RECURRENCE RELATION AND MULTI-INDEXED
POLYNOMIALS OF THE SECOND KIND

A. P. HORVATH

ABSTRACT. Exceptional orthogonal polynomials fulfil recurrence relations with
constant, and with variable dependent coefficients. Considering the second
type relations we can define multi-indexed polynomials of the second kind. In
some cases they are also exceptional orthogonal polynomials. The other types
of multi-indexed polynomials of the second kind are investigated in case of
2-step Darboux transform.

1. INTRODUCTION

Exceptional orthogonal polynomials are complete systems of polynomials with
respect to a positive measure. They are different from the generalized orthogo-
nal polynomials, for instance Freud or generalized Jacobi polynomials, since they
are the polynomial eigenfunctions of a Sturm-Liouville problem as the classical
(Hermite, Laguerre, Jacobi) families are cf. [13], [5]. They are also differ from the
classical orthogonal polynomials since there are a finite number of degrees for which
the second order differential operator in question has no polynomial eigenfunction.
That is an exceptional orthogonal polynomial family has finite codimension in the
space of polynomials.

Exceptional orthogonal polynomials were introduced recently by D. Gomez-
Ullate, N. Kamran and R. Milson, cf. e.g. [7], [10] and the references therein.
These families of polynomials play a fundamental role for instance in the construc-
tion of bound-state solutions to exactly solvable potentials in quantum mechanics.
In the last few years have seen a great deal of activity in this area both by math-
ematicians and physicists, cf. e.g. [23], [22], [12], [20], [21] [6], [7], [8], [10]. The
relationship between exceptional orthogonal polynomials and the Darboux trans-
form is observed by C. Quesne [22]. After constructing higher codimension spaces
of exceptional orthogonal polynomials cf. e.g. [20], [14], multi-indexed orthogonal
polynomials are constructed by s-step Darboux transform [9], [21].

Classical and generalized orthogonal polynomials satisfy three-term recurrence
relations. In monic form the recurrence formula is
(1) PY(2) = (z = d) P () = cn Py (2) = un Py — cn P,
where PT[L0 lis the nth monic orthogonal polynomial. Moreover according to Favard’s
theorem [1, Theorem 4.4], arbitrary sequences of complex numbers {d, } and {c,}
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define a family of orthogonal polynomials by the corresponding three-term recur-
rence formula. Exceptional orthogonal polynomials also fulfil some recurrence re-
lations, but higher-term ones. Since formula (1) can be rearranged to

2P() = cup1 P (2) + dpin PO () + P (),

two types of recurrence formulae are examined with respect to exceptional poly-
nomials; formulae with constant coefficients and formulae with variable dependent
coefficients. The constant coefficient cases are investigated for instance in [17], [18],
[11], [19], [3], [15]. In this case the coefficients can be polynomials or rational func-
tions of n (see e.g. [17, Example 3] or [11, (40)] for the rational function cases).
Note that by some convenient rescalling of exceptional polynomials (cf. [2, Propo-
sition 3.6]) can turn these coefficients into polynomials of n, but the genral closed
form expression for them is still not known. Formulas with variable dependent
coefficients are investigated for instance in [23], [16], [6].

Below we make some observations with respect to the symmetry properties of
recurrence relations of the second type. Denoting by P,[Ls] the polynomial which is
derived from the classical monic orthogonal polynomial P}LO] by applying an s-step
Darboux transformation to the original differential operator, we have the recurrence

relation (cf. [16])
s+1

> k@l -0

k=—(s+1)
Our main observation is that the left-hand side of this equality can be divided into
groups (in s way) such that the polynomials which are the sums of the elements of

the groups, fulfil the recurrence relations of Py[Lk], 1 < k < s. Some properties of
these new families of polynomials - multi-indexed polynomials of the second kind -
are investigated.

2. PRELIMINARIES

(2) Toly] == py" +ay +ry, To[P] =\, P
the Sturm-Liouville differential operator and equation of the classical orthogonal
polynomials (cf. e.g. [24]). The eigenfunctions of this operator are orthogonal on
the interval in question ((a, b)) with respect to the weight Wy = % exp (fw %), that
is
b
/ PO POIW, = c(n)dm -

A second order linear differential operator, T'[y] = py” + qy’ + ry with rational
coefficients has a rational factorization and a partner operator T as it follows (cf.

[5, Propositions 3.5 and 3.6]). Let ® be a quasi-rational (i.e. % is rational) eigen-

function of T with eigenvalue A and let b be an arbitrary non-zero rational function.
Letw:%7b:%aw:*W*%+%

T = BA+ A, with Aly] = b(y' —wy), Bly] = by —iy),
and )
Tly) = (AB+ Nyl = py" + gy’ + 7y,
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where

y y % 2 B!
+p42bp,rfr+q%ﬂw—7€@+p)+ 2<b)b+2w’p.

So let
Ty = B1A; + A1
Ty =Ty =A1B + A\, ThA = ATy, TiA PO = )\, A, PV
Continuing this procedure s times we obtain

TAAg_1 ... Al = AA_1 .. ATy, TeAAg_1.. . A PO =\ A A, .. AP,

Aly] = by’ — wiy).
Let us denote by
(3) A, PO = plll A Pl = pls],
]

P[ l_s are the exceptional orthogonal polynomials. The degree of P[ is ng > n if

k> 0. P[ | s are orthogonal on (a, b) with respect to the weight W, := (kiw)z and
the set has finite codimension in the set of polynomials. Furtheremore {P,[L ]}n:()
is a complete system in the weighted Hilbert space in question, cf. [5] and the

references therein.
A simple computation shows that

(4)  PW=4,P0 = A4 (u,P” ) - 41, P, = w,,PM, —c,PM, — b, P

Denoting by (e : n) the equation above and by (e : n+1) and (e : n — 1) the similar

equations with respect to P[J]rl and P[ ]1 respectively, we have
(e:n+1)—uple:n)+cy(e:n—1)

= P7[11-‘y]-1_(un+un+1)P7[ll]+(Cn+cn+1 +u72L)P[1]1_Cn(un+un 1)P[ ]2+Cncn—1P7[L1_]3

= (P7£1+]1 — w1 P + Cn+1prgli1) — Un <P7[11] —u, P + Cnprgllz)
+Cn (P}llll - unflpr[Ll,]Q + Cn71P7[11,]3>

= Quir — Q) + eyl =0,
which is exactly the five term recurrence formula for one-step exceptional orthogonal
polynomials, cf. [16, (3.13)]. This formula can be expressed as a three term relation
with respect to the new polynomials QLI ], These new polynomials can be derived
immediately from the classical orthogonal polynomials as it follows. Taking into
consideration that (P,[LO]) P[O] 1+ un(P[O] ) - cn(PJLO] o), for n > 1 we have

QM = A, PO — A, P 4 e, AP,
= b1 (P = un(PIL)) + en(PYL) ) = bywn (P = u, P, + e PL)

— b P

That is Q[ll] = by, the degree of Qg] is n — 1 + the degree of b; and Qn -s are

I;)VZO and {Q%l}le is a complete system in L3y,

p)
b1

orthogonal with respect to
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To prove the same for multi-indexed exceptional polynomials we rewrite the
recurrence formula of S. Odake into monic form. Expressing (1) as

1
(5) > vk P =0,
k=1

we have

Proposition 1. [16, (3.10), (3.11), (3.13)]
1

(6) Z Uif,]kpv[i&]-k =0,

k=—2s—1
where
s s—1 s—1 s—1
(7) UL,]k = ’UL,k V- u”Jrl*SULfl,]kJrl + C"+1*SU7[172,]k+2
and
s s—1
(8) (UL,]k)/ =—(s+ 1)7}7[1—1,]k+1'

To make the presentation complete, we give this proof here. The first step of
the induction (with respect to s) is given above, that is with s =0 (6), with s =1
(6), (7), (8) are satisfied for all n > 0 with the remark that if I < 0 Pl[s] =0
Vs >0, and if k > 1 or k < —2s — 1 then Uii]k =0 Vs,n > 0. Supposing that (6),
(7), (8) are satisfied for s — 1 and repeating the previous arguments we apply A

to the recurrence formula (6) (with s — 1). Taking into consideration again that
Ap(vP) = vALP + biv' P and (8)

1

0= A, S ol pEY
k=—2(s—1)—-1
- [s—1] pls] : [s—2] pls—1]
s—1 s s—2 s—1
(9) = Z Un,k Pn+k - Sbs Z ’Unfl,an71+l'
k=—2(s—1)—1 1=—2(s—2)—1

Denoting by (el : n + 1) the equation above and by (el : n) and (el : n — 1) the
similar equations with respect to Pr[ffl] and PP M we have

n—1 »
(10) 0=(el:n+1)—upt1—s(el :n)+cpy1-s(el:n—1)
1
s—1 s s—1 s s—1 s
= Z (vy[z,k ]PT[LJ]rk - “n+1fsUL—1,]kP£11+k + C"+1*5v£L—2,]kP7[b12+k)
k=—2(s—1)—1
1
s—2 s—1 s—2 s—1 s—2 s—1
—sbs Z (“L—L]zpr[z—lil - “n+178”7[1—2,]zP7[L—24]rz + Cn+1fsUL—3,]zPr[L—3J]rl)
l=—2(s—2)—1
1
s—1 s—1 s—1 s
= Z (”Lk I un+1*3v£L—1,]k+1 + C”+1*5U1[1—2,]k+2)Pr[L—a-k

—2(s—1)—1

1
[s—2]

[s—2] 2 [s—2] [s—1]
—sbs (vnfl,k — Unt1-sUp_3 41 T Cnt1-sVp_3 502 ) Ppliiy

k=
k=—2(s—2)—1
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1
— [s] pls]
- Z vn,kPn+k'
k=—2s—1
We used that by the assumption the second term is zero, so (6) and (7) are proved
and it ensures (8).

3. MULTI-INDEXED POLYNOMIALS OF THE SECOND KIND

Theorem 1. (6) can be expressed in the following equivalent form:

(11) Qﬂﬂ — U 1-sQE + cnp1-sQL, =0,
where
1
S s—1 s
(12) Q= > et

k=—2(s—1)—1

Moreover for n > s

(13) QI = g1 (H bk> P9
k=1

Denoting by S = [],_, bx we have the following

Corollary. {QLLS]};’LO:S is an exceptional (co-finite, real-valued Sturm-Liouville)
orthogonal polynomial system (cf. [5, Definition 7.1]), that is

b
1o Wi
(14 | aileligg =0 k#n

Q[,f ) fulfils the differential equation

g/ S g’ 2 s’
(15)  py" + (—ZPS + q) y + (—pS +2p <S> —ag+ r) Y= An—s¥,

and {ng] ° . is a closed system in L, .
52

Proof. With the notation above we can express (9) as

(16) 0=QL, —sb,Qls=1.

Then the equation (10) is equivalent with (11). (16) immediately ensures (13)
and then (14). Since by...bs # 0 on (a,b), the last statement can be derived
immediately from (2).

Remark. Generally if a sequence of polynomials fulfills the recurrence formula
pn(m) = (l‘ - Dn)pnfl(x) - Cnpn72(m) with degpo =ng > 0 (pfl = 0)7 then for
all n > 0 p, is divisible by pg that is p, = pog, and degp, = n+ng = N. gn-s
are polynomials of degree n and they fulfil the same recurrence formula as p,-s.
So if pg is ”nice”, to find a measure p, {p,} to be orthogonal with respect to u is
equivalent to find a measure i, {g,} to be orthogonal with respect to fi.

Indeed by standard arguments (cf. e.g. [1]), we define a ”moment functional” as
it follows. For a sequence of (complex) numbers let us define a (complex valued)
linear functional on the space of polynomials Ppy := {mpy : m is a polynomial}
L(z*po) = pg, L(ampo+bmrapo) = aL(mwipo)+bL(mapo). For the sequences {Cy} and
{Dy} there is a unique "moment functional” L such that L(p3) = C1, L(pmpn) =0
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if m # n: let L(pg) = C1 = po, and we define "moments” f, recursively such that
L(pnpo) = 0if n > 0: 0 = L(p1po) if p1 = L(zpd) = Dipo, ete., . = L(x*p?) is
given by C1,...,Ck,D1,..., Dk, pio, ..., ug—1 such that L(pgpg) = 0. Thus, since
&pn = Dpy1pn + Crg1Pn—1 + Pny1, L(xpapo) = 0 if L(pn_1po) = L(gn-1p5) = 0
that is if n > 1, and recursively L(z*p.po) = 0 if n > k > 0. Thus if m #
n 0 = L(gmpnpo) = L(Pmpn). Moreover L(p7) = L(gnpnpo) = L(z"pnpo) =

Crni1L(x" p,_1po) = -+ = HZI% C%. Obviously if the sequences {C\} and {Dy}
define a measure dji(x) = wo(x)dz on (a,b) where wg > 0 (a,b) for which ¢,,-s are
orthogonal and pg is not zero on (a,b), then dy = d“ =du= w;é?;‘)il

0

Theorem 2. (6) can be expressed in the following equivalent form:

1

(17) S el =o,

k=—2(s—1)—1

where

1
(18) QL =Pl Qlsl = Q. QT = 3" W QNI 1<i<s n>1,
k=—1

Proof. For | = 0 (17) coincides with (6). To prove (17) for [, by (18) we have to

show that
_ [s—1] [1-1,s]
0= Z Z Up— lk”n+k l,anJrkflJrj
k=—2(s—1)—1j=—1

1

0 l—1,s
= Z Z ”7[1 l]kv1[1—]0—k 1,j QLH; L

=—2(s—I4+1)—1 \ -1<i<1
P (s—=1+1) P

Supposing that (17) is valid for [ — 1 it is enough to show that

“+1 s s <
(19) 'U,Ef+17]p = U'L,,]p — un+P+2U7[L,]p+1 + C"+P+3v’l[’lg,]p+2'
Comparing (19) with (7) one can check that for s = 0 (19) is valid, that is v5i17_3 =
1 1 1
CnCn+1, 'UL-]H,—Q = _cn+1(un + un-i-l)v UL-]H,—l = Cp41 + Cpt2 + u%-{-la UL-]H,O =

—(Unt1 + Unt2), Uv[Ll-]Q—l,l = 1. Now by induction again, we can show that

(20) v} ] _“n+p+2”£L]p+1+cn+p+5”L]p+2 ”LSJ]A p Unt+l- svy[z ]p+1+cn+1 svr[L] 1,p+2
Applying (7) to the left-hand side of (20), and by the induction assumption (19)
(with s — 1) to the right-hand side of (20) one can verify the equality.

Remark. Comparing (17) and (6) we can observe that Q! and P[Sfl} fulfil the

lL,s
same recurrence formula. As a second solution of the recurrence relation, Q s

can be called multi-indexed polynomials of the second kind. Considering the case
of Q& the question is immediately arisen whether L] 5g different from PTES:ZH
only in a factor which is independent of n, as in the case [ = s. The situation is

different as we see below.
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4. EXAMPLE: s = 2.

Recalling the Crum-Darboux decomposition above and (13) Q2 2 Q[2]
2b, b2P7[lO] 5, 1 > 2 and it fulfils the three term recurrence relation (1). According to
(18) Q[O 2] = P[Z] n > 0 and it fulfils the seven term recurrence relation (6). 2:2)

and Qn are both exceptional orthogonal polynomials. By (17) QE +21 fulfils the
(1]

same five term recurrence relation as P, ', n > 0. The difference is in the initial
values. Since

= A PP, Agfy] = b1y —wry),

(Pﬂ =0), Pé” = —bjwi, le =b1(1 — wyuq), Pgm = by (ug + uz — w1 (urug — c2)),
and by (18) and (17)

(@ =00 G = (=), @1 = (- (5 =),
le,z] — byby ( (u1 + uz) + (urug — ¢3) (% —wy — w2>) That is we have

Proposition 2.
1 /
) QLA =RPY. Rl=2bibaly M), M= (wntun- gt

Proof. By (17)

0

1,2] 1 1,2 1 0

QU == 3 QU - STl
k=-3 k=-3

0 !/
= —2b1 by Z 7)7[11]_171@ ((Pr[g]-k 1) - Mpr[g]-k 1)

k=-3

0 ! 0 ,
1 0 1 0
= —2b1by <Z Uv[z]1,kp7[z+]k1> - Z (”lec) Pr[u]rkq

k=-3 k=-3

0
1 0
+2b1be M Y /UL,]ka‘P'r[le‘*l'
k=—3

By (8) and (1) the second term in the last bracket is zero:
0 1 " 5lo 0 0
Zk:—S( L]1k> szik 1= 225——1 L]21P7[L]2+1*0 By (7)

0 1
1 0 0 0 0
- Z ,U'[L]—l kP'r[L-‘}-k 1= Z ”n 1kP'r[z-&]-k 1T Un-1 Z U’EL]—QZPT[I]2+Z
k=3 P =1

1
tenor Y ol PO =P oo,
l=—1
that is

!
QM = 26,5, ((P,[Pl) - MP,[P]) ,
which is (21).
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To find an operator B with which T, = BR + A\, M has to fulfil the Riccati
equation p(M’ + M?) +qM +r = X (cf. e.g. [5, Proposition 3.5]). Taking into
consideration that

p(w] +w?) + qui +7 = A,

and y
p(wh + w3) + qus + 7 = p(wh +w3) + (q +p — 2pb1> ws
1
by AR -
+r+q/—|—w1p1_é(q+p/)+p 2(4) —b—1+2wi =)o,
we have
L~ 5 1
(22) p(M'+ M) +gM +r =+ X =)+ 5],
where

2
b/
(23) f=- (wl —wy + ) — (pwy)’ +p/é — pwy.

p
2
That is if Bly] = 52 (y,+(M+%_%)y)’

Toly] = BR[y] + %(Xl +Xo —q)y+ %fy = An¥,
and Qgﬂ = RPT[LO] satisfies the inhomogeneous differential equation
(24) (RB + %(Xl +X—q)+ % F=An)y = —bybyf' PO
Since

RBly] = py" + <p’ +q- 2p(b162),) Y

b1ba
(b1b2)’ +p(b1b2)”

bibs b1ba

+ ((pM)’—pM2+q’—qM—(q+p)

multiplying (24) by h,, we have

>y=py”+Hy'+Ky,

1 1 - =
(RB+3 f+5(M+da—q") (hny) = (phyiy—2phy' = HAy) = An(hny)=biba f'hn P
That is we have the following

Proposition 3. Let h, be the solution of the following linear differential equation
of the second order

/
(25) PQu 2y + (2p (@) + HQEifl) y' = bibef Py = 0.
Then
1,2
R, = h,Ql
is the eigenfunction of the differential operator T2 with eigenvalue A, where

1 1.~ =
(26) T2 = RB + Sf 50+ - q).

According to [5, Proposition 2.2] the eigenfunctions R,, are orthogonal with
respect to the weight w = %, provided that pwR] R,, tends to zero at the
endpoint of the interval. Unfortunately h,-s are not necessarily polynomials.



MULTI-INDEXED POLYNOMIALS OF THE SECOND KIND 9

4.1. An example with Laguerre weight. In this subsection we give a numer-
ical example of the procedure above, and verify that eigenfunctions R,, form an
orthogonal system.

Based on the results of [9] we investigate R,, with respect to exceptional Laguerre
polynomials are given by a special two-step Darboux transform. To this end we have
to examine the order of h, at infinity. First we rewrite the differential equation

/
(25). Recalling (21) Q"% = 2b,b, ((P,[P]) . MPJP]) and b; # 0, dividing the

equation by 2b1by and taking into consideration the differential equation of PJPL we

have
/
p((P0) - aer) v

¢ 1
+ ((3q —2pM +p) (PJLO]) +(r— (pM)' + Mq - )\n)Pr[LO]) y =Py =0.
Now introducing the notation
O = hp/0n,

where

o’ [0]
z (=3q —2pM +p') (Pn ) + (r—(pM) + Mq— \,)Px
On = €Xp /

p <(P£0])’ - MRL“)

(25) is transformed to

1 /Pr[LO] n//
(27) ' = 2f 4 Ve u,

p ((B[P])' - MPJP]) ver

which is satisfied by ©,,.

Let Toly] = zy” + (a + 1 — z)y’ the Laguerre differential operator on (0, c0).
Recall that Ty = B1 A + 5\1, T = TO = A1B1+ A\ = BoAs + M. By the notations
of [9] with m; = 1,m2 = 2 here A;[y] = b;(y' — w;y), where

_ 1 «o

b(z) = 2L a)(x); wy () = —————— — —;

1 L) =

by(a) = 1@ Ly a-1

L (@) n(x) x

where
_ 1
Lg O‘)(Jc) =—z—a+l, n)= —§x2 — (= 1)z — =(a® - 3a+2)

Thus
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/
(=3¢ = 2pM + ) (PY) + (r = (pM)' + Mq — An) P

-1 -1
=3nz"+0 (:v"fl) + (n + az) "+ 0 (ac”fl) = <4n + a2> "+ 0 (m”fl) ,
That is at infinity
Von () ~ ze?.
Now we estimate the coefficient of u in (27). Since

v 1 L& 2 1 v\’ 1
wl—wg—i—b—l =-—- (x)_ (3:":)— - 2+0 () ; (w1 —wa + 1> =0 <2> )
1 z n(z) Ly % (x) z by z

b} 1
2t~ + wp) + 3 =0 (),
bl xr

f’—1+0<1>.
xz

Thus by the previous computations the coefficient of w in (27) is 4 — ﬁ +0 (%),
that is according to [4, Theorem 2] the order of the solutions of (27) at infinity
is at most p(z)e?®, where p is a polynomial. This ensures that h, grows at most
polynomially at infinity, that is R,,-s satisfy the conditions at the endpoints of the
interval, so we have an orthogonal system.
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