CHROMATIC DERIVATIVES AND EXPANSIONS WITH
WEIGHTS

A. P. HORVATH

ABSTRACT. Chromatic derivatives and series expansions of bandlimited func-
tions have recently been introduced in signal processing and they have been
shown to be useful in practical applications. We extend the notion of chromatic
derivative using varying weights. When the kernel function of the integral op-
erator is positive, this extension ensures chromatic expansions around every
point. Besides old examples, the modified method is demonstrated via some
new ones as Walsh-Fourier transform, and Poisson-wavelet transform. More-
over the convergence of the de la Vallée Poussin means of chromatic series
expansions in weighted LP-spaces is investigated.

1. INTRODUCTION

A bandlimited signal, f(¢) with finite energy can be represented by different
series expansions. As an analytic function, it can be represented by its Taylor
series, as an L2-function, it can be expanded to some Fourier series, and by the
Whittaker-Shannon-Kotel’'nikov sampling theorem it can be represented in the form

fO)~ > fn)

sinw(t —n)

m(t—n)

The notion of chromatic derivatives and chromatic expansions have recently been
introduced by A. Ignjatovié (cf. e.g. [8] - [11]). This alternative representation is
possessed of some useful properties as follows. It is of local nature as Taylor series,
but it can be handled numerically much better than the Taylor expansion (cf. e.g.
[8]). In some cases it is a Fourier series in some Hilbert space, or its fundamental
system of functions forms a Riesz basis or a frame, furthermore its fundamental
system of functions is generated by a single function as Gabor or wavelet systems.
The chromatic series expansions of signals associated with Fourier transform have
several practical applications, cf. e.g. [3], [6], [19] and references therein.

The extension of the method to more general integral transforms, differential
operators and weighted spaces was introduced by A. Zayed (cf. e.g. [23] - [25] and
references therein). This type of generalization pays our attention for instance the
connections between chromatic derivatives and the Mellin transform which tech-
nique can be applied to study the asymptotic behavior of Fourier transforms of
orthogonal polynomials, cf. [15].

Our aim is to extend chromatic derivatives and chromatic expansions using vary-
ing weights. In some cases (for instance Fourier, Walsh-Fourier, Hankel transforms)
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there is only a single point xg for which the kernel function ¥(z, -) is positive, but
for instance the kernel functions of Laplace, Bargmann and Poisson-wavelet trans-
forms have at most finitely many sign changes around a large set of nodes. This
property allows to define chromatic series expansions around all of this type of
nodes. Thus this method gives back the spirit of the original definition (cf. e.g.
9)).

The other direction of our investigation is introducing the chromatic expansion
of a function f in certain LP-spaces and proving the LP-convergence of its de la
Vallée Poussin means. It also turns out, that the rate of convergence of the de la
Vallée Poussin means can be estimated by the error of the near-best approximating
polynomials of f in the weighted space in question.

The article is organized as follows. In section 2 we give a summary of the method
and some results from the literature. In section 3 we introduce the modified method
and in section 4 we give an example which is rather different from the earlier results.
In section 5 the methods and results are summarized with which in the next two
sections we prove convergence theorems in weighted LP spaces.

2. PRELIMINARIES

In this section we summarize the method and some properties of the chromatic
derivative and chromatic expansion. More details can be found in [3], [6], [8] -
[12], [19], [21], [23] - [25] and references therein. In this introductory section we
assume that all the mentioned integrals and series are convergent, the first rigorous
statement is Theorem 1.

Let ¥(z,y) be a kernel function and Jg an integral transform on some function
spaces, with a measure v on a finite or infinite interval (¢, d), say

A d A~
(1) F(2) = Tu(f)(x) = / F) T y)du(y).

Let f(z) be defined on (a,b). Let L be a linear differential operator:

(2) Z di(x &vk

where di(x) are continuous functlons on (a,b). Let us suppose that ¥(x,y) is
smooth as a function of x, and

3) Lo (¥(x,y)) = y¥(z,y).
Here and subsequently L, means that the differential operator L is applied at the
variable z. Finally let us assume that there is an z¢ € (a,b) such that

(4) U(zg,y) = const 0 y € (¢, d),

(or if W(zo,y) = 0, then let us assume that for some a, lim,_,(4,) ( °Y) = const #0
n (c,d)).

(Sometimes it is important that Jg is the inverse transform of an integral trans-
form, that is Jg = (Jo) ', where <I>(x y) is a kernel function on a finite or infinite
interval (a,b), and Jo(f)(y) = f f(x)®(x,y)du(z). cf. eg. [10] and
subsection 3.1 in [25].)

Examples. There are several examples in the literature on operators like above
(cf. e.g. [9], [10], [11], [23], [25], [24]), e. g. the Fourier transform on R: ¥(x,y) =
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eV, L, = —i2, ¥(0,y) = 1; the Laplace transform on Ry: ¥(z,y) = e,

L, = =2, (0, y) = 1; the Hankel transform on Ry: ¥(z,y) = vata (/7).
2

L= —2 + 25 lim, o, Siz) = ety that is du(y) = yd%,etc.

Let p(z) be an arbitrary polynomial. According to (3)

(5) (L) (¥(2,y)) = p(y)¥(z,y),
and so by (1)
(6) / F)p() ¥, gdw(y).

Let w be now a positive weight function on (c¢,d) with finite moments, and let
{Pn}52 be the orthonormal polynomials on (¢, d) with respect to w, that is let

d
(7) / P ()Pon (90 () (y) = Gy .

(Let us remark here that usually dv(y) is dy, except some cases, see for instance
the Hankel transform.) The n'® chromatic derivative of f with respect to Jy and
w is

(8) / F)pn ()T @ ) dv (),

when the integral exists. Supposing that there is an 2y € (a,b) such that
U(xo,y) =1 on (¢,d), we have

(9) / il Z o (V) () v (y).
Let
d
(10) o(z) = / w(y) T (@, )dv(y),
and
d
1) ) = K"(0)(x) = / W(y)pn(®)T@ )du(y), @ € (a,b).
The chromatic expansion of f is
(12) ZK” (o) K" () ().

The conditions below ensure the existence of the integrals above, and the conver-
gence of the series. By the previous notations let (¢,d) = (0, d), where 0 < d < oc.

Theorem 1. ([23, Theorem 5]) Let us assume that U and f satisfy the following
conditions:

a) \/ y)¥(z,y) € L*(Ry)
b) 7w € LQ(O d)
¢) If d = 0o, we further assume that the integrals

oo —
/ Yy fy)¥(z,y)dy < oo, n=0,1,2,...
0
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converge uniformly.

Consider f(x) := jq/ fo U(z,y)dy, = € (a,b), 0 < d < co. Then,
the chromatic series e:cpanszon of f converges pointwise for x € (a,b), and locally
uniformly in (a,b). Moreover

(13) U(,y) =Y enl@)pnly)
n=0

3. MODIFICATION OF THE METHOD

The main point of our modification is the following: instead of (4) we give a
weaker assumption. Property (4) was ensured by an initial condition, cf. [25,
(3.5)], when the chromatic derivatives were associated with a Sturm-Liouville dif-
ferential operator. When the chromatic derivatives were associated with a more
general differential operator, the kernel function of the integral had to be one of the
fundamental solutions of the initial value problem (cf. [25] and references therein).
By (4), the coefficients of the chromatic expansion of a function are the chromatic
derivatives of the function at a certain point xg, so the chromatic expansion is lo-
cated at that point. Originally, in the bandlimited case, by the special translation
properties of the Fourier transform, the chromatic expansion had the following form

f~ Z DK [f](w) K™ [m] (t — w),

where w is an arbitrary point of the interval, and the convergence of the expansion
was independent of u (cf. [9]). On one hand the motivation for the modification is
to get expansions around more points. On the other hand, substituting assumption
(4) by a weaker one, namely by the following: let 2y be any point for which ¥(xg, y)
has finite many sign changes, we can extend the notion of chromatic derivatives and
expansions to a wider family of kernel functions (cf. the next section).

Finally we also modify the notations in connection with the weight, to make it
more compatible with the earlier results.

Let ¥(z,y) be a kernel function which is (piecewise) smooth as a function of x
and Jy be an integral transform on a finite or infinite interval (¢, d) such that

(14) flz) :=Tu(f /f dv(y).

Let us assume that the integral above exists and f(z) is defined on x € (a,b).
Let L be a linear differential operator like (2) for which (3) is satisfied. Furthermore
let w be a positive weight function, for simplicity with finite moments on (¢, d). Let
us denote by

(15) fw(x) =Tg (fﬂ) .

Let us recall that if p,, is any polynomial of degree n, then

pu(La) / F) v a)pn (9T (@ g)dv(y).

Let 20 € (a,b) such that ¥(zg,y) > 0 on (c,d), let us denote by
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(16) Way (y) = w(y)¥(zo,y)*.

If wg, has finite moments, let py n = Yn,zex" + ... be the nt® orthonormal poly-
nomial with respect to wg,, that is

d
(17) / Paom (8)P0.m (1) s @ () = G .

The n** chromatic derivative of f with respect to o and w at z is

d
(18) K, (D) = payn L)) ) = [ FON 0@ (0T 7)),
If we write f = ga, V/Wa,, We have
19) KL (F)@0) = (f/Tapann)a = (Gron/Tags Proun/Tag i

that is K, (f)(xo) is the n'" Fourier coefficient of g,,, with respect to {ps, .k }70-

Usually pgg.ny/Wae € LZ/V for all 1 < p’ < oo, K, (f)(z0) exists if f € LY, for
some 1 < p < 00, and similarly K7, (f)(z) also exists. (Here and subsequently

% + 5 = 1.) Thus g,, has the formal Fourier series

Gxg ™~ Z K:};mo (f)(xO)pzoyn'

n=0

Let
(20) Pro,n = j\Il(p:cU,n\/wmo),

which exists usually in the ordinary sense as above, and

(21) Py = J\p(\If(.’ﬁo, ))

in ordinary or in distribution sense. Also in ordinary or in distribution sense (cf.
[24, Section 5]),

(22) Paon = Ky, (Pay)-

Thus f has the formal chromatic expansion

(o) (2)-

o

(23) @)~ SR (D@o)KL,
n=0

With these notations instead of (13) we have, if U(x,-) € LP((c,d)) with some
1 < p < o0, and formally

(24) U(,9) ~ D Pagn(@)Paon () V/W0x, (1).

When ¥(zp,y) has finite many sign changes, according to the sign of ¥(zg,y)
we decompose (c,d) to finite many subintervals, and proceed as above on every
subintervals independently (cf. section 4 below).

If Jy is the inverse transform of some integral transform on (a,b) Jp, that is

flz) = f; f(x)®(x,y)du(x) such that, say
P(z,y) = ¥(z,y),
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and the operator is isometric:

<f7g>dy = <f7 g>d,u7

then by the transform Jy one can get the formal expansion of f with respect to
the orthonormal system ¢, ,, := Jo (pgjo,n\/wia:O ). This is the situation for instance
in cases of Fourier-, Hankel-, Walsh-, Sturm-Liouville- and wavelet transforms. By
(20) it is clear that if the system ¢, is complete, the Fourier expansion of an
f € L?(a,b) with respect to ¢, » coincides with its chromatic expansion,

F@) =Y A PromdanPaon(@) = Y Ki (Fxo) Ky, (0)(@).
n=0 n=0

Without an isometry we also have series expansions as above, but {¢g,.,} is no
longer orthogonal. In the first case one can use the usual Fourier series technics to
study the convergence properties of the series, in the second case one can take into
consideration the properties of the transformation.

It is easy to see that the method cited from the literature and summarized in the
previous section is a subcase of this modified one. To emphasize the concept of the
modified method, first we give a family of examples where the kernel functions have
a sign change. To this purpose we choose a special type of wavelet transforms. Since
the wavelet transform of a function of one variable is a function of two variables,
we have to apply a partial differential operator to the kernel function.

4. POISSON WAVELET TRANSFORM

This transform was introduced in [13]. The authors pointed out that Poisson
wavelet transform is a useful tool to examine exothermic continuous stirred tank re-
actions. By "waviness” property, the kernel function of a wavelet transform can not
be positive. We chose Poisson wavelet transform, because it’s kernel has only one
sign change. Finite many sign changes can be handled on the same way. Wavelet
systems ensure an expansion of an f(y) and the chromatic method ensure an ex-
pansion of (Wyg, f) (a,b) which is similar to the wavelet expansion in some sense.

For each positive integer n the Poisson wavelet ¥,,(y) on the positive axis is
defined by ¥, (y) = —¢, (y), where ¢,(y) = Lre~, that is

() = { :

It is related to the Poisson distribution as follows. Let X be a discrete random
variable having the Poisson distribution with parameter y. Then Prob(X = n) =
Gn(y). The members of this wavelet family have the ”waviness” property:

/R\Ifn(y)dy =0,

and the admissibility constant associated with ¥, (y) is

T WP, 1
C“‘/R Bl YT

n

LRyn=lemv for y >0
0 for y <0

Let us denote the kernel of the wavelet transform by

(25) wn (@, b, ) = \/%'\pn (T’) ,
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where y,b € R and a € R\ {0}. Thus the wavelet transform of a function f(y) (if
it exists) is

W ) (0:8) = | Fs)un(a.bo)ds
Let us define the following differential operator:
ntl k k—1
+1 0 2k—1 0
26) D™ = " _1)kHLgh b.
(26) D, ;; < k >( v =t =
One can check that

(27) D" uy(a,b,y) = yua(a,b,y).

Indeed, since

\Ijn(y) + \Il;l(y) = \Il’nfl(y)v n= 2733 A

we have
n—1 n—1
Z( . )W%k)(y)=\111(y),
k=0

and taking into consideration that
U (y) + 293 (y) + Vi(y) =0,

we have
n+1
n+1 .
(28) Z ( k )\I/%k)(y) =0.
k=0
Moreover if b € R and a € R\ {0},
akun (CL, b7 y) (—sgna)k (k) y— b
(29) T (v) () ’
and i1 k1
O uy(a,by) _ (—sgna)*t 2k 41 (w0 (L= b
dadbk a5 2 " a
(—sgna)* kD)) (Y0
(30) - |a|21¢2¢ (y - b) (\Iln ) a :

So substituting (29) and (30) into (26) we get (27), which ensures a chromatic
derivation of the wavelet transforms of a function. As above, if p is any polynomial

of real variable, p (D((lnb)) un(a,b,y) = p(y)un(a,b,y). Now we turn to the definition

of the chromatic derivation of a wavelet transform with respect to a point and to
weights. Let (ag,bo) be a fixed point (by € R, ag € R\ {0}). wuy(ag,bo,y) has
one sign change at agn + by. We divide the domain of the integration to two

parts: (M) .= I&;bw and I .= I((j())’bo). If ag > 0 then I = (bg, by + agn) and

I = (by+agn, o), if ag < 0, then IM) = (b +agn, by) and I?) = (—oo, by +agn).
Further on let ag > 0, say. Let f be a function on R. f = f() 4+ ) where

Wy 0 f), if y € (bo,bo + agn),
Foy) = f(‘IOvbO) o { 0 otherwise

. Fw), ity e )
(2) — (2) _ y), 1y S bO + aon, o),
I ) f(‘ZOvbO) { 0 otherwise
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For i = 1,2 let w? be positive weights with suppw? C closl;, such that wf;)(a bo)

has finite moments, where

\/ 7(a07b0 v (l IL (7’) aOabOa )

Let {p }m = {pm (a0, bo)}m the systems of orthogonal polynomials on I with

respect to the weights wT(L) (i =1,2). We define for a suitable f

,(@0,b0)

T We,n) (@) =) (D) [ £y e unte by
I()

n,(aq;bo)

= | @)y v w)un(a,by)dy.

Thus let the m*" chromatic derivative of Wiy, f with respect to (ag, bg) and w®) w?)
Kﬁl),w@)(ao,bo) (Ww, f) (a,b)

(31) =Kl (W, f)(@b)+ Kle  (We,f)(ab).
n,(ag,bg) n,(aq,bg)
Let f € L2(R). Let g (y) = ¢\ S
et fe L ) et g (y) gmw(l),(ao,bo) — .
n,(ag;bo)
o~ S ). where o = [ gOpull

m=0

So f has Fourier expansions in both intervals

(1) (1),/ 1) (2) (2) [ w
f Z n,(ao,bo) + Z 7(‘107170)

Let us observe that

CE%) = fKZ:‘(l) (W\I/T,f(l)> (ao,bo) and 0(2) = 27(2) (W\I/nf(2)) (aOa bo)

n,(aq,bg) n,(aq,bg)
Let
‘P(avb) = (P(ao,bo),n(&b) = (W‘I’n) (un(a07b07y)) (avb)
and
() (q.b) 1= P b W, (1) (#) b
A @) = o (ab) = (Wa,) (5200l @) (@.b).
Thus

K7 () (a,b) = (=1)"¢l) (a,0).

wn,(ao,bo)

//%”ab ab)dbd——dlm,

) = / f( 2 an wy, (ao,bo) dy - Tl/ / W\I’ f(Z Cl b)@nb (CL b)db

That is (W, f) (a,b) has an orthogonal expansion with respect to {cpyﬁl (a,b)}m,

By Parseval’s formula

da

oo

(W, 1) (a:0) ~ 37 Dl (a,b)

m=0
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=> - (W, rD) (a0, b0) (1K™, () (a,b),
m=0 n (aO bg) n,(ag,bg)
that is
W, f)( ZK w W, f) (a0, bo) K™ v () (a,b)
(32) + Z K™ w®, (W, f) (a0, bo) K™ w®, () (a,b)

Since wuy(a,b,y) is in L2 (R) as a function of y, it is easy to see

(33)  wun(a,b,-) = Z o' (a, b)piH) \/w (lzuo bo) T Z O Szao,bo)'
m=0

Let us denote by

N
=3 (e, b) + 2@ (,h)) = S5 (a,b) + ST (1),

m=0

N
Z( PN 0 ) + 2P fzzzao,bo)> = st () + s (1),
m=0

hab||2——< | [ nta.t db)

Following the chain of ideas of [23], we have

and by

Let

Theorem 2. Let f € L*(R).
lim {|(Wy, f) (a,b) = Sn(a,b)[l, = 0.
N —o0
Ifa#0 and b € R, then
|(W\I/nf) (avb)_SN(avb)I —>07 (N_>OO)

Proof. By Parseval’s formula

("/R/RKW‘”"'f) (a,b)—SN(a,b)dejg)é =|If —snl2

<O = s ll2 + 17 = 5o,
which tends to zero by Bessel’s inequality. Moreover by (56)

S (o9 b)) = @bl < u(a.b.y) < Cn),

m=0

and so
) ) 2 e 12
(Wo, 1) (@,0) = sQ (@) <cm) > |l
m=N+1
Thus the triangle inequality ensures the second statement of the theorem.

Now we turn to the examination of convergence in weighted LP spaces.
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5. CONVERGENCE IN WEIGHTED LP SPACES

As we have seen (cf. e.g. Theorem 1 and the cited references) there are L2,
pointwise and locally uniform convergence theorems in connection with chromatic
series expansions. In this section we give the sketch of thoughts to get LP (for
some 1 < p < o0) and (locally) uniform convergence theorems by de la Vallée
Poussin means of the chromatic series, and estimates on the rate of convergence.
The theorems and proofs in concrete cases can be found in the next sections.

Let us assume that h is a function in some (Banach) space and Jy(h) exists.
Furthermore let us assume that

(34) ”j\I’(im ap = OHEQIHS,IM

1 .
for some 1 < ¢, s < oo where || f|lq.. = (f; |f|?di) *, as usually. Let f be as before,
which has a formal Fourier series with respect to {py, n/Wa t- Denoting by gz, :=

\/WLTO’ 9a, has the expansion go, ~ 32770 K3 (f)(20)Pao,n- Sy = 5, (gag, y) is the
nt" partial sum of this series. Let

Sky O = 0n(Gag,Y) = 2620 — G

be the n'" Cesaro mean and the n** de la Vallée Poussin mean of this formal
series respectively. We chose de la Vallée Poussin mean because of its reproducing
property. Let o;(y) > 0 (¢ = 1,2) and measurable functions on (¢, d). Let us assume
further that

(35) 164(920)v/Wzg01lls.0 < Cll fo2lls.o
Denoting by

O = T4 (0 (gao ) v/Wao )
by (34) and (35) we have

(|0 — f”q,u < Cl(0n(9gao) — gzo)\/ W, 01]] s,
<C (H(ﬁn(gwo _pn))\/ wwoglns,v +1[(gao _pn)\/wonl Is,V)
<C (H(ga:o _pn)\/wwomusm + 11(gzo _pn)vwwoglllsw) .

That is if there is a sequence of polynomials such that the right-hand side of the

previous expression tends to zero when n tends to infinity, then the de la Vallée

Poussin means of the chromatic expansion tend to the function in the mean.
Similarly

(@ = @) < I3 (920 = Pn) /W) (@)] + [T (0n (90 — Pr)v/Way) (@)

If
(36) T ()(@)| < C@llhes]..

and the polynomials are dense in the space in question, then v,, tends pointwise to
f. If C(z) has a uniform bound on (every compact subintervals of) (a,b), then the
convergence is (locally) uniform.

In order to give the estimations in closed form, let us introduce the following
notation:
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Notation. Let w be a positive weight function with finite moments on an interval
(a,b). Let fw € Li’a’b). The error of the best approximating polynomial of degree
n of f in the weighted LP-space is
En(flpw = nf [|(f = pn)wllp.
pn€P

n n

There are several results connected with estimates of E,,(f)pw, cf. e.g. [4] in the
unweighted case, [16] for Laguerre weights, [5] for Jacobi weights, [14] for Freud
weights, [18] for analytic functions, etc.

Collecting the calculations above and supposing that p,, is a near-best approxi-
mating polynomial, we can state

Theorem 3. With the notations above, if (34) and (35) fulfil

f
Wz,

)

19 = fllgn < € max By, ( )
’ S33/Wxq Qi sV
and if (36) fulfils
|(On — f)(@)| < C(z),
which ensures pointwise, local uniform or uniform convergence according to the
properties of C(x).

Below we collect from the literature all the lemmas which are useful to prove
Theorem 3 in actual weighted spaces. The lemmas are reformulated to our purpose.

Let w be a positive, measurable weight with finite moments on an interval (¢, d),
Dw,n are the orthonormal polynomials on (¢, d) with respect to w, v, > 0 is the
leading coefficient of p,, n, 0 is positive and measurable on (c,d).

n
szpi},k
k=0

’)/k,w
Iy, w = max

3 An,wg -
k<n ’Yk-i—l,w

Lemma 1. ([7, Lemma 1]) Let us suppose that

Fn,wAn,wg

(37) <K

for some suitable K. Let 0 < o < M a continuous function on (¢,d). If h, /% €L,
then for 1 < p < oo

(38) low(h) Tl < c<p>||h\/f||p,
(39) o)yl < Cllhvil,
(40) o)V, < Cnh\/fnl.

Lemma 2. (¢f. [17, Theorem 1)) Let 1 < p < o0, @« > 0, a,b > 0, W(z) =
e zx% (ﬁ_—x) (1+2)°. o,(f,x) is then'™ (C,1)-mean of the Laguerre-(a)-Fourier

series of a function f. Then

l[om (f, 2)W ()|

p,(O,oo) < C||f((£)W(.T)|

p7(07<>o)v
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<1+ a 1
— + min
“ p 274

where

1 3 1 1
b< —+-, a+b<2=—+4+ =, if 1<p<A4,
P4 P2
1 5 4 ,
b<?+i’ a—l—b<3/+1, if 4<p<oo,

Corollary. Let a > 0, w(z) = x%e™*, fy/w € LP and let o,(f) as above. Then
low(F)vVwlly < ClfVwllp.

In the following Lemma w and v are nonnegative functions, the Laplace trans-
form of a function f is deﬁned on (0, oo) Lf is also defined on (0, 00), the Hardy
operator H f is given by H f(x fo t)dt, and the adjoint operator of H is given
by H* f f f(t)dt. Let us denote by g* the decreasing rearrangement of g.

Lemma 3. (¢f. [2, Theorems 1 and 2])Let w and v be as above. In order for the
Laplace transform £ : LP(v) — L9(w) boundedly, set u(z) =z~ 2w ().
If1 < p<q< o0, itis sufficient that
/ &
1 *% : 1 p’ # 1
@) |(# () (H*(u))i <C, or (b) (H (uﬁ)) (Lw)i < C,

v

and if 1 < ¢ < p < oo with 1 == — = it is sufficient that

Qe

1
(¢) L= ( (H*(u)® | < oo,

or
1
’

(d) 12:/OOOU—’;' <(H (u—*))

In the next sections we give some old and new examples on chromatic expansions
and investigate the convergence of de la Vallée Poussin means in some Banach
spaces.

(Lw)‘ll> < 0.

6. EXAMPLES WITH A FIXED WEIGHT

6.1. Fourier transform. Chromatic derivatives and expansions with respect to
the Fourier transform were investigated by several authors, cf. e.g. [3], [6], [19], [9],
[19], [23]. Here we examine the L? -convergence of the de la Vallée Poussin means
of the transformed Fourier series. Our starting point is a function f elP1<p<2

instead of L2, and the rate of convergence is also estimated.

Let us recall that (e, d) =R, dv(y) = dy ¥(z,y) = \/% e~ @Y that is U(0,y) =

ﬁ thus wz, = Wo = 3=W, Pgg.n = V2TPw,n. According to (22)

vo(z) = F! <\/127> = §(x).
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L, = —i%, L,V (xz,y) = y¥(x,y). We have to mention here that it is easy to
see that o, = KJ; (¢o) in distribution sense. Indeed let ¢ be infinitely many
differentiable and compactly supported on R and let po ., (y) = ZZ:O ary®. Then
by definition and finally by changing the order of integrals we have

o = 7T Y a(—i k—ak ) (o x
(K@meg-<(m > (- 8M)(sf (J@J<’>)“3
=h@%XEWWT%Nﬂ>=WMw%z)wW1@@0

k=0 k=0

1 WY Jrdy =
=A¢mmm@754&m dzdy = (00)E.

The integral operator has an inverse on L2, say, du(z) = dz, and Parseval’s formula
holds true.

6.1.1. Hermite weight. (Preliminary results can be found e.g. in [21].)

w(y) = e‘yz, Po.n = V27h,,, where h,,-s are the Hermite polynomials. As it is
shown in [7], in Lemma 1 ¢ = 1 with this weight, and all the assumptions are sat-
isfied. That is in (35) g1 = 02 = 1. It is also well known that the Fourier operators
map LP to Lp/7 when 1 < p <2 and %—i— ; = 1. Moreover the Hermite functions are

2 2
the eigenfunctions of the integral operator Jy (hn(y)e*y?> =g (hn(y)e*%) =
2 ~
"y (y)e™ T

vn(f, 2)\/w(z), where v, (f,z) is the n*" de la Vallée Poussin mean of the Hermite
expansion of f. That is the computations above give back the result

. Thus denoting by g = %, we have 0y, (z) = F71(0,(g,y)Vw(y)) =

Proposition 1. Let 1 < p < 2, f € LP(R). Then recalling the notation f =
7 (4)

(41) Hf_vn\/a

p=oli-aisen (F)

where E,,(h)pw s the error of the best approzimating polynomial of h of degree n,
in the weighted L, space. Moreover if f € L', then

—vp () w(z i
(42) /() = vn(2)Vw(z)| < CE, <ﬁ>1,m7

)

which ensures uniform convergence.

6.1.2. Freud weights. First of all let us recall, that w(z) = e~ 2®) is a Freud weight
on R, if @ is positive, even and continuous on R, and twice continuously dif-
ferentiable and @ > 0 on (0,00) and there are constants A, B > 1 such that
(+Q' (@) o _ :
A < @ < B on (0,00). Since in Lemma 1 ¢ = 1 for Freud weights
as well (cf. [7]), all the computations above are valid. The only difference is
that p, ,v/w are not the eigenfunctions of the Fourier transform, so although
{en} = {F " (pw,nv/w)} is an orthonormal system, but they are not weighted poly-
nomials with respect to w. 9, is the de la Vallée Poussin mean of the expansion of
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f with respect to ¢,. Thus by (34), (35) and Lemma 1 one can derive the following
result.

Statement 1. If f € LP(R) 1 < p < 2, then

i i
If = Onlly < CE, ( 5
v pVw

and sz € L', then

; f
£(2) — 5u(a)| < CE, () |
Vi), -

6.1.3. Jacobi weights. (Preliminary results can be found e.g. in [3], [6], [8].)
Let us denote by w(z) := w(®?(z) = (1 — 2)*(1 4+ z)?, a, B > —1. According
to (34) and (35) we have to apply Lemma 1 again. In case of Jacobi weights

o(z) = V1 —2a2, (cf. [7]).

Statement 2. Let us assume that 1 < p <2, and f, \/1%7 € L?((—1,1)). Denot-

ing by

on=F"0v, i Vwo

Ve ’

we have

- f

— < CE, | —
”vn f”P = n (\/@ \/E’
Pe
o f 1 1

and@f\/@ eL' and o, > 3,

_ f

Up(z) — f(2)| < CE, | == .

|On(2) = f(2)] < n<ﬂ>1ﬁ

Ve

6.2. Walsh-Fourier-Plancherer transform, Laguerre weight. In this subsec-
tion we cite and follow the notation of [20]. The dyadic field F is the set of
doubly infinite sequences with entries x,, = 0 or x,, = 1, and lim,,—,_ o, x, = 0,
equipped with a suitable sum and product: z,y € F, 2 +y = (|zn — Ynl)nez,
2y = (2n)nez, where z, = >, . x;y; (mod 2). (F,+) is an abelian group and
(F,-) is an abelian semigroup, (F,+,-) is a commutative normed algebra with the
norm: |z| =3 ., 2,27, Since (F,+) is a locally compact abelian group with
compact unite ball (with another norm), there is a unique normalized Haar measure
on F. Let m,(x) = z,,. Characters of the additive group are W, (z) = (—1)7-1(@¥),
The map = — |x| takes F onto [0,00) and is 1-1 off a countable subset of F. This
identification takes the Haar measure to Lebesgue measure on [0,00), the charac-
ters to generalized Walsh functions (denoting by ¥, (x) again), differentiation to
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dyadic differentiation and induces a dyadic sum and product on R;. We work on
the half-line. If f € LDIh
350 = 0= [ 1,0

it f e th, let fi(z) = f(z) if z € [0,t), and fi(xr) = 0if « > ¢t. Then Ff =
limt_,of ft in L?-norm, and if f = f1 + f» € L§+ C L]ﬁbr + th, 1 < p < 2, then
Ff=fi+Ffo. With1 <p<2

11l < 1LF -

Let us recall the notion of dyadic derivative. The dyadic derivative of f at x is
(1] — | J— 1 j—1
) = HILH;O dnf(z), where d,f(x Z 2 — flz427771),

where + is the dyadic sum. fI'l = (fI"=1)1, We have
1
wil(t) = y o, (1).

Thus (c,d) = Ry, dv(y) = dy w(y) = y*e™ (a > 0), ¥(z,y) = ¥y(x), that is
U (0,y) =1 thus wy = w.

(43) K7 (F)(x) = / " fyE e S )T, (2)dy,

when fywl® € LY(Ry), and [2(y) are the orthonormal Laguerre polynomials.
Denoting by g(y) := f(y)y~ Ze?,

(o)
KL, (O = [ slye 3,
0
which is the n'" Fourier coefficient of g with respect to the Laguerre weight.

von(t) =F(yTe 212(y))

in ordinary sense. Thus f has the chromatic expansion

t)~ > K (H0)pon(t).
n=0
It is easy to see that
po(x) = d(x), and Ky (¢o) = pon

in distribution sense. Indeed let us define the L'-strong derivative of a function f

M f :=1lim, o dnf in L' sense. dI"lf = dl* (d"=1 f) . We say that ¢ is in the
space of test functions, if ¢ is compactly supported on (0,00) and fI'l = dl"lf for
allr € Nand £, & € LY. (By Egoroft’s theorem the second assumption fulfils e.g. if

there is a K such that ‘f ’ < Kforallr € Nand z € [A, B] := suppf C (0,0).)
Let £ be a test function.

(p0)6 = (F(1)E = / " ) Woly)dy = £(0),
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where for the last equality can be applied since ¢ is W-continuous at 0. The second
formula can be computed on the same way as before. Thus we have

f~ Z K2 (F(0)K2 (o)
again. As in e.g. [25], (cf. (33) as Well) one can derive

)~ on®(y)Vw(y).
n=0

Let @, is the n'® de la Vallée Poussin mean of the formal series of f Then
by the Corollary above and by the Hausdorff-Young inequality for Walsh-Fourier
transform, we have

Statement 3. Forall fe P, 1 <p<2

(14) If = Gally < CE, (})f

7. EXAMPLES WITH VARYING WEIGHTS

In this section we examine transforms with positive kernels and the weight func-
tion varies with the point 3. We give the chromatic derivatives and expansions
of the functions in every points zy of the domain with respect to weights depend
on the points. The weighted LP-convergence of the de la Vallée Poussin means are
investigated again.

7.1. Laplace transform, Laguerre-type weigths. To get a positive weight on
the positive axis, the Laplace transform is restricted to z,y € Ry. Thus (¢,d) = Ry,
dv(y) = dy w(y) = y®e Y (a > 0), U(z,y) = e ®Y. That is ¥(0,y) = 1 thus

wp = w. This case was studied by A. Zayed cf. [23]. Since ¥(z,y) > 0,
Wy (y) = w(y)¥(zo, y)* =y~ e vEOHY,
and »
Paon(y) = (2x0 +1) 27 I7((220 + 1)y),
where [%(y) are the orthonormal Laguerre polynomials again. L, = —%. Turning

back to the traditional notation we write f instead of f and f instead of f

@) KL, (D) = [ fFe oD @ + 1)1 (2o + Dy

(46) Pao(2) = Ju (e_wos) = 4}3:07
o () = /wy eVt (230 + 1) 519 (220 + 1)y)e "y = K (px,) (2)

= Puo,n(La) (Pzo,0) = Paon(La ( (v%) <x+x0+ ))

(47) =pmn<Lw>< ( L(s+1) H>,

P

N
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and
(48) P SOKL (Do) (pu) (@),
n=0

{@wo,n(z)}’s are no longer orthogonal, but they form a Riesz basis of L%OW), cf.
e.g. [2, Theorem 1] and [22, Theorem 6.2]. ¥,, is the de la Vallée Poussin mean of
the formal series above.

By the classical result on Laplace transform (cf. e.g. Lemma 3 (a) with v = w =

1) and by the previous Corollary we have

Proposition 2. Let 1 <p < 2. For an f € L?

(0,00)”
o A f(y)
”vn - f“p’,(O,oo) < CH(UH(gwo) - glo)VwIOHp,(O,oo) < CEn < o .
*o Py/ Wz

By Lemma 2 and Lemma 3 (a), (c) the following theorem holds true:
Theorem 4.
= ; : fy)
w ([ e - o) <on, (1)
0 W P,/ Wagw
where with 0 < b < a < ﬁ,
(220 + 1)y \* b
= — 1+ (2 1 .
o) = (ot ) 20+ 1)
Ifl<p<qg< oo,
o(z) = (1 + z)~(@- a7 =0) =,
and if 1 < q<p<oo, with0 <9 <e arbitrary

o(xz) = (1 —|—$)*(a7b)qfex(a—b)q_ aqp+1+6'

Remark. If 1 <p<2and g=p', a=0b=0, (40) gives back Prop.2.

Proof. We have to apply (a) and (c¢) of Lemma 3 with v = w? and w = p. Observing
that if a,b >0 (%)* L we have

:;’

’

1\ 7 , ,
o (3) 7 )= (o 10 @+ (20 ) 0
Thusby0<b<a<z%

(G
v
! U ’ i 1

(51) = (x/ (1 + Cxt) @D (Ct) =P dt) < Cxv  *(1+z)*°

0

Here and further on C' may depend on g, p and on other fixed parameters, but it
is always independent of n. If 1 < p < ¢ < o0,

(52) ()" = </oo(1 +t)<"“>qlf1q(ﬁ'“)dt>q < C(1+z) (@t~ (F79).
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That is the assumption (a) of Lemma 3 is satisfied. Let us recall that &, (h) be
the n'* (C,1) mean of the Fourier series of h with respect to {p., »} and 7,(h) =
L (61 (h)\/Wgy). As in Section 5

(/ |f—@nqg) < Cll(goy — o)yl

<C (H(gmo - pn)\/ wropr + 116190 _pn)\/ wwo‘*"”p) .
To apply Lemma 2, let us denote by h.(y) = h (2%%) and by o, (h) be the n'"
(C,1) mean of the Fourier series of h. with respect to {I%}. By the substitution
(229 + 1)y = v and by Lemma 2 we have

16 (P)y/Waowllp = Cllom (h) Vivwlp < Cllhuv/ww.llp = Cllhy/wa, |

By this observation, finally we have

p7wP .

(53) ([T17- ﬁmg); < Ollgng — pu) /Tl

If p,, is a near-best approximating polynomial, we get (49). Next we check assump-
tion (c) of Lemma 3. Similarly to (52)

D

(1) = ([T g omee o) T
xT

(54) < C(1 + ) ST (P 1) 52
By (50),(51) and (54) Iy is convergent. We can finish the proof as previously.
By Lemma 2 and Lemma 3 (b), (d) the following theorem holds true:

Theorem 5.

(55) (/OOO |0 () — f(l’)lqg(w)dx); < CEn (%)

Psy/Wagw

If1<p<g<oo, letogb:a<% and
w(y) = ((2zo + 1)y)*, and oz) = 2i(F—a)-1

2z0+1 e
Ifl1<qg<p< oo, let0§b,$§a<i,w(y):(%> (14 (229 + 1)y)°,

and
(a—b)pg—aq—1
AaTo)pPaTadT 5

ofz) == ,
where 6 > 0 arbitrary.

Proof. f 1 < p < ¢ < 00, by (51) we need that L(9)(y) < C’yiq(ﬁfﬂ), which is
satisfied by the assumption.

If 1 <gq<p< oo, by (50), (51) and the assumptions on a, the exponent of x in
I, is greater than —1, so we have to deal with the infinite part of the integral. I
is finite, if £(0)(y) < C(c+y)~", where f =1+ M — 6, and this is also
satisfied by the assumption. In both cases the proof can be finished as earlier.
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7.2. Bargmann transform, Hermite-type weights. The Bargmann transform
was introduced in [1], and it was examined in point of chromatic derivatives in [25].
As it was pointed out in [25] (cf. also the references therein), the Bargmann trans-
form resurfaced again in recent years in connection with Gabor and Zak transforms.
As in the previous subsection, to get positive weights, the Bargmann transform of
a function is examined as a function on R™.

Definition 1. Let f : R™ — C. The Bargmann transform A(f) of f is defined by
Af)(z) = F(z) = - F(Ok(z, C)dc,
where ¢,z € R™ and
B Q) = hn(2,Q) = e HEE VA0,
i

The corresponding differential operator is (cf. [25])

1 0
Li=— (2 4+2).
' \/5(321+zl>

Let o be a multiindex, a = k1, ko, ..., kyn, and po(z) = pr, (x1)pr, (T2) - - . Pk, (1)
is a polynomial with n variables and of degree || = k1 + - - - + k,,. It is easy to see
that

Thus denoting by p (L) = pi, (L1)pk,(L2) . . . Dk, (Ln)

Pa(L)k(2,C) = pa(Q)k(2, ().

Let w(¢) = wi(¢1) ... wn(¢y) a weight function, such that w;(¢;) are positive and
have finite moments. Let z° € R™, and

wa(Q) = wlORE,0) = [wa(c) = 1 (eI,
=1 =1

Let {p,0 ,,}m the orthonormal polynomials with respect to w,o, and p.o o(¢) =

T, P20k, (i) Obviously Jan P20,0(Q)p20,5(¢)w.0 (¢)d¢ = ba,p. The o' chromatic
derivative of F' with respect to w,o at z is defined as

Ko (D)(@) = | JOV0Opa.a(Qk( Od,
and

Ko (F)E) = [ FOVws(Opanal)dC = ca.
Let

n
0o0(2) = A(K(0, 0)) = o LS H/efc;f’ﬂ@(z%zncidg _ )
i=17R

==

©20,0(2) = A(V w20 (Q)p20,a(€))(2) = K5 , (020) (2).
Then F has the chromatic expansion

(56) F(Z) ~ Zcoﬁpzo,a(z) = Z Kﬁ)zo (F)(ZO)ngo ((PZO) (Z)
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Since k(z,¢) € L?(R™) we have the Fourier expansion of the kernel as in (24),

(57) iﬂe_ I\Z\Izglli\lz +V2(z.0) ~ Z (PZO,Q(Z)‘DZO,Q(C) V W20 (C)

M4

Restricted to R™, the inner product of the transformed functions is (cf. [25])

1 1
<F,G>§=/ —F(z)e” 2 —4G(2)e” 2 d"z,
R 2

n ﬂ-j

and the Bargmann transform maps an f € L? (R") to F(z) such that
2 2
IFl5 = || S F()e 2 H is finite (cf. [25, Theorem 8.2]). Thus if f € L2(R™)
™ 2
(56) and (57) converges in F-norm (cf. [25, Theorem 9.3]). A similar estimation of
norms can be given in LP-norm (z € R™). Indeed, let us observe that

_ =2
2

P = [ poL el g = (74 g)v22),

1
R» W%

n ull2
where g(u) = (f) i - Thus, by Young’s inequality and by changing the

T
variables we have

Statement 4.

1 =112 1

1
— - < - =
|5 FEe e < ooz Il lglles -

1
?7

1<p<oo, p<q.

SRR

We have to remark here that in case of r = p =2, ¢ = 1 our constant is greater
than in the theorem cited above.

Let us see an example now, let w;((;) = e’C?, i =1,...,n. Then it is easy to
see that

n

_ L —2c2—(20)242v3200,
w0 (C) - lznl ﬁe )

p0.a(Q) = [[@m) 3 hr, (V26 = 2D),

i=1
where hy, are the normalized Hermite polynomials.

n

2 202 2|12
ol2%2) _ 2 o 1=002 +l212 4 250 L
w,o 3 *

Pa0.0(2) = Ky <€<ZO’Z>) (2) = pz0,a(L) <<2) ! 6_2026+”22+§<ZO72)>
e w0 zV,a 3 ,

and

o LU0 L s 0y Zwzo,a(z)pzt),a(C)f”g‘”%ﬁw’o-
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