DISCRETE DIFFUSION SEMIGROUPS ASSOCIATED WITH
JACOBI-DUNKL AND EXCEPTIONAL JACOBI POLYNOMIALS

A. P. HORVATH

ABSTRACT. Some weighted inequalities for the maximal operator with respect
to the discrete diffusion semigroups associated with exceptional Jacobi and
Jacobi-Dunkl polynomials are given. This setup allows to extend the corre-
sponding results obtained for discrete heat semigroup recently to richer class
of differential-difference operators.

1. INTRODUCTION

Diffusion semigroups in the Stein’s sense (cf. [22]) were investigated by several
authors. Just some recent examples are mentioned here. For instance in [3] the
dynamics of the heat semigroup generated by the Jacobi operator is studied, in
[6] via examination of the (continuous) heat equation associated with the Jacobi-
Dunkl operator on the real line, a Poisson equation is solved and a new family of
one-dimensional Markov processes is introduced.

Besides the continuous operator semigroup, lately the study of discrete diffusion
semigroups has come to the forefront of interest, see e.g. [9], [1], [2], [4].

Below we investigate discrete diffusion semigroups related to the recurrence re-
lations of Jacobi-Dunkl and exceptional Jacobi polynomials. The derivation of
these two orthogonal systems from the classical Jacobi polynomials shows some
similarity. Indeed, Jacobi-Dunkl polynomials are eigenfunctions of a differential-
difference operator (see (63)) and exceptional Jacobi polynomials are eigenfunctions
of a differential operator (see (20)), such that the original differential operator of
classical Jacobi polynomials can be expressed by the ones mentioned above, see (64)
and (18), respectively. These systems are complete, but counter to the standard
orthogonal polynomials, they possess recurrence formulae with more than three
terms. This property allows to extend the examination from the standard discrete
heat semigroup to more complicated differential-difference operators. The norm
estimates given for the maximal operator of the semigroups show the dependence
of the norm of the solution on the norm of the initial value.

This paper is organized as follows: in the next section we introduce the discrete
diffusion semigroup, and make some remarks about its general properties. In the
third section, by a general theorem proved in [4], we extend the maximal operator of
the diffusion semigroup associated with exceptional Jacobi polynomials to weighted
IP spaces. In the last section we deduce a similar theorem for discrete Jacobi-Dunkl
semigroup from the corresponding result of [2].
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2. THE DISCRETE DIFFUSION SEMIGROUP

2.1. Elementary setup. Let I be a bounded real interval, and p a positive mea-
sure supported on I with infinitely many points in its support. Let {¢n}ncy be a
(complex valued) complete orthonormal system in LZ, where J =N or J = 7Z. Let
s: I —Rbein L on I and sy := essupys. Let us define a kernel function as

(1) Ky (n,m) = / e Cu=s @t (3 (@)du(z),

where t > 0. Let f € [?(C) that is a complex valued sequence in [? and define the
operator acting on f as

(2) Wef(n) =Y f(m)Ki(n,m).
meJ

Since |e~(sm=s(®))t| < 1, by orthonormality

Ko (n,m)| < | dnll2]¢mll2 < 1.
Moreover, considering that
(3) Ki(n,m) = ¢y (e M=9tp ),
where ¢, (F)) means the m‘" Fourier coefficient of F' with respect to {¢, }, Parseval’s
formula gives that
(4) 1EKe(n, )2 = e = 2 < 1.
This implies that

(Wi f ()] < 1 £1l2-

Thus W, f(n) is well-defined for each sequence in /2. Let us define the maximal
operator

(5) W f(n) = §1>1E>|Wtf(n)|7 nel.

First we observe that the family of operators {W; };>0 is a strongly continuous semi-
group on [? and possesses the contraction property wich implies the boundedness
of the maximal operator.

Proposition 1. Let f € [?.

(6) Wof(n) = f(n) VYned.
(7) [Wefll2 < [ f]]2-
(8) Y K (n ) K (m, ) = Kiyi, (n,m).
jeu
9) Wi, Wi, f(n) = Wi, 10, f(n) V1,2 >0, ne?d.
(10) Jim ([ — fll = 0.
(11) Jim Wif(n) = f(n) ned.
(12) W fll2 < Clifll2,

where C 1s an absolute constant.
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The properties listed above are well-known, for sake of completeness we prove it
in brief.

Proof. Orthogonality implies (6).
Let us denote by P the set of sequences with finitely many nonzero elements. By
density it is enough to prove (7) for f € P. Let f(n) =0, if |n| > N, say. Then

1
2\ 2

We(Dlla = D2 D2 Fm)Ki(n,m) = (%).

n€d |Im|<N

Denoting by py := Z|m|§N f(m)ém and by piy = Z\m\g]v Fm)om

0= (z

nel

1
2 2
cn(e’(sM’s)tP}‘v)‘ ) = lle= = N llz < Pk N2 = [1Fll2 = 1£]l2-

In view of (3)

YK (K (m. ) =) cjle” g, )e (e (g,

jed Jj€eJ

B /6_(SM_S)(t1+t2)¢”$md'u = Ki 41, (n7 m)
I

(9) is ensured by (8):

Wt1Wt2 Z Zf Kt2 m j Ktl n, m Zf wa(ja m)Ktl (n,m)

meJ jeJ jed med

= Z f(j)Ktri-tz (nvj)v
JjeI
where the last but one equality fulfils because (7) implies that for each subsequence

{ji} the series is convergent.
Again, it is enough to prove (10) for f € P. Let py be as above.

2
/ (e—(sM—s)t _ 1) p}ﬂvd)nd,u‘ — H (e_(SM—S)t _ 1) p}k\f
I

2
(o)

Taking the limit, (10) is proved.
(11) is a consequence of (10).
According to [22, Ch. III, p. 73] (12) follows from (7).

2
IWef = flI5 ="

ned

2,p

Remark. Since K;(n,m) = K;(m,n), (9) implies that the operator W; is positive
(definite) for all ¢ > 0, indeed, W; = VV2

In accordance with [22, p. 65] a famlly of selfadjoint operators with properties
(6), (9), (7) is called a symmetric diffusion semigroup.
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2.2. Diffusion semigroup generated by recurrence formulae. Consider the
Li space on a finite interval I with the complete orthonormal system {¢, }nes as
previously. For a function s € L7° recalling that sy = essups, we introduce a
multiplication operator

.72 2, —
(13) Ms: L, — L; MF :=sF.
Introduce the operator

(14) A:=M;— syl

Describing the operators above in the Schauder basis {¢;,},cg one can consider
M,,A as operators acting on [? as well.
By spectral theorem the W; operators defined above can be expressed as

(15) Wtf:e“‘f:/ )e‘(SM_S(A))tdEMS(/\)f.

We investigate the next initial-value problem.
0 ,t
{ Qulnt) — Au(n,t),
u(n,0) = f(n),
where A is the infinitesimal genarator of the semigroup.

Now we apply the left-hand side of (16) to W;f(n). Considering (4) the deriva-
tion can be moved inside, that is

6Wt = > f(m / =@ (5(2) — 537) b (@) By () ().

meJ

Let (s(z) — sm)Pn = D _peg Chn®k- That is ¢ = cr((s(x) — sp)¢n) and by the
assumption on s, {c, }x is in 2. Let by, = ck(e*(sM’S)tqﬁm). Then {by n}x is in
I? again and by completeness

/ 6_(SM_S(I))t(3(x) - 8M)¢ﬂ( )¢m Z Ck, nbk m

I kel

=D Chn / o=@ (2) () dpu( ).

kel

(16)

Thus
aWt Z flim Z kK (k,m).

meJ ked
Again by (7) and Antosik’s theorem the order of the sums above can be inter-
changed. Thus taking into account (6), u(n,t) = W;f(n) solves the initial-value
problem (16). Indeed,

aWtf = cknWif(k) = AW, f(n).

kel

Subsequently we investigate (16) with special right-hand side.

Let us suppose now that M, generates a recurrence formula with respect to
{dn}n that is s¢, can be expressed as a linear combination of certain ¢y-s of
constant length for each n € J. In this case (16) is an initial-value problem with
respect to a discrete partial differential equation, that is on the right-hand side of
(16) there is a discrete differential operator.
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For instance, with u(n,t) = e=2tI,,_,,(2t), where I;(t) is the Bessel function of
imaginary argument, on the right-hand side there is just the discrete Laplacian,
Ay, cf. [9], and the corresponding operator family is the discrete heat semigroup.

Let s(x) = z and I = [-1,1], say. If p has finite moments, the standard
orthonormal polynomials {p,} possess a three-term recurrence relation,

TPn = Ant1Pn+1 + OnDn + AnPn—1.

In the Schauder basis {¢,}, = {pn}n the operator can be described as a (three-
diagonal) Jacobi matrix J. If the Radon-Nikodym derivative of p is positive on
(—1,1), by [18, Theorem 4.5.7] (see also [20]) then the recurrence coefficients fulfil
the asymptotics

(17) lim a, = 1 and lim b, =0,

n—oo 2 n— o0
and so —2A = 2(J — I) can be decomposed to the sum of a symmetric and a
compact operator, where the symmetric part is just Ag; in other words the rows
of —2A tends to the rows of Ay. In these cases {W;}1>0 is called a discrete heat
semigroup again, see [4] and [2] in ultraspherical and Jacobi cases, respectively.

Of course, by recursion for any polynomial s(x) one can derive a similar recur-
rence relation with length 2deg s+ 1 and with M, = s(J). Here sj; is the maximal
element of the spectrum of the operator, that is max s([—1, 1]) cf. [23, Ch. X sec.
4] and on the right-hand side there is a more complicated ” difference” operator. (It
is a standard diffusion operator, if 1 — s can be expressed as a polynomial of 1 —x.)

Similarly to the previous one, a recurrence relation with a d-diagonal matrix
generates a difference operator on the right-hand side (possibly more complicated
than Ag4), and by the previous computations the corresponding diffusion semigroup
generates solution to the initial-value problem (16).

In the following sections we investigate the maximal operator of the diffusion
semigroup associated to multiplication operators with d-diagonal matrices, where
d > 3. To derive the main results our starting point will be (12) and the next
result of Betancor et al. Before stating the theorem we need some definitions and
notations.

Notation.

A weight on J is a strictly positive sequence, w = {w(n)}neg. The corresponding

weighted [P spaces are

lp(iﬂ))={{f() 1150 =D 1f(m)[Pw(m <OO}

meJ

1 < p < o0, and the weak weighted ['-space is

1 (0,w) = § {f(n)} -

Z w(m) < 0o

t>0
> meJ:| f(m)|>t

A weight w = {w(n)},es belongs to the discrete Muckenhoupt class, A4,(7), 1 <
p < oo if

1 n n L p—1
sup m <Z U}(k)) (Z ’U)(k‘) P1> < 00,

msn k=m k=m
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and it belongs to the discrete A;(J) class if

1 - 1
iﬁn_m+1<giﬂm>gﬁéw@> < oo

Let By and Bs be Banach spaces and L£(B1,B2) the space of bounded linear
operators from By to By. Let K : (N x N)\ D — £(B1,B2), where the diagonal
D is measurable.

Definition 1. We say that K is a local L(By,By)-standard kernel, if the following
conditions hold:

(DK (n, m)||£(]B1,IB2) < mme

@)K (n,m) = K(Lm) | ¢@,5,) < Ol n—ml > 2jn—1],

|n m|27

B (m,n) — K(m, )| z@, ) < C [n={] In—m| > 2|n -1,

|7l m|2?

n,l
n,l

\/\
IA

IN

m,

w\w w\w
I/\

m.

Theorem A.[4, Theorem 2.1] Let By and Bs be Banach spaces. Suppose that T
is a linear and bounded operator from ly (N) into Iy (N) for some 1 <r < oo, and
such that there exists a local £L(By,Bs)-standard kernel K such that for every finite

sequence f € By
= > K(n.m)f(m),
meN

for every n € N, f(n) =0. Then,
(A1) for every 1 < p < oo and w € Ap(N) the operator T' can be extended from
I, (N) N5 (N,w) to Iy (N,w) as a bounded operator from Ig (N, w) to lg_ (N, w).
(A2) for every w € Al(N) the operator T' can be extended from Ig (N)Nlg (N, w)
to Iy, (N, w) as a bounded operator from Iy (N, w) to lé’;o(N, w).

3. DISCRETE DIFFUSION SEMIGROUP ASSOCIATED WITH EXCEPTIONAL JACOBI
POLYNOMIALS

3.1. Exceptional Jacobi polynomials. Introduction of exceptional orthogonal
polynomials is motivated by problems in quantum mechanics. In spite of this
topic being fairly new (one of the earliest papers is [13]), it has a rather extended
literature, see eg. [11] and the references therein. We use the Bochner-type char-
acterization of exceptional polynomials given in [11].

o0
Classical orthogonal polynomials {Pr[lo]} are eigenfunctions of the second
n=0
order linear differential operator with polynomial coefficients
Tlyl=py" +ay +ry,

and its eigenvalues are denoted by —\,,. T' can be decomposed as

(18) T = BA+ )\, with Aly] = b(y' —wy), Bly] =b(y' —y),
where b, w are rational functions and

=P w1
(19) b= W= » + e

Then the exceptional polynomials are the eigenfunctions of T, that is the partner
operator of T, which is

(20) Tlyl = (AB+ N[yl =py" + @y + 7y,



where

~ /_ bf’ ~ ! /_bil / E’ 2_b7/l !
(21) d=q+p =25p F=r+d +wp' = Fa+p)+|2(5 -2’ | p,

and w fulfils the Riccati equation

(22) p(w +w?) 4+ qu+r =,
cf. [11, Propositions 3.5 and 3.6]. (18) and (20) imply that
(23) TAPO = )\, AP

so exceptional polynomials can be obtained from the classical ones by application
of (finite) appropriate first order differential operator(s) to the classical polynomi-
als. Subsequently we investigate exceptional Jacobi polynomials obtained by one
Darboux transformation:

(24) AP = p (P,LOI)' — Pl = plll.
The degree of Pq[LI] is usually greater than n. Actually finite many ones are missing

from the sequence of degrees, that is exceptional family of polynomials has finite
codimension in the space of polynomials. Despite these facts, if the set of the gaps

is admissible, {PT[LI]} is a complete orthogonal system on I with respect to the
=0

weight "

(25) W= 240

b2’
where wp is one of the classical weights, see [10], [12] and the references therein.
To get a polynomial system, b and bw have to be polynomials, and in order to the
moments of W be finite, b # 0 on (—1,1). We assume that b > 0 on (—1,1).

After this general summary we introduce the exceptional Jacobi polynomials.
Our starting point is the classical Jacobi system. We mostly follow the notation of
[24].

w®B = (1-—2)*(1+ ;v)ﬁ

.8
pz,ﬂ _ by
o’
where
ap)?  2T(k+a+1)I(k+B+1)
(26) (e”) = -
(2k + ,Q)F(k: + 1)F(k + Q)
with
o=a+f+1
. N 1
(27) P, = gﬁ:ipr[}]?
On
where
(28) on =02 = |PH|lywo = \/n(n+ o) + A,

see[17, (42)] and

pr[Lll — pg”@,[l] — b(pg’ﬁ)’ _ bwpz’ﬂ.
Subsequently we assume that the admissibility condition mentioned above fulfils,
that is the system is complete.
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Because finitely many degrees are missing from the sequence of degrees, excep-
tional orthogonal polynomials do not fulfil three-term recurrence formulae, and it
can happen that 2P, can be expressed as an infinite series with respect to {P }.
Fortunately it is proved that similarly to the standard cases, there are finite recur-

rence relations with certain polynomials, more precisely with the notation ¥ = %

(see (25)) if I;~1s a divisor of s/, then M, is a 2degs + 1-diagonal infinite matrix in
the basis of {P,}.

If spr —s has a simple zero at 1, the situation is rather similar to the one discussed
in [2]. Below we assume that
(29) b(1) =0 and b'(1) #0,

and define s =:  as a primitive function of b.

(30) aw = [ o

Of course, the constant term of @) can be chosen. With s(z) := Q(z) we get the
almost simplest recurrence relation

L
(31) Qp = Z un,kpn+k7

k=—L

where L is the degree of @, see [19]. Multiplication operator with respect to ex-
ceptional Jacobi polynomials is examined in [16] and [17]. The matrix of the cor-
responding multiplication operator in {P,} basis is

(32)
Up,0 uo,1 e .o Uo,L 0 0
U1,—1 U1,0 U1, L—1 U1,L 0
MQ: UL L UL —L+1 - UL,0 Ur, I, 0
0 Ur+1,—-L --- : : UL+1,L
L 0 UL+j,—L |

It can be easily seen that Mg is symmetric since

1 1

(33) Ug,j = / QP Py ;W = / QP j Pty W = Ukj—j
~1 ~1

Furthermore the coefficients in (31) fulfil the symmetric limit relation

(34) Jm wn,; =2 Uy,

where U};| depends on the polynomial b, see [16, Proposition 3.4].

3.2. The discrete diffusion semigroup. With this @ the next (symmetric) ker-
nel can be defined.

1
(35) K0 (n, m) = / ¢~ @U-QEN P, ()P, ()W () da,
-1

and the operator

(36) a B, e i f Koz,ﬁ e TL m)

m=0



9

According to the results of the previous section {W " “}>0 is the discrete dif-
fusion semigroup associated with exceptional Jacobi polynomials and W, f(n) is a
solution to (16).

Unlike the ultraspherical and the Jacobi cases, the operators are not positivity pre-

serving.
Before stating the main result of this section, let us have an example. Let
_31 2 3
b(z) = (1— )P 77 = % — ST+l

In view of [14, (A),(B), (89)] it is an appropriate choice. By [14, (58)-(60)]

N
—

1A
21— )P (a)

We apply the differential operator of the first order, A, cf. (24) to the orthonormal

w(z) =

31
Jacobi polynomials pgf’Q). Thus

_31 31 1 5 31
Pl@) = (1= 2)P[ 2 @)phd 2 (@) = 5P @i 2 (@),

Let
2 3,
Qz) = T a2t T
Then, by [16, (3.20)]
3 9 3 1
Uo=-3, Li=1p Ua=-1¢ Us=_2

Thus 484 = 48(Mg — Q(1)I) can be decomposed to the sum of a symmetric and a
compact operator. The rows of the symmetric one are

...,0,1,-9,27, 38,27, -9,1,0,....

Thus in this case {Wta’ﬁ "“}>0 is a diffusion semigroup associated to the initial-
value problem

Ou(n,t) _
(37) { % == Ldu(n7t)7

u(n,0) = f(n) ’

cf.(16). Ly = Lg,s + L4, where Lg , is the discrete version of

1 /9% o
Ll =35 <ax - 3ax) !
because Az = 1.

3.3. The maximal operator. Now we are in position to state the main result of
this section about the maximal operator (5).

. . . . 3
Theorem 1. Supposing the assumptions (29) and (30) are satisfied if o > 5,

B> —%, then the maximal operator of the discrete diffusion semigroup associated
with exceptional Jacobi polynomials fulfils that
(1) if 1 < p < oo and w € A,(N), then for all f € I*(N) NIP(N,w)

||Wf”8’ef||p,w < C|fllpws
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where C' is a constant independent of f. That is the operator W”¢ can be
extended uniquely to a bounded operator from IP(N, w) into itself.
(2) If w € A;1(N), then for all f € I>(N)NI}(N,w)

(WP £l 100y < ClF 1205

where C is a constant independent of f. That is the operator W,
extended uniquely to a bounded operator from I*(N,w) into {1°°(N, w).

#€ can be

Remark. The unpleasant requirement, a > %,

has a double zero at z = 1.

is necessary because Q(1) — Q(z)

According to [4, under (38)] or [2, (21)], in order to prove Theorem 1 it is enough
to prove the next lemma.

Lemma 1.
(38) [K P4 (n,m)| < C,
Let o > %, B> —%, Then

a,f,e C .
(39) K77 (n,m)| < n—m| if n#m,
and
(40)
|K?’B’e(n—|—lm)—Kf"B’e(nm)\<L if n#m,m=1 < n<om
) ) — |n_m|27 ) 7 2 3

where C' is a constant which may be different at each occurrence, and is independent
of t, n and m.

Before the proof we introduce some notations for sake of convenience. First let

Q(z) == (Q(1) — Q(2)),
and denote by
fi(x) = f(t,x).

Below we use

1
(41) Iﬁ’,ﬁ’%‘;’“”’[f, t] ::/ B*Qtp%,ﬁp%éftwmudx?
1 —
(42) Dy [f,1] = / e (p? — P )Py fewt da,
-1
fory=p=a,6=v=2,
1 —
(43) Ialf. = / e~ Qtp P po fu(x)w™ P da,
-1
and similarly
(44) DB [f,1] = D2BoBeBf 4],
the operator
(45) Lf:=tbf, + f},

and the constant
oc=v+d+1.
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We use the notation ff := %ft (z).

Proof. According to the construction we can express the kernel function of the
operator by classical Jacobi polynomials.

1[5
Kta’ﬁ"e(n,m) _ / e~ Q@)t
-1

2)w*P (z
% (b)) () — (bw) (2)p* (1)) (b(a) (03 () — (buw) (2)ps? () de
- o 10' ‘/_1 e_at ((pg7ﬁ)’(pg{5)/wa+17ﬂ+1 +pw2pgvﬁpg{5wa,5 —pw (Pﬁ’ﬁp%’ﬂ)/waﬁ) .

Integrating by parts in the third term and considering that

(46) 2P = /n(n + 0)p2t Pt
(see [24, (4.21.7)])
K% (n,m)

1[5
= — / @Y oY e T R bt + p(w? + ) 4 qu)u™ ) da.
nYym —

By (43) and considering (22) (with r» = 0), we have
(47) K*P%(n,m) =: Ki(n,m) + Ka(n,m)

N 1 N ~
_ Vnn+ o)y/m(m+ o) FOrIBEN 18] 4 —— T8 [tbpw + A, 1],

OnOm OnOm
Now we turn to the proof of the statements of the lemma.
Recalling that b is bounded on (—1,1), (38) follows from orthogonality.
By the symmetry of the kernel we can choose n > m, say. Following the chain of
ideas of [2] first we apply that

(48) (P wP) = —/(n+ 1) (n+ 0 = Dpp 7wt
(see [24, (4.10.1)]) with «, 8,7, 9, v > —1, and then (46). Thus

Lo f,0) =

a+1,8+1  a+1,8+1\/,7,6 —a,v—
n,m w b )p;yn ftw'u de

1 ' o
—Qt
[ (P,
vn(n+ o) /4 nt
1 ' 5
e [ (il g frt
nn+p) J-1
_’_pzﬁz&ft/wu—a,u—ﬁ +p77{6ftw”_a_1’y_ﬁ_l(l/ _ 6 —p+a-— (U —a— ﬁ + /J)l‘)
+btpl:? frwt =P dr = (x).
Proceeding in the same way with the first term we have

(¥) =

m(m + o) JoB Sy [f 4] 4

—Qt, a+1,8+1 ~,8 /wu+1,u+1
n(n—i—g) n,m (ft

1 1
Y € Pn— Pm
vn(n+ o) /4 !

Hfwh (v —B—pta— (v—a— B+ pz)+ btfu' ) do

m(m + o) /1 Ot B, v+1,0+1 [ p
e e Pplts w(v—6—p+y—(v—6—v+pz
wnto) ), © PaPmi (w¥( pty = v+ ) fi

+flwt T 4 fapt Tt bt da.
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So
(49) Igﬁm&mv[f’ t]
1 n(n + o) 1,841,708, u+1,0+1
= I ’ ,Y,0,u+1,v4 Lf.t
n—m<n+m+g+nmm(g—a) n-1,m L1, 4
_ vm(m —l—no) 137,2,1Y1,5+1,u+1,u+1[Lf’ ]
n+m+o+ (0 —0)
n(n + Q) a+1,8+1,v,6,u,v
IoTPTETOY I, Bt a— (v—a— B+ px)fi,t
n+m+g+nTm(g_U) n—1,m [( 6 2 ( 5 .U’) )ft ]
m(m—i—g) a,B,v+1,0+1,u,v
— TP TROTLEYIG, 5 iy — (v =0 — v+ p)x)fi,t] ] .
nFmt ot o (g—o)nm [( pAy = v+ ) fi. 1]
To prove (39) considering (49) first we deal with the first term of (47).
St 1,841 1 V=1 (n+0+1) aropi2at1pilar2sio
Infl mfl[]ﬂ t] - In72 m—1 [tb& t]
’ n—m n+m-+p ’
\/(m —)(m+0+1) at111,042,8+2,0+2,5+2
(50) - et [th,t] | .
n+m-+o ’

Thus we have to estimate the two integrals [oT2:/t2etbAtLat2ft2y 41 onq

;m—1
Igjllﬁtlg’aﬂﬁﬁ’aﬂ’3+2[tb, t]. Since the computations are the same we deal with

the second one, say. We apply the next norm estimation
(51) |

where C' is an absolute constant (see [24, (8.21.10)]). Recalling again that b > 0 on
(—1,1) we have

a, Q+l’ﬁ+l
pnﬁfwz 1027171 SC”

oo

Ia+1,ﬁ+1,a+2,[3+2,a+2,ﬁ+2 [tb t]

n—1m-—2

a+1,8+1 Q+§7Q+§ a+2,8+2 g+§7ﬁ+§
SHpn_l 2 T13 4| w2Tar27Tq

w |OO||p7n—2

1 _
oo / e @htdxr < C,
-1

because the integral is uniformly bounded in ¢. The coefficients of the two integrals
in (50) are less than 1, thus

(52) AL <

and so

(53) Ky (n,m)]| < |ncm|

In view of (49)

(54) Ko (n,m) = —— 198 [thpw + A, 1] = ——
OnOm ™ Onom(n —m)

% ( TL(’/L + Q) IOC+17,3+170¢,B7<1+1,§+1[t2b2pw + t(b;\ + (prU)/)7t]

n+m+g n—1m
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m(M 4 0) -0 8.a+1,6+1,041,6+1 5

The two integrals can be handled on the same way again. We decompose the first
one, say, to two terms; I; contains the members of the first order in ¢, and I the
ones of the second order.

I = I e P P (0X + (bpw)), 4

n—1m
' orA, (1 —x)® < a+1,8+1 1,841
:/ e @ Qtia (bX + (bpw)")pot PP peBopa =LA+ gy,
-1
Let us recall that bpw is a polynomial, Q has a double zero at z = 1 and as b > 0

on (—1,1), @ is monotone there. Considering that e~ *u is uniformly bounded, we
have

1
L] < Cllpp it wd T / P w154 de < Om?,
-1

where the last integral is convergent by the assumption on « and 8 and the esti-
mation follows from

1
(55) / (1 — 2)p2 (@) dx ~ mo+ =202,
0

if 20 < o — 2, see [24, (7.34.1)].
12 = Ia+1,ﬂ+17a7ﬂ’a+176+1[t2b2p’w,t}

n—1m

1 2 2

5=2 ,0°(1 —x

:/ e ?'Q t27( > ) pwpS TP peByye =LA+ gy
—1

This estimation can be finished as the previous one: pw and the fraction and e~*u?

are bounded and then we get the same integral to estimate. Thus

|Il‘ =+ |IQ| < C’mQ,

and taking into consideration that o = /k(k + o) + A, cf (28)

1 . ~ 2 C
(56) 1P thpw + A Y| < O— < .
OnOm' mnln —m| = |n—m]

Finally considering (47), (28), (52) and (56), (39) is proved.
To prove (40) we iterate (49) once more, that is if n — 1 > m, say

(57) TR AT
Vn+ o) — 1) (n+ g + D)IST22abat2it2ipap g
(n—m)(n—m-—1 (n+m+g)(n+m+9+1+$)
)

)
Vm(m+ o)(m = 1)(m+ o + D) I3oy > ret20t2 121 4]

(n—m)(n—m+1)(n+m+o)(n+m+o—1— 2=l

\/n(n+g)m(m+Q)Ia+1,5+1,a+1>5+1,a+27ﬂ+2[L2f7t]

n—1m-—1

n—m)n—m—-Dn+m+o)(n+m+o+1+-—21)

n—m-—1
Vm(m+ o)n(n+ o) It Dot bithat2 B2y 4
(n—m)(n—m+1)(n+m+o)(n+m+o—1- 220
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Vn(n+ o)m(m + Q)ff:irllfill [2zLf,
(n—m)(n—m-n+m+o)(n+m+o+1+ n_QTTn"_l)
Vol + om(m + o) I 10 2211, 1]
(n—m)(n—m+D)(n+m+o)(nt+m+o—1- 2

(It is clear that the estimation of the first two terms, the two terms in the middle
and the last two terms are the same. )
In view of (47) we start with the estimation

+

1 N .
[K1(n+1,m) — Ki(n,m)| <O (n) E A LA+ o) [ DA g
As fg;}ﬁ“[l,t] is uniformly bounded, the estimation in (40) is obvious for the
first term. To estimate the second one we make the next observation.

By the assumption on n, m the denominators of the coefficients of the integrals
are of O ( ) thus according to (57)

1
(n—m)2n?

(58) | DL 1,1

n,m

¢ +2,6+2 +2,8+2 +2,842,a+2,8+2
< e (DR | D e

n ‘Dzﬁ,_31+1,a+1,5+1,u+2,ﬂ+2[L2f7 t}‘ n ‘Dz;},_ﬁlﬂ[%Lf’ t]‘)

C
I Igj1277i+27a757a+2,5+2[LQf’ t] + ey
[n —m|?n :

Ia,ﬁ,a+2,ﬁ+2,a+2,ﬂ+2[sz’ t]’

LR | FR TR e AR
C
=~ _D+R,
n—mp

where D consists of the four terms in the first bracket, and R contains the four
reminder terms multiplied by % To estimate the ”D” terms we use the
following formula

1,8+1 +1,841 _ @+ 1 a1
(59) po AL pet bt o] o1
a+2,8+1
c1- oo at1,41_ 2nto+1lo,-3 (1 — z)pet2i+l
at+1,8+1 | ¥n 2n o+1,8+1 n=l
On—1 On—1

a+1,8+1
see 24, (4.5.4)]. As (1 - zZH,BH) = O (%), each "D” term can be divided to
n—1
%” I” terms which can be added to R, and terms wich contains an extra (1 — x).
For instance let us start with

’Da+1,ﬂ+1,a+l,5+17a+2,ﬁ+2[L21 t]‘

n,m—1

Si

1 _
/ e_Qt(th2 + tb’)pzjl’ﬁﬂpgfl’ﬂﬂw”‘+2’6+2dm
n

—1

1 _
+C/ e~ Q22
-1

m

a+2,8+1_a+1,8+1 a+3,8+2
Pn-1 p. A ‘w B2y
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1 _
+C’/ e QY |t pf{f?’ﬁﬂpfnﬂ’ﬁ“’w“‘+3’6+2d33
—1

=J1+ Jo + J3,
where n* =n or n* =n — 1. J; can be added to R, and

L
Jo < Cllppt 3P prt Aty “*2’“%”&/ e Q2(1 — z)t2da
—1

1
<C / e~ 93 2dr < C,
0
where the last estimation comes from an integration by parts. Similarly
1 _
J3 < C / e Qlbtdr < C.
-1

The first two terms in (58) can be handled on the same way - we estimate the firs
one, say.
’Da+2 B+2,0,8,a+2,8+2 (221, t]‘

n—1m

¢
n

1 _
/ eiQt(b2t2 + tb/)p((lrjrzl)ﬁ+2pa’ﬁ a+2,8+42 ..
—1

1 _
+C’/ e~ Qtp2e?
1

+0/ e~ QU |t [p®
1

=Jy+ J5 + Js.
As above, Jy can be added to R, and

pzfs B+2 a,ﬂ’ wotH3B+2 gy

a+3 B+2 o, ﬁ’ wa+375+2d$

1 _
Js < Cllpat3 P 2pe P T2 / e=Q2(1 — 2)t2dz < C.
—1

Similarly
1 _
Jg < C’/ e~ Qtbtdr < C.
-1
To finish this part we estimate

Do L |

C 1
v —Qt a+1,8+1_a+1,6+1 weT LA+
< - /_1 2scbtp( D« Pmo1 dx
+C/ Qi [pet A+ et ﬂ+1‘ WALy — Iy g

Again J; can be added to R, and

1 _
Js < C||pa+2 ,3+1p%t1 ,B+1 a+2,B+1||OO/ e~ Qtbtde <cC.
-1

Now we turn to the estimation of terms in R. For instance let us see the first one.

Q JOT2.842.0,6,a+2, 5+2[L21 t]‘ < Q/ 7th2t2 a+2 B2 a,B| 02,842 1,
n nJ_4

P

n—1m
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c s
+—/ e 't |p

In view of (51) and (

13<7/ e~ @2(1 — 2)%2
S

Similarly by (51)

c s
I < —/ e Q1 —1)%t
nJ

The previous computations ensures that the remainder terms of R can be estimated

zir%5+2p%”6‘ w2y = I 4 I,

a+26+2paﬁ ’ﬂ+2dx

a+2 B+2 %_%,§+

N[

dr <

gngC.
n

a_1 5,43
PP et i <

similarly.
To continue the proof of (40) in view of (28) we have
(60) |[Ka(n+1,m) — Ka(n,m)|

<0(3s)

12 ltbpw + 3,8 < INe @3 e a5 e

Iﬁflm[tbperZ\,t]’ +0 (m ) ‘D;’;flm[tbperX,t] .

1

lpw]loo 02102 0 oo / e~ @btdz < O/,

-1
Recalling that n ~ m

1 1
0 (mn2> 18 ltbpw + X, 4] ] - (n2>

To estimate the second term we proceed as above. Taking into consideration the
properties of b and w

(61)  L2(tbpw + A) = t36°pw + t2 (bZS\ + b(bpw) + (b2pw)’) +1 ((pbw)" + b’S\)

= t3°h + t2bk + t,
where h, k, [ are different bounded functions on [—1, 1]. Thus the members of (58)
have to be decomposed to three parts and according to (59) each part has to be
decomposed to further three parts. As we have seen above the computations with
the different terms of (58) are similar, we estimate only the first one, say.

C

Da+2 B+2,a,8,a+2, ﬁ+2[L2(tbpw + )\) ]‘ 7ot ﬁ+2 a,B,a+2, 5+2[L2(tbpw + 5\)’ t]

(n+1)~,

+C =R+ M.

Ig’-;f7ﬂ+2,a7,37a+3,5+2 [L2 (tbpw + /\)’ t]

In view of (61) we split R and M to three parts. Considering that u/e~" is uniformly
bounded and by (55)

1 _
R < 9/ e~ Q33
n.J

C 1
-y
nJa

p(n+1

a+2, 5+2 o, 5) w2 B+2 4y

a+2,8+2

5 B8
— 15+
4r32
(n+1)*

BN

dz < Cn?.

.
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Similarly
Ry < 7/ e~ @tpy2 ((Jifl?ﬁ a,B‘waJrz B2 g,
< 7/ ?anlxﬂz a’ﬂ‘wa LA+2 0y < Cn2.
Finally

1
RSSQ/ D
nJ1

The same to the M terms:

1 —
My < O/ e~ Qtp343 ’p%+3,6+2p%g| w3 B+2 0,
—1

0b2,042 0.6 052
S | we e <

1
a_1 B,47
< [ st < o
-1

1 _
]\42 < / ethbt2 }pthS ,B+2 a,ﬂ| wa+3 ’3+2dl’
-1

1
S/ a3 2pm8 | B2y < On?,
-1
And )
M; < / |pz+3,ﬁ+2p%ﬁ| wOTH8+2 4, <C.
-1

As it is shown the terms with [2zLf,t] are less than the previous ones. Thus by
(60) and (58)

c
(62) |K2(n+1,m)7K2(n,m)‘ S m,
and the proof of (40) is finished.
Proof. (of Theorem 1) Since
WP f(n) Z f(m) K2 (n,m) + K (1,1) oo 0,000

m=0

m#n 00,[0,00)
for the first term we can apply (39) and (40) of Lemma 1 and Theorem A and for
the second one (38) of Lemma 1.

4. DISCRETE HEAT SEMIGROUP ASSOCIATED WITH JACOBI-DUNKL POLYNOMIALS

4.1. Jacobi-Dunkl polynomials. Jacobi-Dunkl operators and the correspond-
ing eigenfunctions are defined either on R?, d > 1 or on finite intervals ((—, ),
(—%, g)) are examined by several authors, see e.g. [21] and the references therein.
Harmonic analysis (e.g. [5]), translation operators (e.g [25], [15]), heat semigroup
(e.g. [6]) convolution structures, de la Vallée Poussin approximations (e.g [15], [8])
are developed using Jacobi-Dunkl operators. Here we give the associated discrete
heat semigroup and norm estimates for the maximal operator as above.
Let
P,?’B(cost) 02 P p2P (cost)

S C I S C))

ka(t) =

)
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where PP (1) = (kzo‘) The weight function on [—, 7] is
Aap(t) = (1 — cost)*(1 + cost)?|sint|.

Considering the operator (acting on a function f)

1 /
Lo glf] == Ans (Aapf') .

¢k (t) are the eigenfunctions the operator L, g and fulfil the initial-value problem

Lagler]) = =Mier,  @r(0) =1,

Ak = AP = k(K + o).

where

Let k£ > 0 and define
1 _
e = Qg + mwk, €_f 1= €Ck-

Consider the operator (acting on f)

/ A/CVB
Aa,B[f] ::f + : fm

An
where
PICEYE)
° 2
is the odd part of the function f. Then
(63) Ao plex] =i sign k Aper, er(0) =1.

Moreover the system {ej} is complete and orthogonal on [—m, 7] with respect to
Aq .3, see [25] and the references therein.
Similarly to (18) L, s can be expressed by Aq g:

Al

(6) Loglf) = 83,511~ (522 ) fo
B Anp
Let us denote by 9, the orthonormalized system, that is if & > 0 (with pf’lﬁ =0)
a €k t 1 o . a .
Yi(t) := k’ﬁ(t) = ||ek|2(,3 =3 (pk’ﬁ(cost) +zpkf11’ﬁ+1(cost) smt) ,
Aa,p
and

P_(t) = k().

The orthonormal Jacobi polynomials fulfil the three-term recurrence relation

2py” (x) = anapf 1 () + bapl () + anpy (),
where
e 2 n(n+ a)(n+ B)(n +a+ )
" oanta+ B\ Cnta+B+)2nt+a+B—1)
2 _ .2
by = b2 = b —a

Cn+a+B+2)2n+a+8)’
see [24, (4.5.1)] and subsequently we use the abbreviation
A, =2t B = pot LAt
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As it is given with a different normalization in [7, Theorem 3.3], it can be readily
derived that ), fulfils the six-term formula

costpyp(t) = %(ak + Ap1)r—1(t) + %(ak FAe—1)V_e—1)(t) + %(bk + Bi—1)Yw(t)

(65) -+ F B alt) + g (a1 £ Aar (t) + 5 (ak1 F Aoy (),

where k e N, a_1,--- =0.
Rearranging the orthonormal system {1k }rez as ¥o, 1,01, %2, ¥_a, ..., we get
the matrix of the multiplication operator M s; in three-block-diagonal form. For

simplicity let us denote by ¢, = %, ¢k = % and by di, = %,
dF = by—Br_1
ro= kol
(66)
Cdy di e ¢ 0 0 0 0 o 0 0]
dS do C1* C1 0 0 0
: : ’ S : 0 0
Mo — 0 0 e ¢ di dy k1 ¢y O 0
cost 0 0 ¢ a d dp iy g O 0 ...
0 0 k1 g dipr dpyy Ch2 Coyo O
0 0 ¢y k1 diyy depr CGyo Chpz 0
0 .

4.2. The discrete heat semigroup and the corresponding maximal oper-

ator. Let
s

(67) Kta’ﬁ’D(n,m) ::/ ef(kcosT>t¢7l(7)¢7m(r)Aa75(7)dT.

—T
Note that the imaginary parts are odd, thus similar to the recurrence coefficients,
the kernel function is also real (and symmetric).
The corresponding operator for an f € [?(Z) is defined

D .8,D
(68) WP f(n) =y Fm) KPP (n,m).
meZ
As in the previous section, the operator is not positivity preserving.
Taking into consideration (66) and the fact that ¢ tends to % and cj,, di, dj, tend
to zero, {W 7P}, is the discrete heat semigroup (in the sense mentioned above).

As previously we can extend the maximal operator as follows.

Theorem 2. Let o, > f%. The maximal operator of the discrete heat semigroup

associated with Jacobi-Dunkl polynomials, Wf’B’D, fulfils that
(1) if 1 <p < oo and w € Ay(Z), then for all f € I*(Z) NIP(Z,w)

||Wf’ﬁ’Df||pyw < C|fllpws

where C is a constant independent of f. That is the operator Wy AP can be
extended uniquely to a bounded operator from [P(Z,w) into itself.
(2) If w € Ap(Z), then for all f € I*(Z) NI Z,w)

WP £l (10000 < Cll 11,05
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where C is a constant independent of f. That is the operator Wy AP can be
extended uniquely to a bounded operator from I*(Z,w) into [*°(Z, w).

As above, it is enough to prove the next lemma.

Lemma 2. Let o, > —%, n,m € Z. Then

(69) |77 (n,m)| < C,

(70) KPP (n,m)| < n—ml’ if n#m,

(71)

|K2PP (n+1,m) — K2 (n,m)| < n—Cm|2’ if n#m,m=*1, % <n < 2m,

where C' is a constant which may be different at each occurrence, and is independent
of t, n and m.

Proof. Let us introduce the notation
1
Ke (nom) = [ e 002 @ ) u ),
-1
the kernel with respect to the Jacobi polynomials. By the substitution x = cost,

(72)  K&PP(n,m) = K7 (n,m) + sign n sign m K20 (0 —1,m — 1),
Thus [2, (22), (23), (24)] imply the result.

Proof. (of Theorem 2) We can proceed as in proof of Theorem 1.
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