oo, that is

(13) 0<v<ntld

3. THE LAPLACE-BESSEL OPERATOR

B-elliptic equations are investigated by several authors. For instance fundamen-
tal solutions are given, see e.g.[12] and [13]. Harmonic analysis associated with
Bessel operator is examined, see e.g. [16] and mean-value theorems are proved, see
[19]. Here we give a simple application of B-p capacity.

We begin this section by introducing some additional notation. According to
(13), (4) if g € LY, G4, *q g € L?, moreover by [18, Lemma 4.3 (3)]

(14) 1Gav *a gllpa < (|9llp,a-
Thus we define the next Banach space.

Lo, =Le,RY) ={f: f=Gaprag; g€ LT}, |fllp.aw = llgllp.a-

Let
9?2 20 2a+1 10

922 r Oz
be The Bessel operator. The Laplace-Bessel operator is defined as

n
Aa = § Baiyfi'
=1

With this notation we define the Sobolev space W, with m € N as it follows.

Boy =

WIZLG = {fELgZA];fGL;Z, k:17~--7m}a |f||W"’ _ZHAkf”PU«
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Notation. We need the "even” functions from the Schwartz class in R} .

- " 62k+1f
8e = {feC (RY): St

(3

=0, keN;

$Vi=0

sup |maDﬂf(:r)‘ < oo Vo, € N”} )

z€RY

The next lemma describes the relation of Bessel potential and Sobolev spaces
above.

Lemma 2. Let m be a positive integer. Then
W[Ta = L§,2m'
Proof. Let us notice first that if we define || f||jm = > opeo (1 = Ad)¥ fl|p.a, then
| fllim ~ lIfllwm . According to [18, Lemma 4.3] if g € L2, 1 < p < oo and k € N,
p,a p,a
(15) (I - Aa)k(Ga,u *q g) = Ga,u72k *a G, and Ga,O *a g =4.
Comparing this with (14) we have if f € L§72m and k < 2m, then
(1 — Aa)kap,a < Gazm—2k *a 9llp,a < llg

On the other hand taking into consideration that Se is a dense subset in W, let
f € Se. According to [18, Theorem 4.5] for 1 <p < o0, k € N

(16) Gawror *a (I — D) f =Gap*a |-
Thus by (15) and (16)
f=Ga0% f=Gaom*a (I —A)"f =Goom *a 9,
where g = (I — A,)™f € LE. So f € L}, ,,,, and
IIf

p,a = ||f||p,a>2m-

pazm < | fllwg, -

Definition 3. Let K C R} compact. 8 is the Schwartz class restricted to R}.
Npau(K) :=if{||f|IP ., f=GCGap*sg €8, f=1 in a neigborhood of K}.

Remark 4. (1) If p = 2 with standard convolution, N is the spectral measure
defined by Deny, see [6].
(2)Of course, Np 4, can be extended as above and Cp 4, (E) < Np o, (E).

Notation. Let us introduce the inner product for measurable functions

<fag>a = fgda.
R%
We denote in the same way the effect of a distribution.

Theorem 1. Let 1 < p < oo, K C intR"}. compact, and L = Y ;" ar(I — A,)*,
ar €R, k=1,...,m be defined in a bounded open neighborhood O of K such that
O C intR% . Letu € L2(O\K) is a solution to Lu = 0 in O\K. If Ny q.0m(K) =0,
u can be extended to 4 € L2(O) such that Lt = 0 in O in weak sense.
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Remark 5. (1) Let 1 <p < oo, v > 0. If Ny, ,(K) =0, then A(K) = 0.
Indeed, let € > 0 be arbitrary and f = G, %, ¢ such that ||g|y.e <e, f=1on K.
By (14)

eP > ||Ga7u %4 g||§,_’a > / ‘Gaw *g g|pdlua = MQ(K).
K

Thus A\, (K) =0 and so A(K) = 0.
(2) If f € C§°(intR%) and g € Cg°(intR’} ), that is in the dual space, then

(17) (Lf 9)a = {fsLg)a-

In one dimension for L = B, it is [16, (2.4)]. Similarly to this case if f € C§°(intR?" )
and g is smooth enough, then integration by parts implies the result. For general
elements of the dual space we extend Lg by the formula above, that is Lgf :=
(Lf,9)a-

Proof. (of Theorem 1) Let O be a bounded open neighborhood of K in R’} and
u € LP(O\ K) for which Lu = 0 in O \ K. Since Ny 42m(K) =0, for all ¢ > 0
there is a ¢ = Gg 2m *q f € 8 such that ¢ = 1 on a neighborhhood U C O of K and
| fllpr.a <e. Let g € C3°(O). Then (1—¢)g € C5°(O\K). In view of (1) of Remark
5 u is a.e. defined, so it can be handled as a distribution. Since (1 —¢)g € C§°(0),
by the assumption
(u, L(1 = ¢)g)a = 0.

This implies that

[{u; Lg)a| = [(u; Log)a| < [[tllp.a.0llLegllya < cllullpa.0llegllws

where ¢ = ¢(L) depends on the coefficients of L.
Applying Lemma 2 and the inversion of Bessel potential (for formulae see e.g. [7,
Theorem 1]) we have

[(w, Lg)al < cllullp,a,0lleglly o < cllegllya < cllgllooll fllp as
where ¢ depends on w and L. Since € was arbitrary, for all g € C5°(O) (u, Lg), = 0,
so in view of (17) u is a weak solution on O.
The fundamental solution for the Laplace-Bessel operator, that is
ALE =04, where (0o, 0)a =¢(0), ¢ €S8,
is
c(nya)lnx,n+ |a] =2
(18) E(z) = { cgn,a§|z|27”’t“|,r‘l+ la] > 2,
see e.g. [20, Theorem 93 (page 324)].

Corollary 1. With the notation above, let L = A,, that is Aqu =0 on O\ K, and
u€ LP(O\K). Let2<v < %/MI' Then u can be extended to & € LP(O) such that
Li =0 in O in weak sense if and only if Cpr 4., (K) = 0.

Proof. It Cp 4., (K) > 0, there is a nonzero measure p € M(K) such that G, %, 1 €
LH(RY). In wiev of (18), Ex,pu € LY, (R} ). Since ', is a solution to Agu = 0
in O\ K, K is not removable.

On the other hand we prove that if Cp 4, (K) = 0, then Ny g 2, (K) = 0 too.
According to Definition 2 for an € > 0 there is a nonnegative function f € L% (R")
such that G, %, f > 1 on a neighborhood of K and [ f|[} , <e.
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Define a function h € C*(R;), 0 < h < 1and h(t) =0on t € [0,1]; h(t) = 1 if

t > 1. Taking into consideration that G, *, f > 0, € > fR+ (Gap *q f)Pxde >
1 ..a a a

fGa,u*afZ% spxdx. Thus fR+ ((Gap *q f))Patde < fGa,u*afZ% xtdzr < 2Pe.

Noticing that h(Gy,, %, f) fulfils the requirements of Definition 3, since € is arbitrary,

the statement is proved.

4. MAXIMAL MEASURE AND A WOLFF TYPE INEQUALITY

Bessel maximal function was introduced and examined e.g. in cf. e.g. [8], see also
the references therein. The boundedness of the maximal operator in some Morrey
spaces is studied and applied to prove a Hardy-Littlewood-Sobolev type theorem in
[9]. The maximal measure presented below has proved useful in formulating a Wolff
type inequality which is the main tool of the next section. Wolff type inequalities
can be applied in different situations, for instance in martingale theory, see [3] or
deducing trace inequalities or characterize the trace measures via Wolff’s inequality,
see e.g. [24], [25], [23] and the references therein.

Below we define the maximal measure with respect to Bessel convolution.

Definition 4.

1

Mopu(z) :=sup ———— ) *q p(x).
‘LL( ) T>IS )\a(B+(O7r))XB+(O, ) lu( )

Since
)\a(B-i- (Oa T)) = Crn—Halv
we define the fractional maximal measure as

XB. (0,r) *a ()

(19) Ma,dﬂ(w) = sup yntlal—d ’

r>0
and the truncated one as

(20) Mg app(x) ;== sup
0<r<b

XB, (0,r) *a w(x)
pntlal—d

o l
B ), a
Iﬁ a’LL(:E) C/ X +( ) ) M(.’L‘) 7 )

0 rn—>B T

5
XBy(0,r) *a () dr  XB,(0,5) *a p(T)
I5X B, (0,6) *a () = C/O - rn—>_8 o e gn—>8 '

Proof. Let dO; o(z) = T*u(z)z%dz. Changing the order of integration we get

g » *a () d 0 1
/ w;“: / - / 146, (2)dr
0 r r o T B, (0,r)
1

s
1
= ———drdBO, q(2) = c/ I (z)d@xya(z)—c/ —
/B+(o75> / rrof B.05) B, (0,8) 0"

XB,4(0,6) * p()
Ty ) o o) — 2D T )

dOy.q(7)

Notation.

O XB, (0,r) *a () dr

I3 %, =
Srole) = [ XD
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Theorem 2. Let 1 < p < o0, 0<v <n+lal, § >0 arbitrary. Then for all positive
measure i, there are constants ¢ = ¢(n,a,d) (are not the same at each occurrence)
such that

(21) 11~ 1a| *a ttllp,a < cl[Maptillp,a
and

(22) 1) 1oy *a #llp.a < €| Mo, 5p1llp.a-
Notation.

HY = {z: I,, la| *¥a (x) > s}, KL= {x: My, u(x) > s}.
YHE = 1 ja| *a H(T) > s}, YRE = {x s My, p(z) > s}

Lemma 4. Thereis a 0> 1 and a b > 0, such that for all s >0 and ¢ € (0,1],

23 Ay (H™) < bemtiats A, (H™) + A (K™).
0s s €s

Similarly

(24) Aa(PHI) < bemiatw ), (VHE) + Ao (UKL

Proof. By lower semicontinuity we can take Whithney’s decomposition of H¥, i.e.
HI = U2,Q;, where Q;-s are dyadic cubes, int@; Nint@; = 0 if ¢ # j and
diam@; < dist(Q;, (H#)¢) < 4diam@);. (Dyadlc cubes means cubes with side 2%,
k € 7, whose vertices belong to the lattice {m2~% : m € Z"}. For Whithney’s de—
composition see [22, page 16, Theorem 3].) In addition, to prove (24) if diam@; > g
then we decompose it to subcubes with diameter is between 1—16 and %, and we con-
sider this new sequence of cubes.

Let @ be an element of this decomposition. Let = € @ be arbitrary, denote the
center of @ by z. and let d := diam@. Let G := B(x.,6d), B = B(z,8d), that is
Q C G C B. Let u = py + po, where p1 = plg.

At first we deal With I, _|a| *a p2- To this we estimate Tt XB.(0,r) (T x). We can
assume, that r > 11, otherwise suppus N B4 (2,7) = 0. Let 21 € (H!)® such that
dlSt(th) < 4d. Then by (6) if t € By (x,7r),

T'Xp. (o (@ <ch1n{ (Tl) }<ch1n{ (x“>ai}=:P.

Indeed, it is obvious if 27 ,; < ;. If 21,;,2; < r, then the minimum is 1 in both

cases. If z; < r <z, then min {1, L_} = 1 thus we have to show that 1 < c#.

lld 11

Since z1,; < z; + 5d, —— :c1 > +5d > r+5d = 11d+5d T 210
11 11 r
If 5d <r < <y, then o= > =5 > 5100

In view of (7) if t € T4 (21, 2r)
P < eT* o 4ryn (1)
Thus

XBy(z,r) *a b2 < CX[0,4r)" *a pa(z1) < CX B4 (0,4v/nr) *a p2(z1).
Recalling that 1 € (H!)¢, we have

oo
XB,(0,4y/nr) *a p2(z1) .
I, _ja| *a p2(x) < c/l;d (4Jir)rlal—v dr = cl,,_|q| *a p2(21) < cs.
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Now we choose ¢ so that I,,_ | | *q p2(z) < &, which implies that
(25) ENQC H NQ.

If the diameter of ) was originally less then %, then the whole construction is
contained in a ball of radius less than one, so the same chain of ideas leads to

1 1
(26) HE.NQ C H@‘T;QQ.
If there is no z; € (YH!)® such that dist(Q,z1) < 4d, then diam@Q > . Let
29 € QN (*Key)°. Then, recalling that r > 41d, we have
1
1 B X B4 (0,r) *a H2(Z0)
IV—|<1| *a p2(z0) = C/Q pn+lal—v+1 dr
32
<32 " XB,(0r) *a #Q(Zo)d < My (o) <
=711 Tn+|a|—u s ClMg p1(Tp) = CES.
Thus if QN (1K) # 0, we can choose ¢ again so that (26) is satisfied.
Let zg € Q N (K5)¢ again. According to [8, Theorem 2 (c)]
_ntla]l ntla
n+lal—v 1 #‘\—lu
A (Qnms) e / Ldjir (1) — (% [ 1dm0)
08 Ja

+la

<(Q1 /B 1dﬂa<t>)"i'"'_l” — (x).

In view of Lemma 1 B = SupthXB+(0,8d)(a:0) C T (x0,8d). Thus by (7)

ntlal

]. i xo’i aq + nlal=y
<c <gs il:[lmax{l, (16d> }/}R1 T X[O,lﬁd)”(xo)dﬂa(t)>

=) T e ()

oS

n .
Taking into consideration that X\,(Q) ~ [Ti_; z¢% (%) ~ TI5, (%)™ dntlal
and recalling that |zo; — x| < d, we have
ntlal

(Hmax{l (Lo i}) T e < g (H (””d)> < M(Q).

=1

Finally as g € (Kes)<,
(28) A (Q N Hi) < beTHA A, (Q).
Since diam@ < %, similarly we have

(29) Y (Qm 1H’i) < be T A (Q),

cf. (27).

That is if QN (Kes)¢ # 0 or QN (1K) # 0, then (28) or (29), respectively, is
fulfilled, otherwise @ C K su-
Recalling (25) or (26) and adding over all @ € {Q;}, we obtain the required result.



12 A. P. HORVATH

Proof. (of Theorem 2) (21) and (22) can be derived by the same way from (23) and
(24). Let us see the second one, say. Let § = 1. Integrating (24) and changing the
variables we have

Lot -1 I -1 Lot -1
— Ao (CHYUP™ Hdu < be™ \a\fv/ Aa(PHH)UP du—i——/ Ao (CKH)UPT du.
oF Jo 0 eP Jo
Supposing that suppu is bounded, all the integrals are finite. We choose € small
ntlal
enough so that ben+lal=v < ﬁ. Then we have
1 [ef

eR
— Ao (PHMuP ™ du < ;p/ Ao (LK uP~ du.
0% Jo 0

Letting R — oo,

Y
12— ja) #a @) lap < =1 Maw11(@) 0 p,

cf. eg. [20, (1.46)]. If suppy is not compact, then let p, := p|p, (o). Since

1Mo vitinllap < | Ma,v1ftlla,p, we can apply the monotone convergence theorem.

Corollary 2. With the assumptions of Theorem 2 we have
(30) ||IS—\a| *a Pllpa < cl|Gaw *a pllpa < cl[Maw,spllp,a-
Proof. (9) and (10) ensure the first inequality and

_ Ll
HGa,V *q fllp,a < ||Iu—|a|XB+(O,6) *a :ullp,a +[le7 7 *4 MHp,a

_ Ll
< ||15—\a\ *a ftllpa + [Mavsillpa + €7 *a pllpa-
Observe that N
€2 *x¢ XB+(O,T)(x)

T.n+|a|
1 = -
- rn+tlal /B (0 )‘/[0 ) 67%\/21':13”?%5?*2%% CObﬂidga(ﬁ)d)‘a(t)
+(0,r )"
> i\ | / 6_%‘$+t‘d)\a(t) > ce e 5
Y By 0.
Thus .
6_% < ces €2 *q XBJr(O,r)(m)
= rn+|a| 9
and so if r <,
o L XBy(0n)(®) Ll

*a () < er)e” 2 g *a b < (r,v)e” 7 xq May,sp.

rn—Ha\
According to (5)
_ _

le™2 *q pllpa < lle™ 2 1,0l Maw,6llp,as
which, together with Theorem 2, implies the statement.
Notation. Denote by

b(z) :== 2k(n+‘a‘7V)XB+(o,27k) *a p()
and by

cr(z) = 2k(n+‘a‘7py)XB+(o,2fk) *q ().
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The corresponding Wolff-function is
1
WE (z) = Y (XB.(0r) *a ()P dr
a,v,p A rntlal—pv r

Remark 6. In view of Lemma 3 and (20) we can observe that

(1) Ly *a p(@) ~ [{0r(2)} 0 s Loy *a (@) ~ [{bk(2)}5 [,
and

(32) Ma,uap(z) ~ [{br(2) }o" ll1e= -
We are in position to prove the next Wolff type inequality.

Theorem 3. 1 < p,q < 00
1Gaw *a ttllpra ~ I1I{bx(2) 367 e [l 7 a

~ (/ |{Ck(x)}(c)>o||ﬁ;//_l1dﬂa($)>p ~< Wap(@ )dua(fv)>
R? R}

Proof. Corollary 2, (31) and (32) ensure that
1Gav *a pllp.a < [ Mapapllpa < cllll{br(2)}5 i [lp.a

< k()38 v llpa < MO (@)}8% i [lpa < €llTZ- ) *a
To prove the Wolff type inequality we have

I o = | 3 bu(t)” d

RY k=0

1
Iy

|p,a < C”Ga,l/ *a :uHPaa'

oo

=y okntal=) /]R" XB, (02-%) *a 1(t)(XB, (0,2-%) *a )P " (t)dAa(t)
k=0 ¥

(oo}
= 3 gkntlal=n
k=0

he= / / T X5, 024 (Dd1a(@) (X5, 02+ *a )P~ (B)dNa (1)
+ R
N / /n R? K(z,t,2)Xp, 0,2-+)(2))dAa(2)dpa(T) (X B, (0,2-%) *a )P 7 (t)d A (2)

[ (@t 2)(xp, 0% #a 1)~ (DA ()dAa())dpta ().
n JBy(0, %) JR:
Since 0 < z; < 27% recalling that t; € (|z; — zi|, 7 + 2),
(XBy (0,2-%) *a 1) (t) ~ (XB,(0,2-+) *a 11)(x). As K is a reproducing kernel
T~ Ma(B20.279) [ (xmi0a-s) 20 0~ (@)i(o)

d
Thus recalling that A, (B (0,27%)) ~ 2=*(+lel) by Fubini’s theorem again

el ~ [ 3 exla)” “Mdpale).

RY k=0
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Remark 7. In view of Corollary 2, instead of M, , 1p we can consider M, , su
with the corresponding sequence {b¢ (z)}.

5. METRIC PROPERTIES

Applying the previous section, below we investigate some ”metric” properties of
B-p capacity. Since the Bessel-translation is not a geometric congruence, we need
a special ”Lipschitz”’- condition. It is also necessary to introduce the notion of
"weighted Hausdorff measure”, to examine Cantor-type sets.

At the beginning of this section let us recall that for 1 < p < oo the B-p capacity
of K CRY is

1
(33) Cawp(K) = sup{pa(K) : p € M(K), [|Gap *a pllpa <1},

. . P . n+|a|

and the B-p capacity is non trivial if 1 <p < ——.

5.1. B-Lipschitz mappings. The next Lipschitz type property is corresponding
to the Bessel translation.

Definition 5. Let ® : R} — R%. Consider z(x,t,9) = z1(x,t,9),...,2p(x,t,9),
where zp(x,t,9) = xp — tpcosy + itgsindy. Let ¥ : Ct — C% such that
U(2)p(x,td) = ®(x)r — D(t), cos Py + iP(t)gsindy. We say that © fulfils the B-
Lipschitz condition with B-Lipschitz constant L if for a.e. ¥ € [0m)"

(34) (W (2) ()] < L|z(d)].

Remark 8. Of course, linear mappings posses the B-Lipschitz property.
For ¥ = 0 (34) gives back the standard Lipschitz condition, and for ¥, = 7 k =
1,...,n (34) means that |®(z) + @(¢)| < L|z + t|.

Example. Let f : Ry — Ry be a Lipschitz function. Let K C intR’} compact
and @ : K — R"; ®(x) = f(|z[)x. On K & also fulfils the Lipschitz condition with

constant L(K) and %?’“ < M(K). Let
G(0) == L*L|z(9)* — |2(2)(9)[?

=3 L@ +17) = ®(@); — ()7 — 2 cos I (LPaxty, — (x)xP(t)1).
k=1 k=1

oG .
8719;3:0 iff ¥, =0 or ¥y = .

It can be readily seen, that the Hessian is positive (negative) definite if 4 = 0
(9 = 7 k =1,...,n), respectively. Thus the Lipschitz property of ®(x) implies
that the B-Lipschitz condition fulfils for all ¥ € [0m)".

Theorem 4. Let v > 0, 1 < p < =tal, Let E C R} and ® : E — R is a

v

B-Lipschitz mapping with B-Lipschitz constant L. Then
Cp,aw(P(E)) < ¢ Cpau(E),

where ¢ depends only on n,p,a, L.
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Proof. By standard arguments it is enough to prove for any K C R}, compact. Let
€ M(®(K)) Then by [2, Lemma 5.2.2] there is a ue € M(K) such that

/ a Vp dua / a Vp (ba( )dlu‘q)(‘r)
®(K)

AL (f) it
K JO T

’

XBy(0,%) *a a(@) )" dr _,
-/ / o P () daa ()

mof [ (et ) g,

where ¢ = ¢(n, p,a, L).
This implies that

[ Wy @dia) > ¢ [ Wi, ) @hduo(a).
O(K)

Indeed, if L < 1, we have immediately the inequality above, if L > 1 we have to
consider Remark 7 with 6 = %, which leads again to the inequality above. Accord-
ing to Theorem 3 it proves the statement, cf. the definition above.

5.2. Coverings. In the next subsections coverings in Bessel-weighted space are
introduced. Since Bessel-convolution lives in a weighted space, B-p capacity of a
set depends also on the location of the set. As capacity is in close connection with
Hausdorff measure, in the next subsection we extend this notion to weighted spaces
as well.

Notation. Let K C R’} compact.
(1) Let A(r) be the minimal number of balls of radius r required to cover K.
(2)
m® :=m(u,r, K) = max{z® : ¢ € B(u,r) N K}.
A(r)
1nf{z mj: K C U2 Al )B(uJ7 r) is a minimal covering}.

Remark 9. (1) A(r) is obviously decreasing.

(2) Let UJA:(?B (uj, ) be a minimal covering of K. Then there is a constant C,, such
that any point of K belongs to at most C,, balls. Indeed, let C,, = C,(q) be the
minimal number of balls of radius ¢ < % which covers the unite ball. Suppose that
there is a point « € K which belongs to C,(q) + 1 balls. Then B (az, g) contains
all these balls and it can be covered by C,(q) balls of radius r which contradicts
with minimality, cf. e.g. [2, page 145].

(3) Let g == 55, rhp1 <7 <71 and 3 < g = 5 < 1. Let {B(vj,rl)}f:(?
and {B(u“ Tk+2)}A(7k+2) be minimal coverings of K with the corresponding points

{mJ}j:1 and {Ml}iﬂz(lk“), respectively. Any m; belongs to a ball, B(u;,7k+2),
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and so m§ < M. Since at most C), (q+2) maximum points (m;) can be in the

same ball, ZJA(? m§ < Cy, (q41-2) ZA(T’“”)M“ thus B(r) < C, (q+2> B(ris2)-

Repeating the chain of ideas with r;_1 and ¢; = 2k=1y we have WB(rk,l) <
B(r).

Theorem 5. As above, letv > 0,1 <p< nHa‘. Then

v ! R
th,y,p(K) <c (/ (‘B(,r.),r.n—pu> —p > 7
0

r
where ¢ = ¢(n, a).

Proof. Let 1 € M(K) and rp = &

5, as above. According to Corollary 2 and (31)

we have
|Gav *a ullp o 21 ja) *a ullp a

/

[e'e] p
> c/ (Z gk(nﬂaw)Xm(M) *, u(x)) dX(z)
RY

k=0

> CZ n+\a| v) /R” (XB+(077’1¢) *q /”L(x))p d)\a((E),
¥

o
where the last inequality follows from the monotone convergence theorem. Let

K C UJA:(;IC+1)B(UJ',T/€+1) be a minimal covering. Recalling that x g, (0,r,) *a #(2) =
» 1'XB,(0.r)(X)dpe(t), 1t € K, x € Uy, where Uy, 1s the neighbourhood o o)
" T'B, (0 (2)d1ta(t), if t € K, 2 € Uy, where Uy, is the neighbourhood of K of
n

radius 7y, otherwise T*x g, (0,r,)(2) = 0. Noticing that UA(T'““)B(uj,rkH) C Uy,
in view of Remark 9 we have

/ (XB. (0.0) *a ()" dXa()
Ry

</ TtXB+(°’T’C)(z)d“ﬂ(t)) dXa () =: (¥%).

Considering again the support of Ty p +(0,r)> by Holder’s inequality we have

A1)
L /
j=1

B(uj,ri+1)

A(Tk+1 ,

Z )\ Uj7’l“k+1))_%

/

p
. (/ / Tth+<o,m.><x>dua<t>dAa<x>> Y}
B(uj,rit1) Y B4 (@)

Since x € B (uj,7k41), B(x,m%) D B(uj,ris1). As T'Xp, (0,0, (x) is contin-
uous (actually it belongs to the Lip(3) class) on By (z,7%), T'Xp, (0,) (%) =

cT'XB(0,ry) (7). According to Lemma 1, if t € T, (uj, Jﬁ) =: T j, then T'x 50,1 ) (uj) >

c[T, min {1, (%) i } Thus we have

( * %)
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A(ri+1)

c _pl
> D AalB (i)™l (B (g rie))
n

j=1

(/TH‘“{ <uﬂ>ai}dmx>>

Estimating the last integral we have

/

p

i=1 3y ﬁ =1
If rp > Wj i,
Tk+1
i/n
i a;+1
I;; > c/ xitdr; > erpll
0
If rip <y,
u_7‘,7:+2k;;1 +1
a;
I, > c/ - Thide; > eryil)
)i T
So we have

A(r+1) ,
(enze 3o At B e )

(Tk+1)

A
’ 1_/ ’
= e TN P (B, ).
j=1

By Holder’s inequality

ATt , 7 A(Ti41) v
Ha(K) < Ha(B(uj, riir)) w7 mf
j=1 j=1
Thus
00 1y
||Ga v *aq N”p a Z Cua p Z Tk+1))
k=0

Taking into consideration Remark 9 we have

1Gav *a :U”p o 2 Cla(K)P

N
i
—
vs]
Py
3
N~—
3
<
S
S—
_
3
oW
3

Comparing it with (33) the proof is finished.
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5.3. Hausdorff measure with Bessel external field.

Definition 6. Let h be an increasing function on Ry with h(0) = 0. Let E C R,
o> 0.

o0
(35) AL (B):=inf{) af, h(r;) : E C U2, Blai,r), v € RY, r; < o},
i=1
where xf, = max{t* : t € B(w;,1;)}.
Since Aiﬂ(E) is a decreasing function of o, we can define the (finite or infinite)
a-Hausdorff measure of E as

(36) Apo(BE) = lim A2 (E).
0—0 ’

Remark 10. (1) h(z,r) := z%h(r) is an increasing function of r, but it depends
on z as well, that is the a-Hausdorff measure of F depends also on the location of
E.

(2) If K C intR? is compact, then there are constants ¢; = ¢;(a, K), i = 1,2 such
that ClAh(K) < Ah’a(K) < CgAh(K).

(3) As in the standard case A}, (F) = 0 if and only if Ap, o(E) = 0. Of course, for
all o >0 A, (E) < A} (E), and so A7, (E) < Apo(E). Oppositely, by standard
arguments if Ay, (E) > 0, then there is a constant ¢ such that AP, (E) > ¢ > 0.
Let o be so small such that Afm(E) > ¢. The for all p-covering of E, U2, B(x;,r;),
Yooy @, h(ri) > e If U2, B(uj,7;) is not a g-covering of E, there exists an
ri > o, and because u; € R, 3372, ug . h(rj) > ui, k(o) > c(n)o*'h(0). Thus
A3, (E) > min{c, c(n)ol®h(0)} > 0.

Let us denote by 9 the set of the dyadic cubes in R’} with edge length 2%,
ke Z.

Theorem 6. With the notation above, let h be an increasing function, E C R’
and p € M(E) such that for all balls p(B(z,r)) < h(r). Then

/‘l‘a(E) S A}é“ia(E)
Let h be an increasing function, E C Q € Q. Then there is a constant ¢ depending
only on n, k and a and a measure p € M(E) satisfying that p(B(z,r)) < h(r) for
all balls, such that
2.(E) < cpia(E).

Proof. Obviously if E C U2, B(x;,r;), then
1a(B) <3 pa(Blaisri)) < Y af, hiry).
i=1 i=1

The first part of the second statement is proved in [2, page 137], namely there are
measures f; such that suppuy = {U;Q; : Q; € Q, Q;NE # 0} and py(Q;) < h(r;)
for all Q; € Q;, 1 =0,...,l, where r; = 2—1, Moreover p;; has constant density on
each ); € Q;. Finally p is defined as a weak accumulation point of {xy;}. Then
suppp = E and p(Qr) < 3"h(ry) for all Qx € Qi, k € N. It is also pointed out

that E has a disjoint covering with dyadic cubes, £ C U;Q;, such that Q; € Q;
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and pi(Qj) = h(rp;), j = 1,2,.... Thus pu(Q) = >_; h(rn,). Then, with mf =

_ a
max, g % we have

pan(Q) = / xdpy(z) > ¢ Z mi h(rn;) > cianm%ih(rni),
Q i

Jym;<l

where ¢ = ¢(n, a, k) and the infimum is taken over all finite or denumerable coverings
of E. So

1a(Q) = po(E) > cianmf”h(rm).
Taking into consideration that a @; € Q; can be covered by ¢(n) balls of radius r;,
halE) < c(n) ianxﬁmh(m) < cianmeih(rm) < cuq(E),
where ¢ = ¢(n, a, k).

5.4. Capacity of Cantor sets with Bessel external field. Let L := {l5}32,
be a decreasing sequence such that 0 < 2lp41 < I for £ € N. Let Cy be a
closed interval of length ly. Cj is obtained by removing an open interval of length
lo — 211 in the middle of Cy, etc., C}, consists of 2 closed intervals of length I;,. Let
Cp = Ck x - - X Cy, the Cartesian product of n copies of Cy. Let O, := N2 ,C}.
Cr, = Cr(n,Q), where Q@ = Cp x - -+ x Cy, the cube which contains C7,.

Notation.

Let C} = CR(Q,L) = Uf:;qkﬂ- as above, where g ; are the closed cubes in C}}
of edge length [. Let Uy ; 1= MaXpeq, , £ Let us denote by

1
(37) hL(lk) = thL’a(lk) = Ta.
i=1 Yk

Obviously, h(ly) > h(lk+1). Let hp(r) := hg,r,q.(r) be an increasing function on
[0,00), hr(0) =0 and hr(lx) is given by (37).

Theorem 7. Let 0 < pv < n+ |a|, Cr(n,Q), hy = hq,r,a as above. Then
Copp(Cr(n,Q)) > 0 if and only if

1 p'—1
h
/ ( L(T)) @ < 0.
o \rmpv T

Proof. With the notation above Cp, can be covered by 2¥" balls of radius lk@,
A(r) < 2 and if g 2 <7 < 12,

1
hr(lg)

B(r) <

p'—1
Comparing with Theorem 5 it shows that C,, ,(Cr) = 0 if fol (hL(r)) dr

rn—pv r
diverges.
On the other hand, considering hy, let us construct the measure py ensured by
Theorem 6. In view of Lemma 1

XB, (0.r) *a uL(z) < erpg (Bla,r)) < erl®hy (r).
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According to Theorem 3

XB. (0,r) *a 1L () P gy
o romnlifuze [ [ (20t ) Lo

r‘a‘hL P'- dr
<c/ / (W“rlal pu) 7d’uL“( )-

Cl (C1) > p(Cr) N C,UL(CL)I_
? n HGav* /“LH;D a I(hL)ﬁ

In view of (33)

e

which proves the converse statement.

Theorem 8. With the notation above and supposing that lg = 1 we have that
Covp(Cr) > 0 if and only if

o) onk 1-p
S(erym) <
k=0 i=1
Proof. First we observe that
2n(k+1) 2nk an 1
(38) z Z vha=d DL whaaS20) ki =2'as
(L) J=1ive41.:€0; i=1 LAYk

In view of (38)

L = 1 1 Pl
P - ar
1) ZAXWJ SN ATTNCE

< CZhP —1 kzj:l n)(p'— < 2m th —1 lk+1)lk€:1 n)(p'—1)
k=0

< " Z hp *1 Z(ZDV n)(p’ *1)

On the other hand

1) €S ) (27 i)

p'— (pr—n)(p'—1) p —1 (pv—n)(p’ *1)
>c Z hy 1)l 2 Qn kzo by~ ()l
where in th last but one inequality we used that 2l;41 < li, and then (38).

Corollary 3. With the notation above C, , ,(Cr) > 0 if and only if

S e <o
k=0
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Proof. Sy, := 2nk El 1 vk ;- If Cp C intR%, then Sy obviously can be estimated by
a constant from above and from below. If C’L C [0,1]™, then

1 1
1> 8> o Y, vz (k)

7: ’Uk,in[lfll,l]n

The computation is similar if C, C @ # [0, 1]", but Cr, N IR # 0.

Proposition 2. (1) Let K C R} be an arbitrary bounded set and o > 0.
Ifliminf, o 272 =0, then A ,(K) = 0.

If liminf,_,o "2
that h;nr) is decreasing and Aj, ,(K) ~ A}%)a(K).

(2) Let L := {li} such that 2l,1 <l and Cp, be the corresponding Cantor set. Let
h(r) be increasing on [0,00), h(0) = 0.

If liminfy o & (Ek)) > 0, then Apo(CL) > 0.

(3) With the notation above, there is a constant ¢ = c(a,Q,n) such that

> 0, then there is a function h(r), increasing and h(0) = 0 such

h(lk)
<
Ap.o(CL) chkrggclf ho(le)

Proof. (1) For any bounded set A} ,(K) < c(a, K)Aj(K), thus [2, Proposition 5.1.8

(a)] implies the first statement. To prove the second statement define h(r) with

@ inf h(t)

rb T o<i<r t0

If liminf,_ g % > 0, B(r) >0Vr > 0. @ decreasing and repeated the chain of

ideas of[ 2] for an arbitrary € > 0 we choose a t € [r, R] such that % < (1+5)% <

(1+ )82 Thus for all £ > 0, b < h(r) < h(t) < (1+2)h(R) (£)" < (1+)h(R),

because b must be positive. That is h is increasing.

Since h < h(r), it is enough to show that Ap(K) < cAy ,(K). To prove this

we assume that b = n. Let K C U;B(=;,r;), i < o is a covering such that
s h(r) < A% ) + &, where e > 0 s arbitrary. All B(;,7;) can be covered

by ¢(n) (T—;)n balls of radius r < r;, B(z;,7;) C U;B(z; ;,r). Taking into account
that

we have

o Bl
< (L a
Ap.o(K) _c(n);Og};i ST, S Zx” (),
which implies the inequality by choice of the covering.

(2) There is a measure ¢(n)ur, such that ¢(n)ur(B(x,r)) < h(r) for all r < rg, cf.
[2, Theorem 5.3.1]. Thus Theorem 6 ensures the result.

(3) C C Q can be covered by ¢(n)2*" balls of radius I, B(zi, k). As zf; < cvfy,
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if 0 > lk‘ (C = C(Q,Tl, a)7
2kn

Ag (CL) < ce(n szkh (lx) = c(cn)

which implies the statement.
Another corollary of Theorem 8 is given below.

Corollary 4. (a) Let h(r) be increasing on [0,00), h(0) =0. Let 0 < pv < n. If

/1 ( h(r) )p'l dr
ar_ .,
0 rn—pv r

then there exists a compact set K C R"} such that A o(K) > 0 and C,,,,(K) = 0.
(b) With the notation above, if

(39) limint ) _ g,

r—0 =Py
then there exists a compact set K C R such that Ap o(K) =0 and C,,,,(K) > 0.

Proof. Comparing Theorem 8 with [2, Theorem 5.3.2], it can be seen that if 0 <
pv < n, Canp(CrL) > 0 if and only if C,,(CL) > 0. If Cp € [0,1]", Ap(CL) >
Mno(CL) > Apa(CL) > (1 = 1)IAL(CE) > e(ly,a,n)AL(CL), where C} is the
Cantor set associated with L! := {I;}22, and located in [1 — l;,1]". According to
[2, Theorem 5.4.2] assumptions of (a) ensures that there is a Cantor set C, with
Ap(CL) > 0 and C,,(Cr) = 0, which example fulfils the requirements of part
(a). According to [2, Theorem 5.4.1] assumptions of part (b) imply that there is
a Cantor set Cp, with Ap(Cr) = 0 and C, ,(Cr) > 0, which example fulfils the
requirements of part (b).

Construction. Comparing Theorem 7, Proposition 2 and Corollary 4 there is
a sequence L = {l}72, with a corresponding Cantor set such that h(lx) ~ hr (k).

If h(T)T‘ ! is decreasing, it is not difficult to construct a sequence which generates a
Cantor set and fulfils that h(lx) = hr(lk).

Indeed, Let Q = [0,1]™. We can assume that h(1) = 1 = ly. The right endpoints
of the intervals of Cy are [, 1. Thus all the coordinates of vy,i(l) are [ or 1 and so
uy(l) == 327, v1,i%(l) is increasing in I, and fy(I) := ﬁ(l) is decreasing, positive
f1(0) =1 and fi1(1) = 5. So Iy is defined by h(l1) = fi(lh).

uz(l) = ui(ly) + s2(l) = Eil vg ;(I1,1), where s5(l) is an increasing function of
since the coordinates of vy ; contains the right endpoints of Cy = Ca(l4,1). ua(l1) =
2"uq (ly), because the right endpoints I;11;1 — I + I;1 become Iy;11;1;1. Thus
fo(l) == m is decreasing, fo(l1) = 5 f1(l1), f2(0) > 0, so I3 is defined by h(ly) =
fa(la). ... uk(l) = up—1(lp—1) + sx(l), fe(l) := ukl(l) is decreasing, fr(lx—1) =
s frm1(le—1) = 3=h(le—1), fr(0) > 0, which defines l. L := {l;} is obviously
decreasing and h(lk_l) < 2"h(ly). It remains to prove that L defines a Cantor set.

We have to show that
lk—1 lk—1
— | <h|l=].
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Consider uy, (§) = uk—1(ly—1) + sk (4), and the members of s, (4) consist of prod-
ucts of terms (d + £)*, where d > 0. Thus uy (%) > Frrur(l). So

1 I 1 1 1 L
wfk (?) < fi(lg—r) = 27fk71(lk71) = 27h(lk71) < Wh (21) ,

where in the last inequality we used the assumption.

Notice, that together with Theorem 5 this leads to the construction of a Cantor-
type set in [0, 1]™ with ”prescribed” B-p-capacity. More precisely, if 0 < |a| < pv, let
h(r) = r"=° where 0 < pv — b < pv — |a|. Then 0 < Cq,,,(Cr) < ¢(n,a)p(pv — b),
where h(lk) = hL(lk)
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