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Abstract. In a Freud-type weighted (w) space, introducing another weight (v)
with infinitely many roots, we give a complete and minimal system with respect to vw,
by deleting infinitely many elements from the original orthonormal system with respect
to w. The construction of the conjugate system implies an interpolation problem at
infinitely many nodes. Besides the existence, we give some convergence properties of
the solution.

1. Introduction

The construction of biorthonormal systems arises in several problems in
both physics and mathematics. Recently physicists are interested in e.g. non-
Hermitian operators ([24], [15]) and quantum Brownian motion [25], etc.; and
biorthogonality is also useful for investigation of ”delta estimators” in L,(R%, 1)
[27], for wavelet expansions [28], or for numerical integration on infinite intervals
[11].

There are some further related problems where the main tool is giving
biorthonormal systems in Banach spaces. The initial investigations of e.g. R.
P. Boas and H. Pollard, A. A. Talalyan, M. Rosenblum, and B. Muckenhoupt
resulted the development of e.g. A,-weights, the theory of multiplicative com-
pletion of sets of functions, and estimations of certain norms of Poisson integrals
([2], [23], [19], [16]). Further results were given e.g. on completion ([18], [8],
[7]), solving Dirichlet’s problem with respect to boundary functions with singu-
larities ([6], [5]), and constructing A-bases (basis for Abel-summability) in some
Banach spaces [4].
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We are interested in constructing complete and minimal systems, that is a
system {¢,} which is complete in a Banach space B, and it has a conjugate
system in the dual space {¢},} C B* such that ¢} () = 6, m. The reason of
this interest is the following theorem of S. Banach [1]:

THEOREM X. A system {¢n}52,,, is an A-basis in the space L, (1 <p <
00) (with some weight function vw) if and only if it is a complete and minimal
system in LP, . and there is a constant ¢ = ¢(p) such that

vw?

oo
sup || 32 " an(Pea| < ellfllous
0<r<1 n=ng vwp

where an(f) = 5 f = [g fenv*w?.

So according to Banach’s theorem, if a complete and minimal system is given
in a Banach space, then for proving that this system is an A-basis, it is enough
to show that the norm of the Poisson integral is bounded by the norm of the
function.

In the language of weighted spaces on the real line, the common idea of the
abovementioned investigations is the following: there is a complete orthonormal
system {e,} with respect to a weight w > 0 (sometimes w = 1) on a finite or
infinite interval I, and v is another weight on I with some zeros. Removing
some elements of {e,} (which omission depends on the roots of v), a complete
and minimal system can be constructed in a weighted space with respect to vw
which means, in other terminology, that the residual system can be multiplica-
tively transformed into a basis. If the number of roots M of v is finite (with
multiplicity), then the biorthonormal system {¢,, ¢%, } will be the following:

{9071} = {eN} \ {eku ) ekM}a

and the elements of the conjugate system will be

M
* ©m — Zi:l AimCr;
Pm = v2 .

Here the denominator has some zeros, so roughly speaking, the numerator
has to be zero at the same points with the same multiplicity, which leads to
an interpolation problem. E.g., if {e,} = {pn} is the orthogonal polynomial
system on an interval with respect to a weight then the linear combination of
the first M elements, which is a polynomial of degree M — 1, interpolates the
residual elements at the zeros of v ([4], [5], [6]). Generally, in the finite case
we get a finite linear system of equations, and if it has a unique solution, the
biorthonormal system is complete and minimal.

The question is the following: what can we do, if v has infinitely many zeros?
Following the same chain of ideas, we have to remove infinitely many elements
of the original basis such that at the roots of v the elements of the residual
system can be interpolated by an infinite combination of the removed elements.
(Naturally, we can not omit the first infinitely many elements of the original



system.) We have to solve an infinite interpolation problem, which implies an
infinite linear system of equations. That is besides the solvability of the system
of equations and the unicity of the solution, the convergence of the solution (in
some sense) is also a problem.

We will carry out this type of investigations on the real line, when the ”outer”
weight will be a Freud weight. The ideal situation would be that for an almost
arbitrary system of roots (e.g. when it has no finite accumulation point) of an
”inner” weight v, which does not grow too quickly at infinity, one could give a
good omission system, but at present we are unable to state any result in this
respect.

Supposing some polynomially uniform growth property of the choosing func-
tion, we will be able to construct a system of points which will be the zeros of
v, and an omission system step by step, with which the residual system will be
complete and minimal. Furthermore we can apply a finite section method ([3])
to get the numerical solution of the infinite system of equations.

2. Definitions, notations, result

At first we define Freud weights as generally as used in this paper.

DEFINITION 1 [10]. w(x) = e~ 2®) is a Freud weight, if Q : R — R is
even, continuous in R, Q(0) = 0, Q" is continuous in [0,00), and Q > 0in
(0, 00). Furthermore, assume that for some A, B > 1,

A < (d/dz)(@Q (2))

(1) < <B

Q' (z) Y
NOTATIONS. (1) For a Freud weight w we will denote by p,(w) = p, the
n*™ orthonormal polynomial on the real line, with respect to w?.
(2) If w is a weight function, then

z € (0,00)

(2) fert iff fwelP.

w

If fe Ll and g € LY Where%Jr%:lthenlet

3) (f.9) = /R fou?

After the definition of the external weight we give the form of that part
of the weight function which is responsible for the inner roots. The definition
below is based on the Lemma 1.1 of J. Szabados [20]

DEFINITION 2. Let X := {z1,22,...} C R, 0 < |z1]| < |z2| < ... be
a system of points on the real line, and let M := {my,ma,...} C Ry be a
collection of positive numbers. If there exists a nonnegative number ¢ > 0 such
that

e 0o

m; .y

(4) Z \Jij|;+€ < 00, but E \J:j|;—5 =o0 forall € >0,
Jj=1 j=1




then with u,d > 0 arbitrary, let

oo

() v(x) = vx mpd(T) = edlzle™ H

Jj=1

ms
T J
1— 2=

Lj

After the definitions of the weights we begin to deal with the description of
the functions we need for giving a good choice of points and an omission system.
REMARK. In [10], Lemma 5.1 (b) states that

(6) t“g’mgt’g, x € (0,00), t € (1,00),
and ,
(7) A<PQ@ g 0,00).

Together with the definition this means that on (0,00), Q > 0; Qex) ~
Qz)(c > 0); Q'(z) ~ %, where f(x) ~ g(x) means that there are posi-
tive constants C and D such that f(z) < Cg(x) and g(z) < Df(x). So this is
the inspiration of the following definition:

DEFINITION 3. f grows "polynomially uniformly” if it is three times dif-
ferentiable, f is positive and convex on (0,00), and there exists xg > 0 such

that on (zg,00) the following are valid:

® fler) ~ 1(@) (>0,
) )~ 12,

With this property we can define an admissible function and a system of
points. In the following definition we want to summarize the properties required
to ensure the solvability the abovementioned interpolation problem. The second
inequality will be necessary for proving the existence of the solution, and the
first one will be necessary for proving some convergence property of it. Further
discussions can be found at the end of this note in the final remarks.

DEFINITION 4. w is a Freud weight, Q = log i, and let us suppose for
Q(z)

x3

is quasimonotone, that is there exists a monotone function:

m(z); for which m(z) ~ % on (zo,00) with some 2. Furthermore let 3 <
A < B, v > 0 a positive number. g is an admissible function with respect to @
and =, if it grows polynomially uniformly on (0, c0),

[-1]
g (x) 1
(10) Qi) ¢ (x) ’
g " (x)
(QI=(z))1—=

simplicity that

there is an zg > 0 and € > 0 such that
and

oo @t 1 B
(11) =« max{ ) ; 0 } 0 with 5>4

is decreasing on (zp, 0);

—~
<
|
=
—~
<
—~
8
[N



when 2 — oo. (Here g{=! denotes the inverse of the function g.)
REMARK. (1) With the same assumptions on Q and g as in the previous
definition, we can formulate the inequalities (10) and (11) in a stronger form:
(*) There exists € > 0 and ¢,y > 0 such that

9N Q@) _ e

J?l_s S QQPY(JZ)’ X 2 Zo > 07
and here the leftside is decreasing.
(**)There is a § > 2 such that
S+%
. T4 -3 1
Jlnéommax{x L@ =0

(2) Let A > 2. Then instead of (x), (+*) we can write that there exist ¢ > 0,
v > 4% and x¢ > 0 such that for all x > xg

gmQ@) _ cat

A S )

and the leftside is decreasing.
(3) Let B < 5. Then instead of (xx) we can write that there exists § > 2
such that .
' 2+E
lim ———
£—00 Q275+g (1.)
(4) Let Q(z) = |z|?,g(z) = 2% Then we can formulate Definition 4 as
follows:
If 3 <8<, thenlet 522 < aandy < 28 if < 3, then let 38 < o

28—3 203
and v < %

DEFINITION 5. M is an admissible system of positive numbers with respect
to v, if 0 <m; <14+, and liminf; ..o m; > 0.
After these definitions and notations we can formulate the main theorem:

THEOREM 1. Let w be a Freud weight on the real line with the properties
given in Definition 4, and let 0 < v < %. Furthermore let g be an admissi-
ble function with respect to @ and v, and M an admissible system of positive
numbers with respect to v. Then there exists a system of points X C R and an
Yomission system” Wy = p;, (w)w with

(12) i, = g(k) + O(k),
and
(13) d,p >0,

such that the system

(14) {ei}iZs = {pr(w)wiiZo \ {Un}il,



is complete and minimal in LUX,ZVI,/,L,d’ where inf,,; <1 Tom; > P> max%nzj«J T

if there are finite many mj-s for which v —m; < 0, and for inf; —L_>p>1,

lfmj
if y—mj; >0 for all j.

REMARK. With the assumptions of the theorem we will be able to give a
numerical method to compute the conjugate system.

EXAMPLE. Let Q(z) = |z[*log®(1 + 22);9(z) = x'0log(1 + 2?). With
v = 75, the assumptions of Theorem 1 are valid.

3. Proof

As we have seen in the introduction, at first we have to solve the following
infinite systems of linear equations:

\Ill(xl) \Ifg(xl) \I/n(.’El) A1m (pm(il'l)

\111(,@2) \112(1‘2) \I/n(LUQ) a2m (pm(l'g)
(15) : : : : = :

Uy(zg) Yalzk) ... Up(zg) ... Ak, Om(Tk)

denoted by Aa,, = c¢p,.

In connection with this infinite linear system of equations, we have to deal
with two questions: to get some solution, and to guarantee the convergence
of the solution in some sense. Together with the convergence, the existence of
the solution yields a biorthonormal system with respect to {¢;}7°,, and the
uniqueness of the solution ensures the completeness of {¢;}72;.

3.1. Solvability. 3.1.1. Euxistence. For the first problem we have to cite a
theorem O. Toeplitz [26], [1].

THEOREM A. The necessary and sufficient condition of the existence of a
solution of an infinite linear system of equations

oo
E Uik = Yi, i:1a27"'a
k=1

18 the following: for all v natural, and hy,hs,...,h, real numbers for which
S hia =0, k=1,2,..., the equality >_._, hyy; = 0 holds. In particular
if the condition Y _._, hiar; =0, k=1,2,..., implies thathy = hy = ... h, =0
the above system of equations has a solution for all {y;}.

Now we can define our point- and our omission system. For this construction
and subsequently we need the following notion of the Mhaskar Rahmanov Saff
number with respect to w, which shows where the sup-norm of a weighted
polynomial lives [14].



DEFINITION 6. Let w be a Freud weight on the real line. a, = a,(w), the
MRS number associated with w is defined as the positive root of the equation

1
u= 7/ autQ (ayut)(1 — t2)*%dt, u > 0.
T Jo

REMARKS. (1) According to the Mhaskar-Saff identity, for all polynomials
@r of degree n the following are valid:

(16) ||anw,oo = l;?g;( |gn (2)w(z)],
and
(17) lgnllw,co > |gn(z)w(z)| for all |z| > a,.

(2) Let p,,(w) be the n'" orthonormal polynomial with respect to w? again,
and zg = zo(n,w) is that point, where p,(w)w attains its maximum modulus,
that is

[Pn(w; zo)w(zo)| = [|pn (w)w|oo-
Then, according to a lemma of J. Szabados ([21],Lemma 2)
c
an<12)§x0§an, n €N,
ns3

with some ¢ > 1 independent of n. This means that in our case, when A > %,
xg is around a,,.

LEMMA 1. Let Q and «y be as in Theorem 1, and let g be an admissible
function with respect to Q and ~y. Now there is a system of points X C R, and
an omission system Uy, = p;, (w)w with I, = g(k) + O(k), such that

(18) |\I/1,1((E2)| > CH\Iliflnoo L= ]., 2, Ce

with an absolute constant ¢, and the determinants

51(331) 52(331) gn(‘rl)
(19) D, = 1(,@) 2(_@) ”(:mz) #£0, neN.

PROOF. Let ¥y = pow, and let z; € R, be an arbitrary point, say ; = 1.
Further let ng € N be a fixed number (to be given later), and g* be a function
with the properties of g, and let us denote by

9(k) = g% (no + k).

We can choose Uy = pg, w such that k; = g(1) + O(1) and ¥y(x1) # 0, and
Uy(z1) # ||¥1]|cc. Now let us suppose that xi,...,z, and ¥q,..., ¥, were



already chosen, such that i, = g(k) + O(k), |Vg—1(zx)| = [|[Pk-1]|co for k& =
2,....,nand Dy #0for k=1,... ,n.

At first we will give z,41 such that |V, (zp4+1)] = [|Unllec. So with this
choice we get a not too small element in every row. It follows from [10] Lemma
5.1 that

(20) an ~ QI Y(n),

and so by the assumptions on g and by the second remark before the lemma,
we get that

(21) k| ~ QY (g(k)),
In the following we will show that for every m > [, among the indices
m,m+1,...,m+2n+1 we can find a "good” one, that is there is a k € {m, m+

1,...,m+2n+1} such that if we choose ¥,, 11 = prw, then D, 11 # 0. By (8) this
means that we can choose ¥, 11 = p;,,, w such that I, ;1 = g(n+1)+O(n+1).
So let us suppose indirectly that there is an m > [,, for which

\1’1(1‘1) \112($1) \I’n(J?l) pkw(xl)
\1’1(1‘2) \1’2(1‘2) o \I’n(l‘g) pk’UJ(.IQ)
(22) Doi=| : : : =0
Uy (Tnt1) Ya(zn1) -0 VnlTnp1) prw(Tng)

forall k € {m,m +1,...,m + 2n + 1}. Let us expand this determinant by the
elements of the last column:

n+1
(23) Dyrr = (=)™ Y (prw)(2) (-1 B; =0,
j=1

where B; is that subdeterminant which comes when the last column and the
§*™ row are omitted (B,41 = D,,). Denoting A; := (—1)/ B;, where B; are the
determinants B; divided by the product of w(z;)-s we get that

n+1
(24) > pr(z)A; =0, k€ {mm+1,...,m+2n+1}.

j=1

Let us recall the recurrence formula of the orthonormal polynomials with respect
to the even weight w:

(25) TPn+1 = On+2Pn+2 + On+1Pn,

where 9,, ~ a, are constants. By this formula we get from (24) that for any
0<1<2n—1,

n+1 n+1 n+1

Z TiPm+i41(T5)Aj = Omti42 me+1+2($j)f4j + Omyit1 meu(xj)Aj =0.
j=1 j=1 j=1

(26)



By the same argument we have that

n+1
(27) szxgpm+l+p($j)f4j =0, 0<p<n, 0<Ii<2n+1-2p
j=1
that is
n n+1 n+1 n n+1

280 = cp Y b)) Ay = pe()A; Y cpat = qu(ay)pr(a;)A;,
p=0 j=1 Jj=1 p=0 Jj=1

where k = m+n,m+n+1, and ¢, is a polynomial of degree n. So let us choose
qn = Gn,k like

(29) Sign gk (x;) = sign pr(x;)A;

(If at a point z; the expression py(x;)A; is zero, then we have no assumption on
the sign of ¢, 1 at ;.) With this choice we get that all the terms of the above
sum are zero. But we know that A, ; = (=1)"*1D,, # 0 and we can suppose
that gn k(Tn+1) # 0, that is pg(zp41) must be zero for k = m+n,m+n + 1.
This is impossible, because two consecutive orthogonal polynomials cannot have
zero at the same point. So the first lemma is proved.

NOTATION. We can define a modified linear systems of equations, which
are equivalent with the original ones:

(30) Aty = Cpy
[ Uy (z1) Yo (z1) W (1) T [ om(z1) ]
Wo(x Wo(x Yo (x A1m Wo(x
. 1 R o o)
Uy (z2) Uy (z2) T Uy (z2) T 2m Uy (z2)
(31) : : : : = : ;
Yy (@k) Vo (wk) Vo (k) Akm Om (Zk)
Vi_1(zk)  WYr—i(ze) 77 Ye_i(ze) °7° ) Vi—1(zk)

Denote the elements of AAT by

i — Ui(z:) Vp(z)
(32) Qi =< iA, A >=
J J ; P

where < -,- > denotes the usual inner product, and ;A is the i row of A, and
B is the principal minor of AAT:

@11 ... Oqn

(33) B™ =



and let

(34) gm = | )

m

With these notations we are in a position to formulate the theorem of F.
Riesz [22], which will be our basic tool for proving some convergence property
of the solution.

THEOREM B. With the notation

o Pm(T1) Pm(T2) i | -
(35) M (‘1’0(131) Wy (x) ) = o |B(™)] ’

the equation Aa,, = éy, has a solution for which

1

[e’e) 2
(36) Jamlz = (z m> <
k=1

o Pm(T1) Pm(T2)
(37) MG Gy ) S M

To obtain an estimation on M* we need some lemmas. At first we have to
introduce a
NOTATION. Let

(6¢3 + 2¢o)?
46

(38) f(eo,0) ==

2v2 15
1+ \/; exp ((603 + 200)2>1 )
d—2 6

where § > 2 is arbitrary, and let ¢o = c(8) be such that f(co,d) € (0,1).

Furthermore let w; = w§"> be the i*® row of the symmetric matrix B,
LEMMA 2. With the previous notations, if there is a § > % and a ¢ < ¢o(9)
such that

(39) Jij| < emax{i, j} 70, if i#]
then there exists a 0 < q < 1 for which

n
> ¢ [ lhwjllo-

j=1

(40) B

10



)

3

PROOF. Suppose i < j. At first we will prove that assuming |ov;;| < ¢j~
the cosine of the angle of the i*" and j* rows is of order j 9, that is

|<wi7wj>|

[[will2]lw; 2

)

(41) |cos 3| := <ec1j”°,

where ¢; = 6¢® + 2¢. Observe at first that ||w;|la > a;; = [|;A||3 > 1. Thus we
get that

i—1 j—1 n
< w;,w; > ~ ~ - A
e < Zleded><sdudole & 11 3 1
ill2llwjll2 1 k=i+1 k=j+1
L A 2 A 2
ey | LAlE LAl
[|will2[lw;]l2
1—§ :1—26 A2 A2
(42) < Fil=050 4 20 { L2 s liAllZ + 1 All3 < opi-d

+cj T <
-1 2 —1 1:AlI311;Al3

In the last step we used that § > 1.
By this inequality we can prove the original one. With the notation

B _ [ Wl wf Wl
0 lwill2? flwallz? "7 Jlwallz |7

we have to show that ’Bon)

> q. Let us estimate

1 e cos B1n

cos B

‘ (B6”) "B

cos B1n 1

n—1

= N (1) cos Bgn det BM™ + det((BS)T B,

k=1
where
[ 1 cos B2 ... cos fin—1 |
: cos 3 :
o _ | cos Br_11 €os Bk—1n—1
k cos B411 08 B41n—1
coS Bn1 .. cos Bnn—1 |

11



By Hadamard’s inequality we get that

n—1 n—1 n—1
’det B,i”) < H 14 Z cos? (3 Z cos? B
ik i =1
n—1—1 n—1
<H 1+(Z—1012_25+Z Hk 2()
z#k

V=177 : 1 L 5 .
S C1 (n)6 H 14+ 6%21—25 1+ 257 S cin?2 g H 14+ 56%21—26
i=1 i=1

i#k i#k

1 15
(43)< cln%ﬂs exp (ch (1 + 2((5—1))) < cjexp <C%6> nz = @néf&

By this calculation we obtain
det((B(()n))TB((Jn)) > det((B(()nfl))TBénfl)) —(n-— Decieon onz =9
> det((BéniQ))TB(nfz)) —ciea(n — 1)%_25 — c1eon? ™

>...>det((B 2))TB(2) —clcgzm_%

k=3
2
@NT (2) I N S S
(443 det((Bo") By ) — crca 5= (20 3) zl=5 ~ s S (20-3)

By the last inequality, the assumptions on ¢y implies that there is a ¢; € (0,1)

such that (det B(()"))2 > ¢1, which proves the lemma.
COROLLARY. With the assumptions of Lemma 2 and the notations above,
the following inequality is valid:

B e
T
@)
(15) < 2 e et 1on .
B g

PROOF. Applying Hadamard’s inequality again, and recalling that [jw;|2 >
1, we get that

BMm )
T
A(n)
(Cm> 0 1H] 1\/21 1a1j+cm]\/21 1 mz
- (n)
|B()| q M, /S5, o2

12



1
n A2 2
< glenls H( Tw ||2> < Jlenlet i,
: ]

and the corollary is proved.
LEMMA 3. With the previous notations, there is a 6 > 5 and a co = co(9)
such that f(co,0) € (0,1) (see (38) for f(co,9)), with which

(46) ;| < emax{i,j}7°, if i#j

forac<cy .
REMARKS. (1)[10] Corollary 1.4 : If w is a Freud weight, then

_1
(47) sup [pa(w, ) w(z) |1 — 2| <t
rz€eR Qan
and ) .
(48) sup [pa(w, @) w(z) ~ ntar .
rER

(2) We can easily deduce e.g. from 2.19 of [9] or 2.6 of [13], that if x =
(14 ¢)ay, then there is a ¢; = ¢1(d) such that

e 01”02, if 0<e<d,
(w0 D)2 < ()l { o

that is

1

—cin( E2in 3 .
(49) |pn(w7g;) ( )| < Cﬁ e c(lnan ) ,if0<e<é,
a2 | (&), if§ <c< oo

NOTATION. Let us denote by Inrs(px) the support of the equilibrium
measure with respect to w®, that is

(NI

(50) Inirs(pr) = Inrs(prw) = [—ar, ax],

PROOF. Let ¢ > 1 be an arbitrary constant. We can divide the sum in (32)
into some parts:

1
ovij| <
W ()] [ ()
1j j—2 cj o
SOWk) )+ Y 1+ D0 1+ > -
k=1 k=1j+1 k=j—1 k=cj+1
1

(51) (51 + S5+ 53+ S4)

T (@) [P ()]
At first, recalling the special assumption on the denominator, considering (47)
we have that

1 _1
Wit (@) ~ [[Wi1lloo = Pty (W)lloo ~ (li1)® @y, 2

1

13



1
2

(52) ~ gi)® (Q(g()))

By the second remark after Lemma 3, the members in S; are exponentially
small, because either x; and z;, or only x;, are out of cIprrs(¥y) for such k-s.
According to the previous calculation we get that

S
Wiy ()| —1 ()]

gk TQEY(g(k)
% 2 (g [Q[-ll (90))

< e(g(i)~F(Q(g(1)) 2 (9(i)~# (Q(g(5)))

:|619(k)

:l c1g(k)—M-1

< CF(imj) = (*)a

B o MAT
[Q1(g(4))]
because in the sum the first factor grows polynomially, and the second decreases

c1g(k)—M-1
exponentially (it is less than (%ﬂ ), so if mg is large enough, the sum
is convergent. Now we have to distinguish two cases according as the infinite
norm of the weighted orthonormal polynomials tend to infinity with the degree
of the polynomial, or it is bounded (see [10] Corollary 1.4, and the assumption

in Definition 4). That is in the second case

(53) (+) < elg(5)) " F QT (g(i))?

and in the first case

1
[Q-11(g())) "

(Here all the c-s are different absolute constants.) So in both cases

(54) () < e(g(5)) 5 Qg (4))

Sl 5

(55) T @)Wy (ay)]

for a § > % with a ¢ < ¢, if we choose M large enough, that is we can choose
an ng large enough with which (46) will be valid.

In S; we collected that terms whose maximum points are far away from x;
and z;. Applying [10] (1.20):

Si<e ), — <e D -
1 e

1 1
kg1 Vs (ay, — |zi|)* (ay, — [x4])* k=cj

14



= = Rew)
(58) = C/cm QY (g(x))dx = C/CQ[”(g(j)) Y W=

Using the polynomially growing property of g and ), and then the monotonicity
of the lefthand side of (10), we get that

(*)Sc/“’ QW) ,

Qi) Y e

<ec rotJ /Oo idy
= @ (g (o + ) Jegi-1(g- (notipy ¥

no +J
(57) = “QF (g (no + )

This means that
S4 <e ng +J
U1 (@)W1 (z5)| = QI(g*(no + 4))

1

(38max{ (" (no + 7))~ (Q' (g (o +1))) %, (97 (no + 1)) 5 (Q1 g™ (no +4))}

So it is clear that by the assumptions on g and @, and by (11), that if ng is
large enough, then

(59)

Sy
Wy, ()] |9, (25)]
It is possible that there are some Uy-s in Sy such that z; ¢ Inrs(Pk),
and in S3, z; and x; are both in Iy;rs(¥s). But we can handle the two sums
similarly: there are O(j) terms both in Sy and Ss3, and at most one term, the
(i — 1)t or the (5 — 1)*", has a factor 1. Furthermore the distance between two
consecutive maxima is more than some constant c :

)
k )

< - .
< Co7

(60) Al yq — QL

where the expression above is a consequence of the following:
’ (Lu

a, ~ —
vy

(see [10] Lemma 5.2), and Definition 4. This implies that if & # j — 1, say, we
can estimate by (48)

1

< ¢ QI (g())) .

Let us assume at first that Q%j <i—1<j—-2, 50

NG

1 _
(61) [P (x;)| < cay,* (alk+1 — alk)

S < ¥ (@)l | () Pi(r))]
(Wi (@)1 ()] = 1 Wy-ale)l S Wima (@)W1 ()]

k#i—1

15



]i ]% — (s
(62) =Gt T =™

and again by the assumptions on g and @ (11), if ng is large enough, then

(63) (4) < Legj 0.

Ifi < ij, then the first term is missing, a;, — ai,_, > cay,, and

i—1

S (@ M(9(i))> (@(9(1))? . j¥

<c

W1 (@) W1(@)] = (g(i)® (9(5))®

If the first member is bounded, then

S jt j

S
N
—
—

8
N
~—

S

<
—
—
8
<
=
|
—~
)
—
.
~
~
o=
5
T
=
—~
Q
—
<
~
~
~
Nl=

If it can be estimated by the second, then

Sz it
T @ @] - GG

so according to (11)

S2

(64) |1 (z)|| T -1 ()]

if ng is large enough.
We can estimate S3 in the same way. Here the exceptional term is

|¥j—1 ()|
Wi ()|

If |¥;_1]loo > cl|¥j—1]loo (e.g. if @ > 5-7j or if the infinite norm of the weighed

orthonormal polynomials tend to zero), then the term above can be estimated
1

by c( ( )); as in Ss.
9(J
Ifi < o L 4, and the reciprocal of the infinite norm of the weighed orthonormal

polynomials is bounded, then a;;,_, —ay,_, > cay;_,, and by (52)
sl Qg0 !
(o)l = (@)F (an,, (ar,, —ar,))E

1 1
(65) <c—— < *Coj_é,
Q(g(5)))z ~ 4

by (11), if ng is large enough.
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The sum, without the extremal term can be estimated as in S;, and so the
lemma, is proved.

In the following lemma we state that the operator A acts, and is bounded
on Iy, and RanA = ls.

LEMMA 4. With the previous notations for all é,, € lo there exists a, € lo
such that Aam = Cpm, and

(66) lamll2 < ey/[[ém][zecIemllz,

and if Aay, = &, with some a,, € lo, then
(67) [emll2 < cllam|l2,

where the c-s are different absolute constants.
PROOF. Theorem B, Lemma, 2, the Corollary after Lemma 2 and Lemma
3 prove (66). For proving (67) let us consider

(68) |ém||z=<Zé?m> = Z( mkm>

i=1 \k=1

Let us decompose the vector ¢, into two parts:

em = &) 4 &(2)

where
RO Uy ()

(2)
im — \Ififl(.’bi)akm’

and ¢, = Qi—1m-
1<k<oo
ki1

It is clear that

(69) 162112 < Nlaml2.

According to (68)

Nl=

1D 2 < llamll | D > <m>

1=1 1<k<oo
k#i—1

(NI

= (QUY(g(0))) i
. C||Qm C(g(i)F e
(70 sl | 2 Gans 2 e

We can decompose the inner sum into three parts:

Yo U@ = Y W)+ Y O+ D ()=Si+5+Ss

1<k<oo 1, lick<ei ci<k<oco
i1 1§k<c7, C;:;fjlm <k<

17



As we have shown in Lemma 3, S; is exponentially small. Also as in Lemma 3
(in the estimation of Sy)

1 ng +1
i $5e X a ST )

and as in (61)
(72) Sy < ci(Q(g(4))) .

So according to the previous calculation and (11) we obtain that

3
) < cllam|l2,
which proves the lemma.

REMARK. It is well-known (see e.g. [12]), that if T : H; — Hy is a
continuous linear operator between two Hilbert spaces, then 17T has an inverse,
iff RanT = Ho, and in this situation T*(TT*) 'y gives the solution with the
minimal norm of the linear equation Tx = y. Hence we get the following

COROLLARY. Az = Cm has a solution a,, in ly with the minimal norm
(and it is unique with this property), and

N|=

DNy < ellam s mmi =1 (g (i)~
(73) [1EX 2 < ellamll (; Gyt @)

(74) am = AT(AAT) 6y,

3.1.2 Unicity. On the same chain of ideas, by changing the role of A and
AT we will prove that AT A has an inverse on Iy, that is KerA = {0} (see eg
[12]). For this we need the following notations and lemma:

NOTATION. Let

\I/k: xm \I/l xm)

m 1(Tm)

(75) RAT A = Ny = Z

be the elements of the matrix AT A.
REMARK. As in the previous case,

(76) Z \112 721

m— 1 m

LEMMA 5. With the previous notations, there exists § > 2 and co = co(0)
such that f(co,d) € (0,1) (see (38) for f(co,9)), for which

(77) Mt| < emax{k,1}7°, if k#I

with ¢ < ¢g .

18



PROOF. Suppose that k < I. We have to distinguish two cases: there exists
¢ > 1 such that ck > [, that is k ~ [, or k << [. At first we will deal with the
second case: with a ¢ > 1

|AM|<2W+ S0 0y 0

m=1 m=ck+1 7n—1l+1 m=cl+1

=51+ 5+ S5+ Su.

In Sy the first factor of the numerator is exponentially small (see (21), (49)),
that is by (20), (47), (52),(11)

1 - c1g(k)
, g [ ”g<k>} k)
S~ (QUUg)? {Q[*]g(m) Q@ (g(m)) )
Size > : : |
m=ck+1 g3(m) ay, (ay, — |Tm|)*

o) [ Gate rlg(’“) Q-U(g(m))

c < (Q[—l]g(k))% Ql=1g(m)
@t 2, g (m)
(78) < ((lkjgﬁlno (@) " <a

where ¢ < ¢, if ng is large enough, and ¢ > %.
| Wy (2| is exponentially small in S3, and here we can use the 0 < ¢ < §
case, so we can estimate

\I/k(x“‘l) |\I/k(x7n)\1/l(xm)|
Uy (2141) ilg;«cl U2 ()
m#£l+1
O LA L) R €= T L
S31 < R Q=1 (a(k)) <l
6

(@)t 90

where ¢ < ¢, if ng is large enough, and ¢ > % obviously, because k < %l. Now
g(k)? g()s

(@ g(k))* (QF(g(1))*

S32

(M)

Cy @) e (FER) L v g

1
lit1<m<el g(m)3 Liti<m<el
c == c’ ="r="
mAL+1 m#£l+1

19



When the norms of the orthogonal polynomials are bounded then F(k,1) < ¢,
when it tends to infinity. Then by Definition 4., F(k, l)w’;(m)) < ¢, that is

1
g(m)3

3
[-1] 2
_ — k) @ ——(elm) 4
DTN Q" (g(m)) e1g( >( Pl s

S50 < mAl+1 g(m)3

3
(-1] 2
—eralk M_Q
c1g( )( ol 1 (g(k)) (second case)

(first case),
Z Lliti<m<e €

m#Al+1
(79) <,

as in the previous case.
In S4, both terms in the numerator are exponentially small, that is

o=

)

Q- <g<k>>r“’“

Qg 1™ & 1
Q- {g(cl)) : ] 2

Sy < cg(k)® [ Q1(g(cl)) m=ar1 9(m)

g(1)® [

ol

where the sum is convergent by (11). So

1 1 g(l)6
(80) S4§cg(l>6( ) <d,

where ¢ and § as in Lemma 3.
In S; we have to separate the ”maximal” term:

Uy (2h41)

<
U (Ths1)

S < Z () <

Mkt 1

+

ck ’

s QY (g(m))

m=1 gé(m)(a@k - |xm|)%(a‘l’z - |.’1?m|)%

L 1 (Q-U(g(k))*
(Q1(g(0) * (aw, —loraaDs g8 (k)

Because we deal with the case k << | we can estimate

(81) |a"lfl - ‘karl” > cay,,

and so the second term, Si3, can be estimated as

(@M (g()*
@ ew)* 9t k)

S12<c

20



As in Lemma 3, according to the behavior of the norm of orthogonal polynomi-
als, we have to distinguish two cases: if the second factor is bounded in k, then

by (11)
1
(82) Sip <e—— <,
(QF1(g(1)))?
where ¢ < ¢, if ng is large enough, and ¢ > 5.
If the second factor is increasing, then also by (11)

1
(83) Sz <e—— <’
gs(l)
where ¢ < ¢, if ng is large enough, and ¢ > %.
Now we have to deal with the first term of S;.

c

(Q-1(g(k)) T (QI-1(g(1))

S <

k _
3 Qg !
1 1 1-
= gEm) (aw, —[om|)3 (aw, —[m])3
m#Ak+1
As in (78),
ck [—1] 3 1 1
S < c (Q"Y(g(m)))* (aw,)? |3
= 1 1 1 1
“Hg)* =, g3(m)  (ag,)? ([Zeta] = [zm])3
C ck 5 1 C
(84) <——— Y wmiimi < ———— <™,
-1 3 -1 3
(@F(eM))* m=t (Q1(g(1))
where ¢ < <, if ng is large enough, and § > 2. Here we used (11), and the
polynomially growing property of g and Q.
It k ~ [, then
ck
Vi (k+1) '\I’k(xl-H) )
S1+ 852+ 853 < )+ + = 511+ Si2,
e ,; 0 <‘ Ui(wpr1)| | Vil@i41) e
m#k+1,1+1
and as in (60), we can estimate by
=1 (g(1
(55) ag, — fosal > S 20,
and so by (11)
I3 s
(86) Si2 <e—/— <™’
gs(l



where ¢ < €, > 2 if ng is large enough.
As in the previous calculation

5’“: @QU(gm))?  Jemlt Bt

Si1 < DN 1 I 1
(@Ee))? | w=t g (eeal = lenD (el = lem))
ck
(87) <—5 Y mEmimi <a,
(Q[il] (g(l))) ’ m;ﬁzcnfllql‘i’l

where ¢ < ¢, if ng is large enough, and ¢ > %.

When k ~ [, the estimations on S, are the same as in the previous case, and
so the lemma is proved.

Finally applying Lemma 2 with its Corollary to the operator ATA, and
Lemma 4 to AT, we get that RanAT = Iy, and so Kerfl:{()}, which proves the
unicity of the solution.

3.2. Finite section method.

As a consequence of invertibility we can apply the so-called ”finite section
method”, which is a very natural (numerical) way to get the solution of the
infinite equation Az = é. The process is the following: considering the system
Ax = b, where A is invertible, but not necessarily Hermitian, we set

(88) Apy = P.AP,,  and by, = A%,b,

where P, and P, are projections. That is we can take A,,, as it consists of the
intersection of the first r rows and the first n columns of A, and b,.,, as the image
of the cut vector b,.. Now we have to try to solve the equation

(89) A:nArnxrn = brn .

The convergence of this method is proved by K. Grochenig, Z. Rzesztonik and
T. Strohmer [3]. To state the abovementioned convergence theorem we need
some notations. At first we have to note that the original paper works with the
index class Z9, but without any modification we can apply the definitions and
results to the index set N.

DEFINITION 7. We say that a matrix A belongs to the Jaffard class A,, if
its elements ay;, k,I € N fulfil the following inequality:

(90) lags| < C(A+ |k =1])"° VEk,l€N,
where C is an absolute constant. The norm in the Jaffard class is |44, =
Supy jen |an,| (1 + [k —1])*.

NOTATION. Let us denote by o(A*A) the spectrum of A*A, and by A_ =

mino(A*A).
So the (simplified version of the) theorem is the following ([3], Theorem 16):
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THEOREM C. Let A € A, with an s > 1, and let Az = b be given, where
b c1?, and A is invertible on 1?. Consider the finite sections

*
ArnArnxrn = brn~

Then, for every n there exists an R(n) (depending on A_ and s) such that x, (),
converges to x in the norm of 12, for every choice of r(n) > R(n).

Because ¢ is in {2, and A is invertible on {2, for the convergence of the finite
section method we have to prove that A € A, with an s > 1.

LEMMA 6. Let A be as in (30), and let us suppose the assumption of
Definition 4. Then there exists an s > 1 such that A e A,.

PROOF. Because in our matrix A the dominant elements are under the
principal diagonal, (|ag x—1| = 1), we have to shift the indices, that is we have
to prove that there is an absolute constant C, and there is an s > 1 such that

Uy (xk) _
91 api_1| = |2 <o+ k1))
(o1 onio1] = | g < 01+ - 1)
Using (49) and (52), we get that
QU (g(k)))? 1 1
- SC( (9(k)))

[N

(9(F))

where c is an absolute constant.
Considering that zr ~ ag,, we have to distinguish some cases:
a) If I ~ k but |aw, —|zx|| is not too small, or if k¥ << [, then with some ¢1 # co

(QI=1(g(1)) * la — |axl[*

1
4

(9200 = Jar = [l = |1 QY (g(1) — 20 V(g ()| = e (@I (9)
b) If | << k then
(93) Dy = e (Q(g(k) "

c) If I ~ k and z, is close to ay, recalling the estimation on the distance of two
consecutive maximum points of Wi-s (see (61)),

1] i
(94) Dy >c (Qll(g(l))) ,

where we used the polynomially growing property of @ and g.
So in case a), when [ ~ k we get that

1
(95) lrs1] € — < O+ [k — 1),
S N

for all s > 1. Also in case a), when k << [

Q[—ll<g<k>>)é 1
QD) /) (g(k))

(96) |ak7l,1| <ec (

ol
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Here, as in Lemma 3 ((53),(54)), we have to distinguish two cases: in the first
case, according to (11)

(97) lag, 1| <c <d i<C+k-1)%,

(QI-1(g(1))?

with s = 2. In the second case, according to (11) again

(98) lapit| < <O+[k—1),

g(1))®

and s > %.
In case b), also by (11)

Q“Wﬂ@»i 1 <@“@%Wi<ca+w—m”
(9( B

@bl < (G
with s = %
In case ¢), by (10),(11)

} (QY(g(0)) *

<c

l
(9(D))° (9()

for all s > 1, which proves the lemma.

3.3. Convergence

As it turned out in the introduction, the required form of the elements of
the dual space is the following:

(100) |ak7l_1| <ec

<C+[k=1)77,

[

oo
e Pm = D a1 Gkm Vi
Pm = v2

)

which implies that we have to deal with the convergence of the series in the
numerator, and we have to give some estimations on the order of the zeros of
the numerator.

LEMMA 7. Let {axm}3>, be an ly-solution of (30), then

(101) > agm¥i(z)| < cK(z) neN,
k=1
where
Lif |z| <1,
i 1
K(LL')— QB(I),Z'f |$|>1,

Vizl

and the sum Y po | agm Ui (x) is convergent in every x € R.
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PROOF. At first we will show that the partial sum Y ;_, axn k() can be
estimated by a function which grows at most polynomially on R. Let us suppose
now that |x| > 1. Using Cauchy Schwarz’s inequality, we have to estimate

sn(@) =Y Ui(x) = U3 () + Vi) + Y. O+ > )
k=1 k=1 Lj(@)<k<ci(=) k=cj(z)
k(2)
(102) = W2, (@) + S1+ S2 + Ss,

where ¢ > 1, and j(x) means that index for which the maximum point of
|2y ()] is the closest to . (Because the U3-s are even, we can work on the
positive part of the real line.) Hence, because in our case the nt" orthonormal
polynomial p,, attains its maximum around a,, according to (20, 21) and (48)

we obtain that

j(@) ~ g7 (Q()),

and so .

L Qe
103) @) < Iyl ~ @GED) ayl, ~ S
By (48)

1
(104) Sy <c )
ij(z)<zk<cj(z) \/@ ‘a‘l’k - |.%'||

ki (@)
Taking into consideration the properties of g and @), we can estimate the differ-
ence under the square root as

/

law, =[]l > clasg, —aw,,| > ¢ (QTU(g()) ()l - j(@)

Qgli@)
(105) 2ty k= (@),
SO ( ) )
_ VvI\E) s
%2 S Qg (i@) 2 =@

Li@)<k<ei(e)
ki ()

i (—1]
<o 11(33). < Q@)
Q1(g(i(x)) x
As in Lemma 3 we collected the exponentially small terms in S7, according to
(49),

(106)

o=

()

J

S1<¢c Q[l](g(k))] c1g(k)—3

T

s |

Sl-

k=1
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Estimating the sum by an integral, and changing variables, by the properties of
g, we obtain that

s .
1 1

1 re9li(z)s 2 ’ K(ng) [eotDe !
<c— FU9) dz < 0 / F1(2%)) dz
<o /g(l)é Trge (071E0) de< = [ (o)

K(no) -1 K(no)
107 < [-1] <
(107) < £y < F )
In S3, x ~ ay,,, is far away from ayg,, so lag, — aq,].(z>| > cay,, that is
(108) S<ci 1 <ci __
to k=cj(x) Guy k=cj(x) Qi (g(k))

We can estimate this sum by
oo 1 o0 1 g=1
SR e Sy o Vi T P8
cizy @ (g(y)) Q-1 (g(j(2)) # z

where we used the properties of @ and g again. By (10) we have that

[—1] ) 1 .
S < sup g =2 f?a(z)) / T dz <c [_113 (x)-
2>eQI-N(g(j(z)  ? Q1 (g(j(x)) 2 Q-1(g(j (=)
1]
(110) < I Q@)

x
If |z| < 1, then there is a kg > 1 such that

=1
U2 (@) +S1+ S+ S3<c) —
1

which can be handled as earlier, that is

> 1 g"7(Q(no))
% = C/l QFTI(g(y) = no <

where K is a constant.
Collecting our estimations, if gl=1(Q(xz)) is less than Q3 () (see (11)), we
obtain that

(111) D larm¥i(@)] < el{am} 2K (2),
k=1

which gives uniform convergence if B < 3, and the second statement of the
lemma otherwise.
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REMARK. Because the estimation was independent of n, the series in the
numerator tends to a function f(z) locally uniformly on R.

Let ¢; be an element of the system (16). Considering that ¢; is a weighted
polynomial with an exponential weight, we can immediately get the following

COROLLARY. it There exists a function g € L'(R) such that

n
(112) Zakmlllk(x)gol(x) <g(x) neN.
k=1
To state the following lemma we need some notations. Let S; = (z; —

d(z;),x; + d(x;) be a ball around z; such that x; ¢ S; if ¢ # j. And let

o) = Opm(z) = f: (1 U ) A V()

P n+1

be the n't Cesaro mean of the Fourier series with respect to {p,(w)}%, of
S =300, akm¥(z), where {agm} € lo is the solution of (30). With these
notations we have

LEMMA 8. Supposing (10)

(113)|an(:c)—a,,<x)|=o<7;> if €S, n()<n<v, j=12...

PROOF. Let z be in S;. Then

lon(z) —ou (@) < | Y ( L )lkakm\?k(l‘)

0<l,<n n+l v+l

Uk )
114 + 1— —— | apmVi(x)| =: (*).
(114) Z( Y )| = ()

Let k(z) be that index for which the maximum point of Wy, is the nearest
to z. If z is around ay,,,, then x ~ Q1 (l(z)), that is Q(z) ~ ly(g). So if
n > N = N(j) (e.g. cQ(x;) < n), then cly,) < n. Assume now that n is large
enough. Then

ORI (nJlrl - V1+1> lk@rm Y (x)

0<ip<n
UeF k()

1 1
+ <n+1 - ll—&-l) Us(2) Qe (2)m Vi (a) (7)
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(115)

!
+ Y <1Vj1>akm\11k(x) =S8 +M+S5,

n<lp<v
Let us recall (52). At first we will deal with M:

<c 'lel.
\/Tjn n

N|=

Ak (z)m : -
(116) M < ILn)|l’€(ﬂﬂ) (lk(%’))6 (alkm)

We can handle S; as S3 in Lemma 3, that is

00 o\’
S < ol | 5 (1-72) %)

n<lp<v

Nl

1
e}l | 2 -

n<lp<v

. o | : g-1(n)
(117) < ell{arm}inll2 (/cg_](n) Q[—u(g(y))dy> 0( Q[‘”(n)>

We have to decompose S; into three parts. Using the Cauchy-Schwarz inequality

again we obtain that

[N

=

c c
S < = § Ry - § 2?2
s - AN B " ¥k
0<lk < Llk(a) L) <l <cli(a)
1
2
c
118 +- E Bw2 | =81+ Si2+ Sis.
(118) " Yk 11 12 13

Clk(m)<lk <n
Henceforward Sp; is the collection of the exponentially small terms, that is

1
2

c k 2+% [—1] k c1g(k)
sl ¥ w
0<l < Llp(a)
1
o 1 cig(k)\ 2
c g(k)**s 1] 1
(119) <-1> = —ofzt
n \ &2 QF (g 1+ n
Applying also the same chain of ideas as in Lemma 3, we obtain that
%
c
S12 < Elk(z) Z v
L1k(z)<k<ck(z)
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(120) < dwe [ITNQE) O(z)) g[*”(Q(%‘))% —0 (1>

n x T, n
Similarly
1 1
c " c n 12
S35 < — 2\y2 < = k
135 ( Z Loy ] < - Z -
k=ck(x) k=ck(z)
LA g~ 2
) e C/ [_g”(y) a
h—ch(z) TV cgl-1(Q)) QUM (9(y))
Q=1 (n) [—1] Q-(m) 2
<ot T W [ L e
cx z cx z

Applying [10], 5.4, we can estimate @ by %Q/ (), where A > 1 is in the
definition of Freud weights. So

A

22

1 QIY(n) ,
dz < ﬂ/ 2Q (2)Q(z)—-dz

z

X

With an integration by parts we get that

@ Q2(z) 1 n? Q) n’
/. < o (P ) < i

if n is large enough. Summarizing the calculations of the previous lines we
obtain that

g (n)
(121) 513 <c m
Hence these estimations yield that if (10) fulfils, then |0y, () — 0y, (2)] = O ().

This lemma shows the order of the roots of ¢, — Zjoil a;m¥; at the ;-
s, that is applying the classical theorem of S. N. Bernstein (see e.g. [17]), and
taking into consideration Lemma 7 and its corollary as well, we get the following
COROLLARY. Let z € Sj, then

(122) pm () = Z ajm V()| <l — ;| h(z),

where h(x) is independent of j, is continuous and it grows polynomially with x.
For the final computations let us prove our last lemma, which follows the
same chain of ideas as Lemma 1.1 of J. Szabados [20]:
LEMMA 9. Let mj,0 > 0,e > 0,2, be as in Definition 2, with properties
(2),and let

oo T mj T m;
ﬁ(x)zH 1—— and Op(x) = H 1——
- (Ej - (Ej
j=1 1<j<oo
Ji#k
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Then

(123) d(z) < e weR, >0
and

-~ —cl|z|ete oo L mj . m;
(124) o(x) > e for x € R\ U7, (xj |xj|,g+s7x] + |lzj]ete )
Furthermore

~ _clz|ete mp mi
(125) ok(r) > e ! for z € <xkxk|9+5’xk+>’

where ¢ > 0 depends on © and €, and if a > b, then [a,b] = (.
REMARK. If e.g. zj = j¥,v > 0, then p = L “and if z; =27, then o = 0.

v

PROOF. The proof follows the steps of the proof of Lemma 1.1 in [20]. Let

N(z) = Z mg.

|z | <|x|

According to (4), N(z) < c(e)|z|¢*e, for all € > 0.

X Mk €T M
A < . x . ) .
o(z) < H Tr H (1 + o ) 01(x) ()
|k | <[z 2k >zl

As in [20],

@) < ] (2

|z | <|z|

" Mg @
) < (2]z)N @) Lfoul<lo| [oulEFE
wi N(z)

o+e %
< C|$| ¢ < eC‘ZE‘Q+E

2 el el Mk 10g(1+ = ) o4e oo my
o | = k x T ote
Oa(z) < e =we<o < el " E e l0Fe < gllel®T

and

For the lower estimation, as in [20], we divide our product into three parts: if
r#xj,j=1,2,..., then

() = H

|z <|=]

1-— 0 J[ () =nrPrPs

lz|<|z;|<2]x|  |z;]>2|z|

As P> []eo1(), P2 > [l = o(4), Ps H0<i_<%(-) the computations are the

J J
same as in [20], so we omit the details.
Also the same computation implies (126).
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Now we are in position to prove the theorem.

3.4. Proof of Theorem 1. The properties of g imply that ¢ < 1 in
the definition of v, so it is obvious from (122) and the definition of Freud
weight that there exists p such that with arbitrary d > 0 there is a v :=
Ux,M,pud for which ppv € LP. According to (124) and (125) to ¢ = c(u)
kl21*™ with some k > 0 on
ed\z\"*’“

we can choose a d > 0 such that vx ara > ce

R\ US4 (xj - |m:Tj+E 5+ |m_:rllj+e ), and the same fulfils on vy, = vy(x)

: mi m
on the interval (a:k — |xk|j+57mk + m‘jﬁ).
Let

* 1 -
(126) P =3 Pm— > ¥ | m=12...,
j=1

where {a;,} is a solution of (30). We will show that {¢} }5°_, is a system in
L% which is biorthonormal with respect to {¢m }5°_; C LP.

According to Lemma 7, the series in (101) is convergent in some sense, that
is the definition of ¢}, is clear, and applying the Corollary after Lemma 7, by
Lebesgue’s theorem we can integrate term by term as follows:

1 oo
/gpfngokvz = / = | om - Zajmllfj orpv?
R RV =1
o0
= / PmPrk — Zaj’m/ \I/j@k = 5m,k + 0,
R = R

where we used the orthonormality of the original system, which was the weighted
orthonormal polynomials.
So the only thing we have to prove that ¢y, is in L{. Let ST = S; N (x; —
—ot=,xj + —5=), and let § > 0 (see 5)) be fixed. Thus
J J

q
R v j=1/=€s; ze(R\ U, SF)
oo n q
<X [ fnpame o g
=1 z€eS}

q

= (%),

7k|I|Q+M

k(z)e

/ace(R\U"o %)

j=1
where h(z) is as in (122), and according to Lemma 7, k(x) grows polynomially.
Hence by Lemma 9, we can estimate (x) on the whole real line with an integral
of a function which grows polynomially, times an exponentially small factor,

that is )
q\ 9
lemllg < (/ ‘kl(x)e—clx\ew ) 7
R
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where k;(x) depends only on m and Q(z). So the gnorm of ¢*, is bounded if
m; —y < %, so the dual system is in LY, when p fulfils the inequalities in the
theorem.

For completeness we have to prove that if for a g € Lg)“ u (where %—i—% =1)
g(er) = Jpgerv? = 0,k € N, then g = 0. The completeness of the original
system implies that g has to be of the form

1 o0
9= 2 b
j=1

andasge LY ., fR |gv|? must be finite. By the properties of v, and recalling

that ¥; = p;,w, the integral on R \ U;S7 is finite, so we have to deal with the
q
: E;il b;¥;| has to be finite.

Together with the assumption p <inf,,, < %m, this means that
J

integral around the roots of v, that is 372, [q.
J

(127) > b5 | () =0, k=1,2,....
j=1

So as in (15), we got a homogeneous linear system of equations
(128) Ab =0,

where A is the same infinite matrix as in (15). Introducing A, etc., according to
3.1.2, the homogeneous equation has the only solutioninlp isb; = 0,5 =1,2.. .,
that is g = 0.

FINAL REMARKS. (1) If somebody does not take care of the range of the
operator A, then, because in our case on the right hand side of the equation
there is a fast convergent vector, to get some solution of the equation Aa,, = ¢,
it is enough to apply Toeplitz’s theorem. So it is not necessary to guarantee a
not too small element in every row. That is the proof of Lemma 1 ensures a
good omission system for arbitrary system of pointss.

(2) The aim of this paper was to show the existence of a "good” point-
and a ”"good” omission system with some assumptions on the functions ¢ and
g. We chose a rather comfortable one. More precisely, our calculations show
that besides (10), which is needed for convergence, it is enough to assume for
solvability

15
glx) > 2", n> -,
% is strictly decreasing for a € > 0, and

i 1

5
}—>O7 where 6 > 1;

8
5
W
——
Q
o= H
oS
Au
<
&
—
8
ol

for unicity:
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and 1) .
@ l(g(:z:)))4 — 0, where v > §;
g5 (x) 4
for the convergence of finite section method:
[—1] i 1
" max ( l(g(x)))4 ; -0 —0, where k>1
g5 (x) (QF1(z))2
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