ON INHERITED PROPERTIES AND JULIA SETS OF
EXCEPTIONAL JACOBI POLYNOMIALS

A. P. HORVATH

ABSTRACT. Some inherited properties of exceptional Jacobi polynomials are
derived and as an application it is shown that similarly to the standard case,
the equilibrium measure of Julia sets of exceptional Jacobi polynomials tends
to the equilibrium measure of the interval of orthogonality in weak-star sense.

1. INTRODUCTION

Notion of exceptional orthogonal polynomials is motivated by problems in quan-
tum mechanics, see e.g. [7]. It has a rather extended literature, see eg. [8], [1],
[4] and the references therein. Exceptional orthogonal polynomials are complete
systems of polynomials with respect to a positive measure, but the exceptional
families have finite codimension in the space of polynomials, cf. [8, Definition 7.4]
or [4, Definition 6.1]. Similarly to the classical ones exceptional polynomials are
eigenfunctions of Sturm-Liouville-type differential operators but unlike the classical
cases, the coefficients of these operators are rational functions. An elegant way of
constructing exceptional and general Jacobi polynomials the Wronskian method via
(two) partitions, cf. e.g. [4], [1]. Some properties, for instance the behavior of zeros
are derived in rather general circumstances, see [1, Theorems 6.5 and 6.6]. Excep-
tional orthogonal polynomials also possess a Bochner-type characterization as each
family can be derived from one of the classical families applying finitely many Dar-
boux transformations, see [8]. Taking into account this characterization, below we
investigate some properties which are inherited to exceptional Jacobi polynomials
from the classical ones. Besides new results, we give some simple proofs to known
ones in exceptional orthogonal Jacobi case.

As an application of the properties proved in the second section, in the third one
we give the weak-star limit of the equilibrium measure of Julia sets of exceptional
Jacobi polynomials. In the standard case, the sequence of equilibrium measures of
Julia sets of polynomials orthonormal to a (probability) measure supported on a
compact set (of positive capacity) on the complex plane belongs to the family of
measure-sequences which tends to the equilibrium measure of set of orthogonality.
The other members of this family are for instance, the normalized counting measure
based on the zeros of the orthogonal polynomials in question, see e.g. [14] and
the references therein, the weighted reciprocal of the Christoffel functions as the
sequence of densities, see e.g. [16], [10], the normalized counting measure based
on the eigenvalues of the truncated multiplication operator, see e.g. [22], [20] and
the normalized counting measure based on the zeros of the average characteristic
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polynomials, see e.g. [23], [10], [11]. Similar theorems can be derived to exceptional
Jacobi polynomials, see e.g. [1], [13]. The result of the third section fits into this
family.

2. SOME INHERITED PROPERTIES OF EXCEPTIONAL JACOBI POLYNOMIALS

We use the Bochner-type characterization of exceptional polynomials given in
[8]. According to [8, Theorem 1.2] each system of exceptional (Jacobi) polynomials
can be obtained by applying a finite sequence of Darboux transformations to the
classical Jacobi system. Below we derive some properties which are inherited after
this procedure. Since for the proofs we need the construction, we summarize it in
brief, cf. [8].

2.1. Recursive construction. Classical Jacobi polynomials {p,(f’ﬂ )}2"20 are or-
thonormal on I = [—1, 1] with respect to the weight function Wy(z) = (1 —x)*(1+
z)?, where «, 8 > —1 and they are eigenfunctions of the second order linear differ-
ential operator with polynomial coefficients

(1) Tolyl = py" + qoy’ + roy,

with eigenvalues \,,, where p(z) = 1 — 22, go(z) = 8 —a — (a+ B+ 2)z, 1o = 0,
An = —n(n+a+ B+ 1), see [23, (4.2.1)].

Exceptional (Jacobi) polynomials can be obtained from the classical ones by
application of finitely many Darboux transformations to the differential operator
T} that is applying finitely many appropriate first order differential operators to the
classical (Jacobi) polynomials, cf. [8, Theorem 1.2]. This procedure is as follows.

(2) Teo1 = BpAp + My Ti = ApBy + Mg,
where
(3) Aily] = by’ — wry) Bily] = bi(y’ — ty),

i.e. the decomposition of the differential operator of the second order, T} leads
to the definition of T}, where

(4) Telyl = py" + @y’ + iy

wg is the logarithmic derivative of a quasi-rational eigenfunction of Tj_1 with eigen-
value A, that is wy is rational and fulfils the Riccati equation

(5) P(Wh + W}) + Qoo1Wk + Tho1 = A
by is a suitable rational function and
(6) b = m:—wk—q’ﬂ%.
The coefficients of T}, fulfil

b, L,
(7) Q= Qr—1 +p’—2ip=qO+kp'—2p;bf-

b 7\ 2 b
(8) Tk =Tro1+ Gy +wpp — bfk(qkq +p)+ (2 (k> - b—k + 2w§€> P
k k
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Sy (S LA SN AN Ry
:;qﬂ-p (Z;wi_zl)i)_;qi_lbi—’—p(Q;(bi) —gbi—ﬁ—Zgwi).

Fixing a, 8 > —1 and denoting by

B = i),
(2) implies that
(9) P = A, PFU and TP = A, PIF]
where
(10 By = B

that is {PT[L]C]};’LCZO is orthonormal on (—1,1) with respect to the weight function
PWi—1 W

=c
2 k PR
by Hi:l b;

and of = ||P,[1k]|\2,wk. Since Wy, has to possess finite moments (cf. [8, Definition
7.4]),b; >0on (—1,1) (i=1,...,k), say. Thus w; has no poles in (-1, 1). Actually
in view of [1, Table 1], b; are polynomials, they are positive on (—1,1) and have at
most simple zeros at © = £1 and (b;w;)(£1) # 0. Thus we denote by

(11) Wi, =

=3
™

K3

)

b;

(=aki

3

where b; # 0 on [—1, 1]. More precisely, b;(z) = (1—z) 5 (142x) 52 bi(z), where
)t Sig e Y D LI . .
gi; ==+1,j=1,2and so Wj, = 1=z it kl(lé: )izt , that is W} has finite

i=1 "1
moments if a + Zle €1, B + Zle gio > —1.
Let n; = degb;, m; := deg bi, My, = Zle m;. Let By, = Hle bi, By = Hle b;.
The degree of By, My, gives the number of gaps in the sequence of degrees of the
corresponding exceptional system. For sake of the third section we assume that By,
is monic and we denote by Zj the set of zeros of Bk, furthermore we choose ¢ such
that Wy, be a probability measure.

2.2. Inherited properties of pT[Lk] Here we concentrate mainly that properties
which are necessary to prove the result of the next section. We assume that
{P,[lk] o2 is derived from classical Jacobi polynomials with finitely many Darboux
transformations as it is given above. According to [8, Theorem 1.2] a Sturm-
Liouville orthogonal polynomial system, see [8, Definition 7.4] can be obtained this
way.
The first property is connected to [1, section 6.5].

Property 1. P has simple zeros in (—1,1), and P}ﬁ(il) # 0 for alln,k > 0.
Proof. Since P,EO] has n simple zeros in (—1, 1), we can prove by induction. Assume
indirectly that P*~) has simple zeros in (—1,1) and there is an xg € (—1,1), such

KLy _ ( pllY _
that Py (z9) P.") (z9) = 0. Then by (2) and (9)

(12) By, Py (o) = (A — M) B (o).
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/ ’
Since in view of (3) and (6) P = = ((PT[LH) + (wk + %T’l - Z—:) P,[Zk]>, by
the assumption and by (12), pi1 (x9) = 0. According to (9) and (3)

br. (o) (Prgk_l])/ (o) = (bywg) (o) PF (o) + P (o).

Because by(xg) > 0, (Prﬁ’“*”)/ (zp) = 0, that is P Y has a double zero at o,
which contradicts to the assumption.

We deal with the right end-point, say. p'{* B)( 1) # 0. Assume that pl= 1]( 1) #0.
If b (1) = 0, then recalling that (brwe)(1) # 0, PH(1) = (4. PF)(1) =0 -

(o) (WP (1) £ 0.
If by (1) # 0, assume that P,[bk](l) = 0. As above, considering that pw;, has no pole
in 1, we compute

(B = 5y (p<1> (PEY () + () (1) + aua(1) — 251)) P#“(l)) =
0=\, — S\k)P[k 1]( 1), which is contradiction.

Below we need the next assumption.
(13) (wrpWy-1)(£1) =0, k=1

Since by, > 0 on (—1,1) and has at most simple zeros at x = +1 and bkwk has no

poles in [—1, 1], thus (13) fulfils if o + &5 4 Z _ e, B+ el +Z 1 g2 > 0.
Recalling the notation (10) we have

Property 2. Supposing (13),
of = /- A +Ck) ~n

where C(k) is a constant which depends on k.

Proof. P fulfils this property, see [23, (4.3.4)]. By (9) and (5)
N 2 . [N
G| ((R&’“J (x)) ) pla)Wi(w) -2 (P (@) ) P (@)wesa (e)p(a) Wi (@)de

+ [ Gun = @ (o) - ple)ui @) (PH@) Wela)da.

I

Considering (7) and (11)

(14) (Wip)" = Wiy
So

@) = [(()) st

- /I ((]ST[L]“](:U))Qwkﬂ(x)p(x)Wk(x)),dx—|— /I Met1 (P,QkJ(x))ZWk(x)dx
=7y + 9+ 75

By orthonormality J3 = A\y4q which is independent of n. J = 0, by (13).
Integrating by parts and then considering (9), (4) and (14) we have

I=— / P¥(a) ((1—1&“ <x>)'p<:c>wk<x>)/dx
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= [n@) = 2) (BI@) Wiohds = ~2, -+ 30

1
Observe, that ||rg||eo,r = A(k), where A(k) is a constant depends on k but indepen-
dent of n and || - ||co,r means the infinite norm on I. In view of (8) 7 has no poles
n (—1,1). Although according to (8) it can have a pole of order one at = +1, but
considering (7), g has no poles at = £1, and since p,gk](il) # 0, by (9) rr(£1)
must be finite. Thus, by orthonormality
T4 < A(k).

Since |A,| ~ n?, the proof is finished.

Location of zeros of exceptional Jacobi polynomials were investigated by several

authors, see e.g. [9], [12]. The next property is proved in a different way in [1,
Theorem 6.6].

Property 3. Supposing (13) if n is large enough, P}Lk] has My, exceptional zeros
(with multiplicity), that is My, zeros out of the interval of orthogonality. Moreover
the exceptional zeros tend to the zeros of By, when n tends to infinity.

Proof. Recalling that PT[LOJ = pS{’"ﬁ ), for classical Jacobi polynomials we have

A / A A A
p(P) = DuPlL + B P + F P

n

where lim,,_, o % = %, lim, oo B, = QTfﬁ, lim,, —, oo % = —%, see [23, (4.5.5)],
and

Pl
(15) lim ﬂ:z— 22 —1,

n—oo Ar[LO] (Z)

where the convergence is locally uniform on C\ [-1,1], see e.g. [17]. (Here and
below we take that branch of the square root, which takes positive numbers to
positive.) Thus

R /
py[Ll] 1 pb1 (P£0]>
BT ok | pBP

_o (b (DaBi | Ba F P b
ol \p \ n pl n n  pll n |’

that is in view of (15) and Property 2

—biun

/

. (0]
1
ORI IO ) e
n— 00 Py[LO] (Z) n—00 U}pr[LO](Z) 22 1
locally uniformly on C\ [—1,1]. We continue by induction.
~ i
B b (BEY)
pE—1 = T _kpl-1 T ok 01+ s,
n nin

where Qs — 0 locally uniformly on C. As Pyﬁfl] = Ak_lpﬂlk*m,

)

TN TN i
bibr—_1p (Pr[Lk 2]) + pbi (PT[Lk 2]) (5,4 —bk—lwk—1)—pbk(bk—1wk—1)'P7[1k 2

1 plh—1
ko p}l ]

Q9
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R "
Expressing (P,[l’“?]) from the differential equation we have

a1\
by, (P'I[Lk 2]) (pb,_1 — Pbr—1Wk—1 — bp—1qr—2)

k—1

9 = -
okop pPT[lkfl]

err[Lk_Q}bk(—bkfﬂ’kfz + Anbr—1 — p(bp—1wi—1)")

= 03 + Q4.
1 Alk—1
okok 1pP7[L ]
We have
(PT[Lk—2] /
=1 a1 by (pby, _y — pbr—1wi—1 — br—1qx—2) k Ak
Q= P11 P = R, Qn,
pm n
and
br(=by_17k—2 + Abr_1 — p(br_1wi_1)’ 1
Q, = e (—bk—17k—2 nl;ll P(br—1wr—1)") A[k,I]:VfSﬁo
ckon” Py
n-mn pPT[kaz]
. PlE—1(2) . be_1(2) (P2 (2)) br—1(2)
Now we assume that lim, . PG, T limy, 00 TGy _% lo-

_1
cally uniformly on C\[~1,1]\ Zx_2. Then R*(z) — S G VI S C\[-1,1]\ Zk-1

1
bp—1(22-1)2
and Q% (z) — 0 on C locally uniformly, Q3 tends to zero on C\ [~1, 1]\ Z;_; locally
uniformly.
Since lim,, ﬁ’\,ﬁl =1, V¥ tends to —bybx_1 on the compacts of C, and as above

Sk(2) tends to m on C\ [-1,1]\ Zx_1 locally uniformly. Thus

Bl
lim Qu(z) = lim &) ()
n—00 n— 00 Pr[Lkill(Z) 22 -1

locally uniformly on C\ [—1,1] \ Zx_1. Now take

B . pM pl1 pll (—1)*By(2)

B () = imy Pl pl—2 "+ Bl T (L )k

locally uniformly on C\ [-1,1] \ Zx_;. Both the left-hand and right-hand sides
are regular on C \ [—1,1], so we can extend the domain of convergence there.
Finally, considering that the zeros of By, and By, coincide on C\ [—1,1] and applying
Hurwitz’s theorem the statement is proved.

Property 4. Denote by v* the leading coefficient of PT[Lk]. Supposing (13), we have

1 k % =
(16) Jim ()7 = 2.
Proof. Let 72 be the leading coefficient of P (For simplicity assume, that o
and v¥ are positive.) It is known that lim,_,..(70)% = 2, see e.g. [23, (4.21.6),
(4.3.4)]. Notice that b; and b;w; are polynomials, cf. (9). Denote the leading
coefficient of bry; and bgpyiwis1 by cpr1 and diyq, respectively. If n is large
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enough, the degree of pr[f] is n 4+ my, where my is independent of n. Recalling that
A A !/ A
UfLHPr[zkH] =bp41 <P7[lk}> - bk+1wk+lpv[1k]v we have

k
T min {Jegs|(n + ma), dysa |} < 95 < Zil max {|ci41|(n + ma), [di 1} -
On

Thus the result can be derived from the corresponding result with respect to the
classical Jacobi polynomials, by induction.

The next property is proved in X,,-case in [9] and in general (with a different
proof) in [1, Theorem 6.5]. By the construction we have that the degree of IADT[Lk],
N(n), is greater than n. In view of Property 3 (if n is large enough), P has
N(n) > n — My, regular zeros.

Property 5. Let x’fn,...,xéfv(n)n be the regular zeros of the exceptional Jacobi

polynomials, PM . Let x4, = cos ©Yin. Supposing (13), for every [v,d] C [0, ]

1 Z 1_577 <y logn

n T |~ n '

i
Y<Pin<d

where Cy, is a constant, depends on «; B; k; b;, bjw;, i =1,...,k but is independent
of n.

The basis of the proof is the next lemma.

Lemma 1. [6] Let 1 > (1, > -+ > (o > —1, n € Ny any system of points, and
let n;,n, € [0,7) be defined by (i = cosnypn. Let wy(C) = 11 (C = Gin). If for all
¢€[-1,1]

A(n)

w0 < 55

holds, then for every subinterval [7y,d] C [0, 7] we have

6—7 8
(17) Z 1—Tn <@ nlog A(n).

7
V<Min <6

Proof. | P |oe.s < Con®1, see [23, (7.32.2) and (4.3.4)], where ¢ = max{a, 3}.
Assume that ||P7[Lk71]||oo,1 < cp_nF1Ha=1 where, recalling that b; and bjw; are
polynomials,
ck—1 :=Co [[; 711 max{||b;||co,1, |Diw;||co,r }- In view of (9), Markov’s inequality and
Property 2,
||P Hoo 1 < cp—1 max{||bg || oo, 1 [|brwk ||, JnF1HI7 1271 = ¢ pk+a=1 Now let us
decompose

P =il
where ef and ¥ are monic polynomials, the zeros of e are the exceptional zeros
of P,[Lk] and the zeros of r¥ are the regular ones. According to Property 3 there is
an ¢, > 0 such that for all x € [~1,1], |eX(x)| > €4 and by Property 4, 4% > 2n~!
if n is large enough. Thus on [—1,1]

b= 1P 2ottt o,
TUoAkleE| T ep2m oon
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Thus the previous lemma implies the result with A(n) = A(k,n) = é;A,.

Besides the normalized zero-counting measure the Christoffel function measure
tends to the equilibrium measure as well.

Property 6. Assuming (13) for all k € N

(18) v = pe
in weak-star sense, where
(] S AIH) 2
ZROEEDY (Pl ) (2)Wi(z)dz
1=0

and p. is the equilibrium measure of [—1,1].

Proof. Since the twice continuously differentiable functions are dense in C[—1,1] it
is enough to show that for any f € C?[-1,1], [k](f) tends to pe(f). The result is
known for {PZ[O]};’;O, see e.g. [16]. Let k > 1. Recalling that P[ = 1k Akf)l[kfl]

nl

/f Ykl (2 Z/f 2o = Zg[k]'
— < /I f(@)bi () ((E““”(x))’) Wi (2)dz

+Aﬂ@ﬁ@hﬁ@(ﬂ“%@fwumm
- /1 F(2)262 ()wp, (x) (I:’l[k1](x)>/pl[k1](x)Wk(x)dx> -

In view of (11)

@+l -al)).

Uz

2
a1 —/f )) wi (2)p(x)Wi—1 (x)da.

By assumption (13) pWj_1(£1) = 0, thus taking into consideration (14) and (4)
it = [ B (BF@) oot
+(EW”@DUW@M@Whﬂ@+(ﬁ“”@ﬂ?@Mmdemmm>m
= [ B (00 = s @) B @) e Wi o)

(o) a1 = | 1) (p(@)wd(@) = A+ (@) (B (ac))2 Wi (2)da

7/1 <(P}k—”(x))2>/ <;f’(m) +f(o:)wk(:c)) p(@) Wi (2)de = 35 — 375,
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~

Hgk]:i)?< )g[k 1

+@1k)2/1 (pl[k’—ll (w))g (;f”(x) + f’(x)wk(x)) p(x)Wi—1(z)dx

Notice that |H£k]| < || flloo,r and |pwg] is bounded on [—1, 1], thus the last integral is
also bounded independently of . Thus considering Property 2 we finish the proof

with
/ fa NG

f[fL = span{lf’ék], cee P,[Lk]}.
The next observation relates to the recurrence relation (see [18, Theorem 1]) which
is as follows. If s is a polynomial of degree L such that its derivative is divisible by

Bk then SP[k] ZZL:iL a; nPyﬂl, where a; ,,-s are constants. The fact that BZP

can be expressed as a linear combination of exceptional polynomials Pr[L Vs proved
in [5, Lemma 1.1]. To our purpose a similar statement with any fixed polynomial
is enough, but we need that the lengths of the linear combinations does not exceed
a fixed number.

Let

Property 7. There is a fived s such that
(19) BIEPE ]:[Z+S7
where P is an arbitrary polynomial of degree n.

Proof. Actually we prove that s = s = Zle(ni + 1), provided that deg(b;w;) =
degb;, —1,i=1,...,k, cf. [1, Table 1].
For k = 0 it is obvious with s = 0. For k =1, expressing P =Y ., aip(a’ﬁ)

| B@P@ BN @)W (2)da -

= Cl/b?(x)(zn:aip?*ﬁ)(x)) (b (@I + o+ B+ Dp 7 ()
o1 JI =

(a,8) p(z)w P (z)
—bi(x)wi (x)p, (x)) de
:klial / bi(@)p\ ™ (@)pi T (@) @D (@) de
=0 I
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where k;, d; are constants depending on I, @ and 8 and p(x) = 1 — 22, cf. (1).
Orthogonality and the remark above imply the statement.
For k > 1

[ i@ P B iy
- 0?/113’,3_1( ) P(x) (b (2) (P (@)Y — b (2 )wp () P (2))p(a) Wi (2)da = ()
Integrating by parts by (14)

() = =5 ([B* @) P@)by(2)p(2)Wo ()]

0y

— [ P @) (2B @B ()P ()l Wi 1)

I
+BE_ (@) (Pby) (2)p(2) W1 ( )+Bifl(w)P(x)bk(x)qk—l(ff)Wk—l(w)) dzx

- [ B2 @P@h (x)p(xﬂ%““‘”u)m1<m>dx).

Considering that B}, | = By, Zk ! bi and (7)
(0= [ A 0B G P @)

+P ()b () (p(2)wi(2) + qo(z) + (k — 1)p'(2))) Wi-1(z)dz
Since the polynomial in the bracket is of degree n + ny + 1, the result is given by
induction.

I

Property 8. Supposing (13)
(20) lim — log |PF(2)] = log |z + V22 — 1
n—,oo N,

locally uniformly on C\[—1, 1]\ Zx, where that branch of the square root is considered
which maps positive numbers to positive numbers.

Proof. Recalling that deg]_[f: i = M) and denoting by {x”}l 1 ), {xje}] i
{z;}, the regular zeros of pM , the exceptional zeros of P and the zeros of

Pl respectively, we have

1 1 1 1,
21 Zlog |PH()| = ZlogyF + =Y 1 —zi ]+ =) 1 ——
@) ol = Dol + Y logle =l 13 logls =
Let z € C\ [-1,1]. Property 5 means that the normalized counting measure based

on the regular zeros of P[ ! tends to the equilibrium measure of [—1, 1] in weak-star

sense. Thus
N(n)

1
lim — Z loglz — x| = /1og|szc\dpe(x)
I

n—,oo N

= lim —Zlog|z—xi| =log|z+ V22 — 1| —log2,

where we used the corresponding result for classical Jacobi polynomials, and the last
equality fulfils by [24, Theorem 1]. Note, that on each compact set K C C\ [—1,1]
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the functions f,(z) = %Ef\i(ln) log |z — x; | are equicontinuous. Indeed, let z,w €

K, dist(K,I) = d and then

|f"(z)fn(w)|§i;10g<l+ [z — wl >§ \Z;w|'

lw — 2,

Since the sequence is pointwise convergent, it is uniformly convergent on K as well.
According to Property 3, the third sum of (21) tends to zero locally uniformly

on C\ [-1,1] \ Zk. Indeed, as K is compact and has a positive distance from Zj,

if n is large enough, then |log |z — z; || is uniformly bounded on K.

Comparing the first term of the right-hand side of (21) to (16), the proof is finished.

3. APPLICATION - EQUILIBRIUM MEASURES OF JULIA SETS

Dynamical properties of sequences of orthonormal polynomials given by a Borel
probability measure supported on a non-polar compact subset of the complex plane
were investigated in [3] and [19]. Although the results are proved in general cir-
cumstances for standard orthogonal polynomials in the cited paper, they cannot
be applied to exceptional families since they have finite codimension in the space
of polynomials. Below we give the extension of the result mentioned above to ex-
ceptional families.

For sake of simplicity in this section j > 0 is fixed and arbitrary; we denote by
P, = ]5,[3 ], we omit the index j everywhere, and assume (13). The corresponding
weight function is denoted by W.

3.1. Tools.

3.1.1. Polynomial Dynamics. The basin of attraction for oo for b, is
(22) Q,={z€C: klim PE(2) = 00},
—00

where P,’f = P,0P,0---0P,, that is composition k times. (Similarly }5; * denotes
the inverse.)

K, :=C\Q,, J,:=0Q,=0K,
are the filled Julia set and the Julia set for Pn, respectively.

First we note that for each polynomial p(z) = y2™ +- - -+ c of degree n > 1 there
is an R, such that for all z with |z| > R, |p(2)| > 2|z|. Thus Q, (cf. (22)) can be
expressed as

(23) Q,={2€C: klim p*(2) = 00} = Upsop ®(C\ D(0, R)).
—00

So the filled Julia set of P, is

(24) K, = meOPJk(D(Ov Rn))

As in general, J,, and K, are compact, completely invariant sets, i.e. P, 1(J,) =
In = Pp(Jn).
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3.1.2. Potential Theory. u is a compactly supported Borel probability measure on
the complex plane denoted by u € M. The (logarithmic) potential function of p is

UF(z) = /Clog m 1 Z|du(w).

The energy of u is
B0 = [ U"()du2).
Let K C C compact.
V(K) =inf{E(n) : p € M,suppp C K}.

The capacity of K is

capK = e~V K),

3.2. Limit of equilibrium measures of Julia sets. The next theorem is the
main result of this section.

Theorem 1. With the notation above, for n € N let J, be the Julia set of the
exceptional orthonormal Jacobi polynomial P,,, and let u,, and p. be the equilibrium
measure of J, and [—1,1], respectively. Then

(25) L — he

in weak-star sense.

We remark here that the equilibrium measure of the Julia set of a polynomial
is the unique measure of maximal entropy with respect to the polynomial, cf. [2,
Theorem 17.1] and [15, Theorem 9].

To prove Theorem 1 we need some lemmas. At first let us consider some corol-
laries of Property 8.

Corollary 1. (of Property 8) There is an R, such that K,, C D(0,R) for alln € N.

Proof. As K, is compact for each n, it is enough to show that there is an R such
that | P, (2)| > 2|z| if |z| > R and n is large enough, cf. (24). The required inequality
is ensured by (20).

Similarly to [3, Lemma 2.2] one can derive
Corollary 2. (of Property 8) There exist R > 1 and N € N such that for alln > N
(26) K, c P7Y(D(0,R)) € D(0,R).
Proof. Let R > max{1, R} such that D(0,R) D Zj. Let ¢ := inf.—glog|z +
V22 — 1|, which is positive. By Property 8 %10g|]5n(z)| > 5 ifn > N and |z| =

R. We can choose N so large that log R < N35. Thus the generalized minimum
principle implies that

P,(C\ D(0,R)) c C\D(0,R), ¥ n>N,
and so
27) B1(D(0, B)) © D(0. R).
Comparing (24), Corollary 1 and (27) the proof is complete.
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Proposition 1. Let K C C compact, K N[-1,1] = 0. Then there is an M € N
(depending on K, but independent of n) such that for all P,, degP, > 0, and any
w € K,

(28) card(}j%w)ﬁK) <M.

Proof. In view of Corollary 1 we can take |w| < R with an arbitrary fixed R rather

than w € K,. We can also assume, that M is large enough. Let d = d(K,I) be

the distance of K and I, and define a := ———. Let || B||oo.s =: A, and choose
1

a2

4

— 1
€= RO+RAZ
fixed u (will be given later), for all n. We assume that M is so large that a™ < c.

Now suppose indirectly that for all M (large enough) and N there is an n > N

Here £ is a constant ensured by (16) such that %jyﬂ < Kk with a

such that P,(z) = w has at least M solutions, z1,. ..,z in K.
Choosing y1, . ..,y to be the nearest points from I to z1, ..., zps, respectively, one
can define the rational function

M
-
(29) r@) = [[ =2, lrllws <a <e,
j=1 ’

cf. [21, Lemma 1.3.2] and [19, Lemma 3.3]. With this rational function we define
the monic polynomial of degree deg P, + sy, where sy = 2 o1, degb; as

L 520B () — w
Qz) = —rB(Fa(z) —w).

Taking u = sg + s, in view of (29)

1 . R
Q2w < ,7||7“||oo,[—1,1]||32||oo,[71,1]||P7(LZ) —wl2,w

1 .
< = P =

In that case, when deg Py > 0, let 1 = Yo e;P;, in norm. By orthonormality

2,W-

1Po(2) — wllow = /14 |w]2 — 2Rwe,, < \/1+ R%+ 2R]e,|.
Note, that if deg Py = 0, the right-hand side above is 14 R2. As 1 € L%, e,, tends

to zero thus if n is large enough % < 1.
According to (19)

1 n+so+s—1

» Dk
(30) Q = 7Pn+s()+s + Z aiPi[ ]
In+so+s =0
and choosing k as above we have
Yntsots 1 1 A
”Q |2,W < e 1< Ian+so+s||27W~
KYn Tn+so+s Tn+so+s

Comparing to (30) it is impossible.
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Proof. (of Theorem 1) In view of Corollary 1 the supports of equilibrium measures

of the Julia sets, p,, are uniformly bounded. Furthermore applying the Mobius

transform w) = —%1—, 21 = —Z1— to w = Py(2) = 12" + ...a9, and de-
(yn) =1 (yn) =1

noting by F(w) := 137 P, (2)=w J (2) for an f measurable, and observing that

. by f(2) = L 2w, wep (-1 (o) F'(w), [2, Theorem 16.1] reads as

(31) LfGane = [+ 3 )

) Pn(z)=w

N>

If K C C such that K is compact and disjoint from I, then applying (31) to the
indicator function of K and considering Proposition 1 one can derive that pu,, (K)
tends to zero. Thus, if a subsequence p,, has a weak-star limit, say v, its support
is contained by I.

According to [2, Lemma 15.1] and (16), lower semicontinuity of the energy implies
that I(v) < liminf; I'(gn,) = I(pe). That is v must be the unique equilibrium
measure for any subsequence and so the proof is finished.
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