TRANSLATION BEYOND DELSARTE

A. P. HORVATH

ABSTRACT. We introduce general translations as solutions to Cauchy or Dirich-
let problems. This point of view allows us to handle for inctance the heat-
diffusion semigroup as a translation. With the given examples Kolmogorov-
Riesz characterization of compact sets in certain Lﬁ spaces are given. Pego-
type characterizations are also derived. Finally for some examples the equiva-
lence of the corresponding modulus of smoothness and K-functional is pointed
out.

1. INTRODUCTION

In 1938 Delsarte introduced the notion of generalized translation, see [13]. His
starting point was the modification of Taylor’s formula by the eigenfunctions of
an ordinary differential operator: D, f(\,-) = Af(A,x). The Taylor series of f =
f(A, z) around zg at y, with the notation = y — 29, can be expressed as

f()\,:E) = Z)‘k@k(x)v
k=0

where Dypo(z) = 0 and Dypr(z) = pr—_1(z) (p—1 = 0). Moreover ¢;(0) = 0 if
k>0, and o(0) = 1.
He illustrated his idea with the following two examples:
(L‘k
Du(f) = f', f(\,z) = e, pi(a) = §; and

o . 2\ 2k
Dy(f) = "+ 2L f(N ) = jo(iVAD), () = ramrietarn (5)
and introduced the translation operator below:

(oo}
T 3 ()DL,
k=0

The convergence of the series above implies that T f(X,-) = f(\ z)f(\t). Ex-
amination of the second example leads to the next chain of ideas. Denoting by
u(z,t) := T f the construction ensures that the translated functions are solutions
to the next Cauchy problem.

Dyu = Dyu, u(z,0) = f(z), %u(m,O) =0.

The initial study of the properties of generalized translation is due to Delsarte [13]
and Levitan see e.g. [34]. Braaksma and Snoo in a series of papers dealt with the
problem of introducing general translations via certain hyperbolic Cauchy prob-
lems, see e.g. [10], [11]. Examination of product formulae with respect to classical
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orthogonal polynomials led to definition of Laguerre and Jacobi translations, see
e.g. [20], [18], [27].

General translation has widespread applications. Estimation of the operator norm
leads to a maximum principle with respect to the hyperbolic problem in question.
It gives certain convolution structures, see e.g. [6], [33]. It also leads to estimation
of p-Christoffel function, see e.g. [4], [5]. As in the standard case approximation
theoretic problems, as smoothness, best approximation or approximation by Ce-
saro means can be examined by general translation, see e.g. [28], [37]. By general
translation compactness criteria can be derived too, see [30].

Here we extend the notion of translation as solutions to Cauchy or Dirichlet
problems in parabolic and elliptic cases as well. This approach allows to handle e.g.
the heat-diffusion semigroup as a translation. Although several different examples
are listed and investigated below, this one is highlighted, because unlike the old and
the other new examples this one inherits the comfortable semigroup property of the
standard translation, i.e. T% 7?2 = Tt +t2 Moreover parabolicity allows to draw
conclusions in d-dimension while the variable of the translation is one-dimensional.
We show that the general translations introduced below possess the properties of
the standard one.

The paper is organized as follows. In the next section different types of exam-
ples of translation are given. In the third section the notion of "regularity with
respect to compactness” is introduced and is applied to derive Kolmogorov-Riesz
type characterizations in certain LP-spaces. The rest of this section is devoted to
show that all the listed translations are regular. In the fourth section Pego-type
characterizations of compact sets of L? are derived by convolution method. The
fifth section deals with the approximation theoretic aspect of translation that is
with modulus of smoothness and K-functional.

2. THE TRANSLATION OPERATOR
We define the translation operator as follows.

Definition 1. Let Q = I x J C R x R,. Let L be a linear partial differential
operator of order at most two and take a function f(x) € C(I) or f € L% (I), where
w1 is a Radon measure on I. Define translation as the next linear operator: the
translation of f

(1) Tif :=T"f(x) = u(a,1),
where u(x,t) is the solution to

(2) Lu=0, (z,t) € Q,
(3) u(z,0) = f(z), z €1,

where the last equality is meant in sup-norm or in p-norm.

Remark.

All of our examples can be given by appropriate integral transformations as
well. The corresponding kernel functions are denoted by Wy(z,y), Ki(z,y), etc.
according to the standard notation. Here ¢t > 0, and z,y € R, d > 1. That is

(4) T f(x) = / Wi, 9)f (4)dy.

It also makes the solution well-defined.
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Below different types of examples are introduced. Of course, by the same chain
of ideas several further examples can be constructed. Here are the ones we study
subsequently.

2.1. Heat-diffusion semigroup associated with Hermite functions. This
semigroup, from different point of views, is investigated by several authors, see
e.g. [41], [1], [21] and the references therein.

In R? the eigenfunctions of the d-dimensional harmonic oscillator (Hermite op-
erator),

(5) D, = A, — |zf,
are the d-dimensional Hermite functions,
oy = o T
where v = (n1,...,n4) n; € N and
~ 22 1 22
hi(z) = hg(zx)e” 2 = Hy(x)e 7.

NN

(Hy, are the Hermite polynomials cf. [42].) The associated heat-diffusion semigroup
is given by its kernel function defined on R? x R? x R,

oo

(6) Wi(z,y) = > e DN " by, (@)h, (y).
v|=n

n=0
il
2

Thus for and appropriate f, denoting by f(y) := f(y)e™ T,
Example 1.

T f@)= [ Wien) )

Denoting by u(z,t) := T f(z), if f € LP(R?), 1 < p < oo, then

(7) (gt — Dw) u(z,t) =0
and
(8) Jim [T f = fll, =0,

cf. [41, Proposition 2.5 and Theorem 2.6].

2.2. Further Poisson integrals - elliptic and parabolic equations. Following
the previous track of thoughts translation of a function in f € LP(R) can be defined
by Poisson integrals. First we take the simplest elliptic and parabolic equations on
the upper half-plane and define translations by standard convolution.

In the next example T f is a harmonic function on the (open) upper half-plane
with limit f on the real line and with limit zero at infinity cf. e.g. [31], that is the
solution to this Dirichlet problem

Au(z,t) =0, (z,t) e RxRy, wu(z,0)= f(z).

It is given by the Poisson integral below.
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Example 2. Let f € LP(R), 1 <p < o0 or f € Cy(R).
(9) /f +t2 = f*Kt,E(x)7

where C(R) stands for continuous and bounded functions on the real line.

Considering the Cauchy problem
(@, t) = b*Au(x,t) (1) € R x (0,00), u(x,0) = f(x),
the next translation can be defined by the corresponding Poisson integral.

Example 3. Let f € LP(R) (1 <p < o0).
_e—o?

(10) 0= [ 1O = £ Kyl

We continue with an elliptic example again, where the Poisson integral is not of
convolution type.
Let PV (cosd) be the nth ultraspherical polynomial (A > —3, ¢ € [0,7]) or-
thogonal with respect to du(d) = sin®*9dd, see e.g. [42]. An f € LE, with
some 1 < p < oo([0,]) has an expansion f ~ > 27/ akPIE’\)(cosﬁ) with ap =

Ve fy f(ﬁ)P]g)\) (cos¥)du(). In [35] the authors examined the next Poisson integral
of f,

u(at) = f(r,0) = 3 aprt P (cos 9) = / e

k=0
where 0 < r <1, x = rcos, t = rsin?. The Poisson kernel is

P(r,9,¢) = Z 'ykrkP,EA) (cos 19)P]£>‘) (cosp).
k=0

Then u(z,t) satisfies the differential equation

2
Uy + Ugy + U= 0.

Since || f(r,9) — f(9)||up = 0asr —1if 1 <p < oo and also for p = oo if f is
continuous, in view of Definition 1 we have the next example. As above, the closed
form of the Poisson kernel implies the definition below.

Example 4. Let D = [0,7] x [0,1), f € LE([0,7]).
T f(x) = u(e,t) = T f(0) = f(r.9) = / " P(r.9,0) f(9)du(p),

where

A1 —r2) [T sin?* 1
(1) P9, ¢) = 2= / - e
m 0 (1—2r(cos?cosp+ sindsinpcos) + r?)




Considering the next differential operator
1 d2 Oé2 _
D,=L%=-—-———
2 ( dx? +at 4 x? )

Lol = (2n+ a4+ 1)pl),

PN

with eigenfunctions

where

(12) A0 =y E L)V

(Lgf‘) is the standard Laguerre polynomial, see e.g. [42]), we define a translation
by the solution to the parabolic Cauchy problem
2_1

1 1 «
ut+LaU:Ut—2Uzz+2<fE2+ 2 4>U:0, U(l’,O):g(x),

z,t € (0,00), @ > —1 cf. [12].
Example 5

/ Wt z y )dy7

where

Qxye t T + 2 1+e
W ({,E y)_2 /7 o (162t>€ ( y) 2t7

2k+a
where 1,(z) = > 1oy W is the modified Bessel function.

2.3. Fourier method - hyperbolic equation. The first - well known - examples
are given by hyperbolic equations generated by Sturm-Liouville type operators, see
g. [13], [34]. Consider the operator

82

D, = —
Ox?

+q(x)— — r(z).

If
Dyp(x) = ap(),
denoting by u(z,t) = p(x)¢(t), u(z,t) fulfils the equation below.

(13) Ugz — Ut + q(T)uy — g(H)ur — (r(x) —7r(t))u = 0.

In Laguerre and Bessel cases g(z) = 22t where @ > —3 and r(z) = x

or r(z) = 0, respectively. The eigenfunctions of D, are the Laguerre functions
z2 «

L%a)(x) = %L(a)( 2)e~ 7, and the Bessel functions j,(A\x), where L )(a:)
and j,(Ax) stand for the classical Laguerre polynomials and the entire Bessel func-
tions, respectively. These examples are studied by several authors, see e.g. [6], [4],
[27), [37], [5]-

In Jacobi case with a > g > —%, a > —% by the same argument, g(z) =
(B+1)cosz—p and T(I) _ a(a—2B+1)cosz

sin x 4(1—cos x)

2

. The eigenfunctions are the Jacobi func-

tions, P\ () = ¢, PA*?) (cos ) sin® £, where PP (2)-s are the classical Jacobi
polynomials. For Jacobi translation see e.g. [20], [3].
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In the listed cases the eigenfunctions of the Sturm-Liouville operators {u}72
form Schauder bases in the corresponding (weighted) spaces, that is if the initial
condition is given by f(z) ~ >~ aruk(z), then the solution to the Cauchy prob-
lem can be given as T" f(z) = u(z,t) ~ Y po o arup(@)ug(t).

Thus translation generated by a hyperbolic equation is as follows.

T f(x) = u(x,t)
if
(14) Lyu=0, (x,t)elxI; u(zx,0)=f(z), u(z,0)=0, z€l.
Here Ly, is given by (13), where I = R, in Laguerre and Bessel cases and in Jacobi
case I = (0, 7).

It is pointed out in a series of papers that Bessel, Laguerre and Jacobi transla-

tions are bounded operators, see the cited papers above and the references therein.

The method described above implies the symmetry of the translation derived by a
Sturm-Liouville equation, see [10], [11].

Next we give an example by Jacobi functions. Let a > § > —%, a > —% again
and let us denote by o = a+ 8+ 1 and now let 7 € R. Let

(15) w(z) == 22¢ sinh** ! z cosh?’ 1 .
With ¢(z) = %(m% cpga’ﬁ) (x) fulfils the differential equation:

y' +ay + (& + 1)y =0,
where

o o+1iT o —1IT
Pea) = go(o) = i (25,5

are the Jacobi functions. Thus the translation is defined as it follows, cf. e.g. [38],
[39], [22] and the references therein.

;o 1;—sinh2x>

Example 6. Let f be a suitable even function on R. Tt f(z) = u(x,t) if
Ugye — Utt + Q(I)um - Q(t)ut = Oa U(ZL‘,O) = f(l’), ut(gj, 0) = 07 S Ra

where
q(z) = (2a+ 1) cothz + (26 + 1) tanh .

3. REGULARITY WITH RESPECT TO COMPACTNESS

In this section we derive Kolmogorov-Riesz-type compactness criteria in certain
LP-spaces. For the original theorem see e.g. [2]. This theorem has several extensions
to different function spaces with standard translation, see e.g. [7], [15], [25], [26],
[40], [29] and with Bessel and Laguerre translations, see [30]. In all but one of our
examples the translation is not symmetric. This implies that one of the criteria
of compactness has to be splitted into two different assumptions, see Definition 4
below.

We start with some notation. Let p and v be Radon measures on I and J,

1
respectively, and 1 < p < oo. || f|lu(z),p = (f[ |f|pdu) v TO0f(x) = f(x).
We define the "norm” of the translation operator Mt as

(16) My = Mr, = S‘ip | ﬁuP ||th($)||u(w),pv L<p<oo
i<t
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We introduce the next notation: Let a > 0, My > 0 fixed, B, := {||z|| < a} N1,
or By == (—a,a)NJ; A:= [, 1ldv(t).

- st { I TIE0 <

Definition 2. A translation, T! is regqular with respect to p, p, v if it fulfils the
properties below.

(T1) There is a dense set & C LE(I) such that for all g € €, 0 <t < My and
e >0 there is a § = §(e, Mo, g) > 0 such that for all 0 < |h| < 6

(18) (19w - 79" du(ﬂf)); <e

(T2) There is a dense set £y C L, (I) such that for all g € €2, and positive numbers
g, a, R there is a 6 = §(g,¢,a, R) > 0 such that if 0 < |h| < 3, then

(19) My rg(x + h) — M, rg(x)| <e, x,xz+h € Bg.
(T3) There is a finite constant, c(a, R) so that for all f C LE(I),
(20) (Mo, f ()] < (@, R)|| fllpp: Vel
Remark.

(R1) If TY = T;7 and p = v, then (18) implies (19) and if M7 < oo it also implies
(20). Indeed

Mugla-+1) = Mglo) < ([ 100t ’ ([ 179 - Tt au) "

a

which ensures (19). (20) can be obtained in the same way.

Definition 3. A set K C Lﬁ([) is equivanishing, or we say it fulfils property P,
if for all € > 0 there is an R > 0 such that for all f € K

( / f(w)lpdu(w)> T <
I\Bgr

Definition 4. A set K C L¥(I) is equicontinuous in mean if it fulfils the next
properties

Py, : For all ¢ and My positive numbers there is a § > 0 (independent of f) such
that for allt € Bpg,, 0 < |h| < 3§ and f € K (18) is satisfied.

Py,: For all e > 0 there is a 6 = d(a, R) > 0 (independent of f) such that for all
0<|h| <d and f € K (19) is satisfied.

Theorem 1. With the notation above, let T = T. be a bounded translation in
(16)-sense and suppose that it is reqular with respect to p, u, v. Let K C Lﬂ([)
be a bounded set. Then K is precompact if and only if it is equivanishing and
equicontinuous in mean.
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Proof. First we prove that if K is bounded, equivanishing and equicontinuous in
mean and the translation has the property T3, then K is precompact.

For an arbitrary € > 0 let R be chosen according to P,. Let a > 0 be fixed and
will be chosen later, and define

For:i= {Ma,Rf(I) fekK, xe BR}
Then T3 and the boundedness of K imply that F, g is (uniformly) bounded. Ac-

cording to Py, Fj, g is equicontinuous, thus it is precompact. Let M, fi,..., Mg fn
be an €1-net in F, r, where 61 = —=—=. We show that fi,..., f,, is a be-net in
(n(Br))P

K. Recalling the definition of R and A

1
P

HMa,Rf - f”#,p < HMa,Rf - f|BR||p,,p + </ |f|p d:“’)
I\Br

<(,

< Ba(ﬁrﬁfu>fuﬂpmwm);dv@>+e

< T - .
__OgmiaH fla) = f@)]],, +e

1
P

du(x)> +e

1 p

3 e - f@)

Considering Py, , if @ is small enough, [|[My rf — fllup < 2¢ for all f € K. Let
f € K be arbitrary. Selecting f; such that |M, rf(x) — My rfi(z)| < e,

[Ma,rf — Ma,rfillp < e1(u(Br))» = e.
Thus by triangle inequality

1f = fillup < Be.
On the other hand suppose that K is precompact. Let € > 0 be arbitrary

and ¢1,...,9, be an §-net in K. As Cj, that is the set of compactly supported
continuous functions, is dense in LF/(I), there are g1,...,g, € Cp so that for all
f € K there is an ¢ such that ||g; — f||., <e. Then R is appropriate with respect
to P, if Br contains the supports of g;, i = 1,...n.

Since T is bounded, selecting g¢1,...,¢g, € €1 as above, triangle inequality together
with T1 ensures Py, .

Similarly, selecting g1,...,9, € €2 as above, T2, T3 and the triangle inequality

imply Py, .

Remark. (R2) For compactness it is enough to assume that the initial condition,
(3) is fulfilled uniformly. The importance of the extension above will be shown in
the next section.

In the rest of this section we show that all the translations listed above are
regular in sense of Definition 2. At first we make some observations which will be
useful in parabolic cases below and in the last section.

Remark. (R3) For the next observation let us write the differential equations of
the listed examples in the next form:

(21) D(l),tu($7t) = D(2),3:u(xvt)’ U($,0) = f((t)



T f(x) = u(x,t) can be defined by an integral transformation, that is

/f K (2,1, €)w(€)d.

Thus the kernel function fulfils the differential equation above. As the kernel func-
tion is symmetric at least in = and &, i.e.

K(l‘7 t? 5) = K(§7 t? x)?
we have
D(l),tK(xv t, g) = D(Q),mK(xv t, 5) = D(2),§K(x7 t, 5)
These observations imply the next lemma.

Lemma 1. Let g be a smooth function on I and assume that its derivatives disap-
pears quickly enough at the boundary of I. Then in the listed cases

(22) D(Q)Ttg = TtD(z)g.
Proof. Recall, that in our one dimensional examples
/
Dyh =B + =W +rh.
w
Integrating by parts and considering the boundary condition we have
DayaT'9(a) = [ 96)Dia) K (wt.w(€)d6 = [ 9(©)Dia) ot el

0 oy " w'(§) 0
_/l afK( 6,8 (gw) () + (9 )(£)<w(§) aE

:LK@$Oan@w@%:T@mﬂﬂ

If w =1, it is more direct. Let us see for instance the heat diffusion semigroup.
Recalling that I = R?

/Ig(f) (AeWi(z,€) = |E*We(2,€)) d€:/(A§g( ) = 9(O)I]*) Wi (=, €)de.

z«,@ww@Ow@@

Corollary 1. Let D1y = 3; and let g be as above. Then
(23) ||Tt+hg = T'llpye < hMr|Dezygllp.-
Proof.

d
T hg(z) — Thg(z) = haTH"g(x) = hD(s) ,T"""g(z) = KT D(5)g(x).

Taking into consideration (16) we get the estimation.

Lemma 2. The translation given in FExample 1 is regular and Mp = 1.

Proof. The boundedness of the operator by a constant C'is proved in [41, Theorem
2.6]. Tt can be shown similarly that M7 = 1. Indeed, according to Mehler’s formula
and [21, Remark 2.5]

0 < Wilz,y) = (2msinh 2¢)~F e~ 27 coth2i—(o) nbt

lz—y|?

(24) < (2nt)"fe A = Ky(z —y).
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Thus
T f] < |f] * Ky
and since || K|y =1

T fllp < If1+ Kellp < 11,
1<p<oo
Let & = C2 C LP(R?). In view of (23) (T1) is fulfilled.
We prove property (T2) by similar arguments. Considering the uniform con-
vergence of (6) for a ¢ > 0, the recurrence and derivation formulae for Hermite
functions imply that

0 _ _
—Wi(z,y) = (yje > — ;) )Wi(z,y) —e >

0
6503' 7Wt($7y)

y;

Thus

Wiz +x,y) = Wilw,y) = (e 'y — (x+8), ) Wiz +&y) —e > (V,Wi(z+£, ), x)-
Let f € C(R?), suppf C B,, = € Bg.

/ R (We(z +x,y) = Wiz, y))f(y)dydt’

<2 [ (e + I + [ Wite O Vi)

a

< Il (20 + R)IFly + 194 1)
To prove (T3) let us recalling (24). Then we have

! / T fat] < / / WK — y)dydt < ||,

Lemma 3. The translation given in Example 6 is reqular and Mp = 1.

Proof. For boundedness see [18, Lemma 5.2].

As it is mentioned above, in [11] it is pointed out that a translation generated by
a hyperbolic equation is necessarily symmetric. It can be expressed by an integral
transform whose kernel is symmetric in its three variables, see [18]. Thus according
to remark (R1) it is enough to prove property (T1). Since f is even, we can take
I'=Ry. Let D =C§(Ry) C LF (R, ) the dense set in question, where

cf. (15). Let f € C}(R4) and let f(z) = g(cosh2z). In view of [18, (5.1)] and [18
(4.16)]

T f(x) = A f()K (z,t,2)du(z) // (x,t,r,)dm(r,¢),

where
(x7 t’ T, ¢)
= 2(cosh? z cosh? t + r? sinh? 2 sinh? ¢ + 27 cos ¢ sinh - sinh ¢ cosh - cosh ) — 1,

and
A(a+1)

_ L 2ya—B—1,28+1 ;23
ﬁF(a—,@)F(B—!—%)(l 7<) T sin“” Wdrdi.

dm(rv ¢) =
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It can be readily seen that

2cosh?(z —t) — 1 < (x,t,r, ) < 2cosh?(z +t) — 1.
Since g € C¢(Ry) too, suppose that suppg(z) C Br. Recalling that 0 < t < My
suppgs,r () C Bo(w,,r)- Considering that %g(w,t, r,1) is bounded and m(r, )
is a bounded measure one can conclude that (T1) fulfils with 6 = ce.

Lemma 4. The translations given by Examples 2 and 3 are reqular and Mp = 1
in both cases.

Proof. The proof is based on the standard convolution structure.

First let us observe that the kernel functions are positive and [ Ke p(x,t)dz = 1
for all ¢ > 0, which gives the operator norm.

In both cases let £, = €3 = Cp(R). In harmonic case by the standard substitution
§-% — tan @, where h > 0 and h = 0 in the different integrals, we have

t+h
[T "g(a) — T g()]],

pdm>;
Lo

™
2

m /_i (9(z + (t + h) tan ) — g(x + t tan @) dep

s

P % 1 « p %

dx) +</ 7/ (:)de dz) +</
RIT J-a R
=1+1I+11I.

T—a
I, 11T < 2||g|l,2—,
T

P »
daz)

which is small if « is close enough to 7.

Since ¢ is uniformly continuous for fixed « and & we can choose h, |h| < 1 such that

|h tan | is small enough to be the integrand in IT small, less than e, say.

Then recalling that g is compactly supported and [t| < My, there is an R such that

the support of g(z+ (t+ h) tan ) — g(x +ttan @) is in [—R, R]. Thus IT < 5(2R)%.
Similarly in parabolic case let u = £-2 _ Then

WiTh
P z
(/. i)
R

[T "g(a) — T g()]|
1 2 P 1
< — —u V — P — -
< ﬁ/|u|>Re (/R|g(a:+2b t+ hu) — g(z 4 2bV/tu)| d;v) du+ﬁ/|u|§R()
=I+1I.

Recalling that g is compactly supported, the p-norm inside is bounded, thus if R is
large enough, I is small. The uniform continuity of g implies that I7 is small if h
is small enough.

Turning to the proof of (19) and (20) we define v(¢). If 1 < p < oo and in
parabolic case also for p = 1 let dv(t) = dt, and if p = 1, in the elliptic case let
dv(t) = Vtdt. Then the same replacements imply the results. Indeed, let us see
the elliptic case first.

p

% /(9(33 + 20V/E+ hu) — g(x + 20v/Eu))e ™ du
T JR

|Mag(x + h)) - Mag(m”
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< Alﬂ/B (/_Wa(-)Jr/: |g(x+(t+h)tan<P)—g($+ttan§0)|d<ﬁ+/az(')> du(t).

2
In the first and third integrals the boundedness of the integrand, in the second one
the uniform continuity of g ensures the required estimates.
To prove (20) let 1 < p < 0.

L

Mo f(a / 1£15 t(/ WCOSQ(p,_l)(w)tdsO> dt < ca” 7 f],.

Ifp=1,
1 1 c
< —_ — = — .
M@ < Mg [ Vigde= sl

In the parabolic case
[Mag(z + h)) — Mag(z)]

< a\f (/u|>R . /u|<R lg(z + h + 2bv/tu) — g(z + 20V/tu)|e du) dt.

Again in the first integral we refer to boundedness, in the second one to the uniform
continuity of g.
Let 1 < p < oo. Then

1 —u? 1 . 1
|Maf<x)|§ﬁ‘|f”?”e HPIZ/B (2bvt)7 " dt < ca” 2 || £,

which is (20).

Lemma 5. The translation defined in Example 4 is reqular and My = 1.

Proof. For boundedness see [35, Theorem 2].
Let our dense sets € = &;, ¢ = 1,2 be the polynomials, that is

8—{ZakP (cos¥) : ar € R, NEN}.

Let P e €.

N
77+ P(@) = T7p(0) o = | Y a7+ )" = )P (c059)

N
A
< he(N) Y laxl | B (05 0) . = C(PR,
k=0
which is (T1). (T2) can be shown similarly. Let v(r) = A(r), the Lebesgue measure
on [0,1) and P € D.

N

PO ) 1%
| My g P(9+h) — My g P(9 kz ( (cos(9 + h)) — P (Cosﬁ))a/O rkdr
N ~
| —2hAsin Z kP()‘H)(cosﬂ) < ¢(P,a)lh|.
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In view of (11) P(r,9,¢) > 0, and if r < %, say, then it is also bounded. Thus if
a<3 1<p<o

1 a
[Mof(9)] < 5/0 [l 1P Crs 0y 0) e < e[ Fll s

where [| - {|,i,00 := [| - [|oo-

Lemma 6. The translation defined in Example 5 is reqular and bounded.

Proof. For boundedness see [12, Theorem 2.2].
The dense sets are the set of polynomials. By the notation (12) it is as follows

E1p=E= {chgo,(f) :neN, ¢ ER}.

k=0

Let f € &, f(z) = > ckgp,(f)(a:). Then T f(z) = Y 1_, e_(%“'o““l)tck(p,(f) (x).
Thus

[T f(2) = T f ()], =

P 7

o~ (2k+a+1)t (67(2k+o¢+1)h _ 1) Ckgpgga) (z)

k=0

P
that is h can be chosen appropriately depending on f.
Similarly, since x € By

n ef(2k+a+1)a -1

|Mo g f(z+h) — My rf(z)| = ];) ktatla

o (o @+ 1) - (@) |

is small with an appropriate h depending on f.
To prove the third property we consider the next estimation of the kernel function,
see [16, (2.4)]

(z—)?
e‘cfy

0 Z Wta(l',y) S CT

Let g € LP(I).

r—1 a 41 oo
1
Morf@l<| [ s [ Wt“<x,y>dtdy]+ / <~>'+ / <'>]=I+H+m.
0 a Jo x—1 x+1
c(p)
11 < —,
< lgly ™2
1 (z—1)?2
1,111 < — |le7¢ e
) —HgHP\/a € o

The consequence of Theorem 1 is the next one.

Corollary 2. Let K C LL(I) be bounded. K is precompact if and only if it is
equivanishing and equicontinuous in mean with T defined in FExamples 1, 2, 3, 4, 5

and 6.
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4. REGULARITY WITH RESPECT TO AN INTEGRAL TRANSFORM I - PEGO TYPE
THEOREMS

In [36] Pego characterized the compact sets of L2(R?) by Fourier transform. This
result was extended to different spaces and to Abelian groups, see e.g. [24], [23] and
the references therein. A Pego-type theorem by Laplace transform was proved in
[32]. These results based on standard translation. The extension of Pego’s theorem
to Bessel and Laguerre translations and transforms is given in [30]. The main
ingredients of this type of theorems are a translation, a generated convolution and
a corresponding integral transform.

4.1. Convolution. The study of convolution structures with general translations
dates back to the 70s and it is a widely studied topic, see e.g. [6], [20], [18], [19],
[9] for Jacobi, [27] and [33]. These general convolutions, similarly to the standard
ones are defined as follows. For f and g appropriate functions

jwmw:LTvmmmwwy

All the convolutions in the listed papers are based on symmetric translations which
are related to hyperbolic equations. This symmetry ensures algebraic structures
with respect to the convolution in question since the symmetry of the kernel of the
translation in its three variables implies the commutativity and associativity of the
convolution, see the references above. In parabolic and elliptic cases the kernels of
the translations are symmetric only in two variables thus the associativity fails.

To prove Pego-type theorems the next relations of convolution, integral transform
and translation are necessary.

I(f=g) =I(f)g),
and
IT'F)(2) = o(t, 2)I(f)(2), T'I(f)(2) = IWf)(2),
where J is the integral transform and ) is an appropriate function. The translation
is regular with respect to the integral transform if it possesses the properties above.

4.2. Pego type theorems by standard convolution. Pego type characteriza-
tion of compactness can be given in cases of Examples 2 and 3.

In elliptic case we characterize compactness of sets in L?(R, ) and consider co-
sine transformation, in parabolic case the sets are in L?(R) and the corresponding
transformation is the standard Fourier one.

The transformation pairs are normalized as follows.

1) = ) = [ ke, 3@ = 5 [ Fokws)ds,

where J = C or J = ¥, the cosine or the Fourier transform with k(zz) = cos(xz2)
or k(xz) = e~ respectively. First the actions between translations and transfor-
mations are derived. Suppose that f is in the Schwartz class and in elliptic case we
assume that it is even.

t 1 t
T'C(f)(2) = W/}R2/R+ fu) cosundumdn
t

1
= 2/ flu f/ cos undu——-—=——=dndu = 2/ e " f(u) cos uzdu
R, ( )7T R (n—2)*+t Ry ()
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=Cle M F()(),
cf. [8, 1.2 (13)]. By similar calculation, supposing that z > 0,
C(T'f(x))(2) = e~ C(f)(2).
In the parabolic case we have

_G-n?

¢ z) = ¢ e f (u)dudn = e O f(u)du
T30 = [ [ Gy = [ THe O

= / f(u)efb(zt“ze*iz“du =7 (f(~)67b2t(')2> (2).
R
On the other hand
(26) F(T'f(2))(z) = e F(f)(2)-

As it is well-known,

J: LP — LY, 1<p<2.
Let K ¢ LP(I) (1 < p < 2). Denote K € L'p(0,00), K = J(K). With this notation
we have the next Pego-type theorem.

Theorem 2. Let 1 <p <2, K C LP(I) a bounded set.
Let us consider Examples 2 and 3.

Assume that K satisfies Po. Then K fulfils Py, and Py, .
On the other hand if K satisfies Py, , then K fulfils P,.

Proof. Let g(-,t) = eIt or g(t,-) = e=?"*O)* and f as above.
1T 9(F)(2) = T e = 139Gt +R)FO)(2) = IGE ) F () ()=
<cllg(z,t +h)fz) = g(z, ) ()]l

= (/BR |f(@)[P |g(a,t + h) — g(z,t)[° da:); o (/ROO |f(:c)|Pd:g>;

In view of P,, the second term is small. Since z € Bp, g(«,-) is uniformly contin-
uous. Thus considering that K is bounded, Py, is satisfied for dense set uniformly
and so for K.

[Ma,gI(f)(z +h) = Ma,rI(f)(2)|

_ u/ /Rg(u,t)f(u) (k(u(z + h)) — k(uz))dudz/(t)’

1
< / = /B gl 7] Kz + ) = k(w2)| du

<c ( /B HOOLF) (e ) — ()] o+ /

(-)> = c(IIT+1V),
R\Bgr

where h(u) = % fBa g(u, t)dv(t) is uniformly bounded in u, and if u € R\ Bg,

h(u) < cla)

|ul
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in both cases. Thus
1

I P g }
VS(/R\BRfI> C(“’</R\BR“ u> ,

which is small by P, considering that p’ > 1, and
ITT < c|| fllpllk(u(z + ) = k(uz)lp,j0,R)-

Since the interval is bounded, h can be chosen such that the third factor be small
and so, as above, K fulfils Py,.

To prove the opposite direction we use the convolution below in cosine trans-
form case, and the standard one in Fourier transform case. For cosine transform,
supposing that f, g are even

fra@ = [ F©3lale+) + oo — ).

Assume that K fulfils Py,. Let ki (z) = Ky e(x) or k() = K p(x), z € R, y > 0.
Choose R so large that |J(k;)(n)| < 1 if n € R\ Bg.

1 1

(/ |ﬂ<f><n>|p’dn>p <2</ ﬂ(f)(n)(l—ﬂ(ktxnnp’dn)
R\Br R\Br

<clf = fxkellp = cllf = T"f(@)llp-

=

Thus Py, implies P,.

The next corollary implies that equicontinuity in Examples 2 and 3 sense is
equivalent with the standard one from this point of view.

Corollary 3. Let K C L*(I) be a bounded set and K the Fourier or the cosine
transform of K, respectively. Then K is precompact if and only if K and K are
equicontinuous in mean in sense of Examples 8 and 2, respectively.

4.3. A Pego type theorem by general convolution. In Laguerre and Bessel
cases Pego-type theorems are proved in [30]. Below we prove a similar theorem with
Jacobi transform. As the translation in the original and dual spaces are different,
this situation is more complex than the Bessel case.

Jacobi transform is defined as it follows, see [17, Proposition 3]. Recalling the
measure du(z) = —=w(x)dz (see (15) and (25)), let f € L2(Ry) and X € Ry

V2
(21) INW =70 = [ 1@ @duto)
where the integral is convergent in L2(R,) with dv()\) = \/%v()\)d)\, where
—2
(28) o(\) = 20 AT (A (o + 1)

e r (e )

d: f — f is alinear and normpreserving map of L2 (R, ) onto L2(Ry). The inverse
transform is given by

(20) 1) = f) = [ T F0e D (@)du(),
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where the integral is convergent in L (R.).
Since J maps L},(Ry) into L>°(Ry.), see [18, (3.2)], Riesz-Thorin theorem ensures
that J maps L% (R,) to LY (R.) continuously, where 1 < p < 2.

As the range of the Jacobi transform is different from its domain, introduction
of a dual translation is necessary, see [19]. It is given by the next formula.

(30) Ti90) = [ " a6, Qg(Qdn(0),
where the dual kernel is
a(€,n,¢) = APl (¢) = / T 0P (@) ()P () ),
see [19, (4.14)]. That is the kernel is symmetric in its three variables. Moreover
al€n0 >0, (Enoers [ e, n, Qv(() =

see [19, Theorem 4.4 and (4.17)]. This ensures, in standard way, that
(31) 173 gllp < llgllpv, 1< p<oo.

Subsequently we need the next properties (see also [22, Section 2]).

Lemma 7. Let f € Cy(Ry). Then

(32) AT HN) =P AN
and
(33) TN = 3(f D) (N).

Proof. By [18, (4.2)]

| K@t 260 @dute) = o7 00 ).
Thus o e
- / / FK (@, t, 2)du()e (@) da(z)

/ £ (00 (2)du(z),

where by the assumption on f Fubini theorem can be applied and the last integral
is convergent. It proves (32).
Similarly, in view of [19, (4.16)]

/0 " a6 O (@) (Q) = o0 ()P (2),

which implies that

TIF(N / / F@)a(n, 1, Op? (@) dp(2)dv(C)

- / F@)o@) () (2)dpu(z)

which, with the remark above, ensures (33).
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Before stating the next theorem we introduce the corresponding convolution.
For appropriate functions

Jrglt) = / T (@) (x)dpa)

and

I(f*g)=3(5)3(9),

furthermore the convolution is commutative and associative, see [18, (5.3), (5.4)].

Theorem 3. Let 1 <p <2, K C L(Ry) a bounded set. Let K = J(K).
Let us consider Example 6.

If K satisfies Py, then K fulfils Py, and Py, .

If K satisfies Py, , then K fulfils P,.

Proof. Let f € K. In view of (33)

173" FO) = TEE Wl = 132 = 05Dl < el Fein) = o5 s
According to [17, Theorem 2, (ib)] if n € R,
0

8—77%(70‘”6)(,@) < K(1+z)%e 9.

Thus, since ¢ > 0, |[T7" F(A) = T f(N)lpr < c(0)R]|f|lp.us 50 Pr, is satisfied for
K.

Repeating the standard arguments for an arbitrary § > 0 take a function g;s
such that suppgs C [—9,d] fR gs(t)du(t) = 1, gs > 0, cf. [19, Lemma 4.2]. As

gs(\) tends to zero when A tends to infinity, choose R so large that gs(\) < % if
A > R. Then

(/ Ifl”du> s(/:|f<1—g5>f}’du)”l'gc<p>|f—f*ga||p,u
([ )

— T f()gs(t)du(t)

( / / ST w)\pdu(w)ga(t)du(t)> '
< c(p)

sup ||f(2) = T"f(2)lp.u-

0<|t|<s

5. MODULUS OF SMOOTHNESS AND K-FUNCTIONAL - REGULARITY WITH
RESPECT TO AN INTEGRAL TRANSFORM II

As it is well-known, the modulus of smoothness generated by the standard trans-
lation is equivalent with the Peetre’s K-functional, see e.g. [14, page 171]. This
property is extended to Bessel translation, see [37]. Below we derive the same
equivalence for heat-diffusion semigroup, where the semigroup property implies
arguments very similar to the standard case, and for Example 3, where the corre-
sponding integral transform proves to be the right tool.

Recalling the notation of (21) we can define the Sobolev space generated by D)
as follows.

(34) Wh . ={f(x) e Lb: Dy felb 1=1,...r}
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Then the corresponding K-functional is
Ko(fot, Ly, Wh ) = K (1), = = o {1 = gllp + (D) 9llp.p}-

D,r,u

The moduli of smoothness generated by general translations are defined as follows.
Definition 5. Let
Aof(x) =T f(x) = f(z), A7f(z):= A(AT f)(2).

Let 1 < p < o0. The p-modulus of smoothness is
wp(f;t)p := sup [[AL fllp,p-
0<h<t

Remark. (R4)
(35) Ajfla) = (I T''f = Z ()Tt) f(@).

where (T*)F = Tt o ... o T*. For the standard and the heat-diffusion translation
semigroups (T*)* becomes T**.

Theorem 4. There are positive constants M = M (r, p) independent of f such that
for Examples 1 and 3

1 cr

MWT(JC’ )IJ (f7t ) SMw?“(f7t)p7

reN,1<p<oo, c=ord(Dq)).

Remark.
(R5) In our parabolic cases ¢ = 1, in Bessel case ¢ = 2, cf. [37].

Proof. By standard arguments

we(f,t)p S wr(f =g, t)p +wr(g:)p < 27(F = gllp + "1 D) 9lp-
In view of (23) and Remark (R4),

1Az 9lly < 1D (2)9llp-

The second estimation needs different methods in the two cases.
First we deal with the heat semigroup. Let us introduce the next notation.

grale) = f@) + (0 [ A f@dad

(0, )r

rr

T

(36) —r / > k“(Z)u(m,kt(Zzi))dzl...dzr

i=1

Thus, according to (7)

- T ™1 .,
(37) (2),29rt(T) = - Z(—l)kH P AL f(x).
t k) kr
Considering the operator norm, (36) and (37) g, € W7 - By Minkowski’s inequal-
ity
1Dy 29t (@)llp < (2r)"wr(f,£)p-
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Recalling the definition of g, , as above
< M(r,p)wr(f,1)p-

r’ rsor o f(x)duy .. du,
. p

To prove the second inequality for Example 3 we apply the integral transform
method again. According to (35) and (26)
222\
(FATMI() =1 —e ) f(2).
Let Iy :=IN[-1,1] and I := I\ (—2,2). Let us define
1, S Il7

nx)=4 0, z €l
€ C§°otherwise,

If— gmﬁ”p =

such that 0 <7 < 1. Let £ > 0 and define n.(z) :=7n (f) Let
0 :=F 1 (n.).
It is enough to take an f € L' N LP. Define
g =g ‘= (Qs*f)'
Let Let 0 <t < ﬁ. Then we have
F(Di9:)(2) = (=1)"b* 21 (2)4(2)

1t (-1 rb2r22r (2 i, 1 ¢ (=1 erTZQT bZ\/E .
- s e - N S i) e)

Let , ]
—u

h(u) = (1—6‘“) n(w).
Then .

Zé)gs = ;A;g?_l(h(bzﬁ))
Since

1F = (h(b2VE) [l = |1F 7 (R) |l =t ¢,
we have
r 1 ..

(38) 105y 9:llp < € 127l

We proceed similarly to estimate the first term of K,.(f,t"),.

T = 0:)() = (1= 1) 3(2) = = =y Mo 2).

Let
1 oo oo
—_— = Zakmk =Qn(7) + Z apz®, |z < 1.
k=0

(1 =) k=N-+1

We decompose
1 1 —_b2t22 _p24,2
(1 7671721522)7‘ = ((1 767b2tz2)r - QN (6 b )) +QN (e b7t ) ,

that is
F(f —9.)() = Us + Uy
= (1—n) Qn (7)) Afg(2)
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=m0 (e — Qv () ) STate)

_ 1
Letsf—b\/z and
1

1—e?*

fo2) = (1= () - ().

Then
Ty, = (kN(bzx/i)) +Alg.

If N is large enough we have

(39) 157 sl < 15 kv 111 AT gl
Turning our attention to the first term we have
N
_ E,nr kE,\r
T =Y ()" (aig) = o+ (T)" (A7g)) .
=0

Since T is bounded
(40) 19710, < C@)( + llorll)IIAT £l
Thus according to (39) and (40)

I1f = gellp < cwr(f,t)p-
Recalling (38) the second inequality is proved.

Remark. (R6)
This integral transform method works because considering the two expressions

I(Af) = (1 —(t,-)) f and ID (o) f = h(-)f we have

h(-) ~1=9(t,)
around zero. This property is the second regularity property of translation with
respect to the integral transform. This is the situation e.g. in Bessel case, see [37].

For instance Example 2 does not possess second regularity property with respect
to the cosine transform.
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