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Fractional chromatic relaxationsSome famous 
onje
tures of 
ombinatori
s give an upper bound to the
hromati
 number of a graph.

• Hadwiger's 
onje
ture

• Behzad-Vizing 
onje
ture on total 
oloring
• Hedetniemi's 
onje
tureOne 
an get a weaker statement from a 
onje
ture like these by asking tobound the fra
tional 
hromati
 number from above instead. Su
h weakerstatements have been proven for all three of the problems mentioned.Reed and Seymour showed in 1998 su
h a fra
tional relaxation of theHadwiger 
onje
ture: if a graph G does not have Km+1 as a minor, then

χf (G) ≤ 2m.B. Reed, P. D. Seymour, Fra
tional 
oloring and Hadwiger's 
onje
ture, J. Combin. TheorySer. B, 74 (1998), 147�152.
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Topological relaxations

László Lovász' proof of the Kneser 
onje
ture in 1978 gives a way tobound the 
hromati
 number from below without also bounding thefra
tional 
hromati
 number. We 
an think of these bounds as a generalgraph parameter. (More than one di�erent parameters in fa
t.)We get di�erent relaxations of the 
onje
tures if we put this parameter inpla
e of the 
hromati
 number.Simonyi and Tardos proved su
h a relaxation of the Hadwiger 
onje
turein 2006: if a graph G does not 
ontain Km+1 as a minor, then

2 + ind(B(G)) < 2m.J. Matou²ek, Using the Borsuk-Ulam Theorem. Le
tures on Topologi
al Methods inCombinatori
s and Geometry, Universitext, Springer-Verlag, Heidelberg, 2003.J. Matou²ek, G. M. Ziegler, Topologi
al lower bounds for the 
hromati
 number: A hierar
hy,Jahresber. Deuts
h. Math.-Verein., 106 (2004), no. 2, 71�90.G. Simonyi, G. Tardos, Lo
al 
hromati
 number, Ky Fan's theorem, and 
ir
ular 
olorings,Combinatori
a, 26 (2006), 587�626.
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A necessary condition for the
topological boundIf a graph G does not 
ontain Km+1 as a minor, then

2 + ind(B(G)) < 2m. How to prove?Csorba, Lange, S
hurr, Waÿmer proved a simple ne
essary 
ondition forthe topologi
al bound. If t ≤ 2 + ind(B(G)), then the graph G 
ontains a

Kk,l 
omplete bipartite graph as a subgraph for every k, l su
h that
t = k + l.Apply this for m + 1 = k = l to get the theorem.P. Csorba, C. Lange, I. S
hurr, A. Waÿmer, Box 
omplexes, neighbourhood 
omplexes, and
hromati
 number, J. Combin. Theory Ser. A, 108 (2004), 159�168.
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Odd Hadwiger conjecture

We say that graph G has Km+1 as an odd minor if we 
an sele
t mvertex-disjoint tree subgraphs from it and give a 2-
oloring of the verti
essu
h that the 
oloring is proper on any one of the m 
hosen trees but thereis a mono
olored edge joining any two of the trees. Gerards and Seymour
onje
tured that if G has no odd Km+1 minor then χ(G) ≤ m.Kawarabayashi and Reed have proved a fra
tional relaxation of this
onje
ture (within a fa
tor of 2).Topologi
al relaxation not known.We have examined some well-known families of graphs where thefra
tional 
hromati
 number is low: Kneser graphs and S
hrijver graphs(for 
ertain parameters), and generalized My
ielski graphs, and found

Kχ(G) odd minors in them.K-i. Kawarabayashi, B. Reed, Fra
tional 
oloring and the odd Hadwiger's 
onje
ture,European J. Combin., 29 (2008), 411�417.G. Simonyi, A. Zsbán, On topologi
al relaxations of 
hromati
 
onje
tures. To appear inEuropean Journal of Combinatori
s, 2010.
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Behzad-Vizing conjecture

The verti
es of the total graph T (G) of a graph G are the verti
es andedges of G; elements adja
ent or in
ident in G are joined with an edgein T (G).The Behzad-Vizing 
onje
ture states that χ(T (G)) ≤ 2 + ∆(G) (where ∆means the maximal degree).Kilakos and Reed proves fra
tional analog in 1993: χf (T (G)) ≤ 2 + ∆(G).We prove a topologi
al relaxation: 2 + ind(B(T (G))) ≤ 2 + ∆(G).K. Kilakos, B. Reed, Fra
tionally 
oloring total graphs, Combinatori
a, 13 (1993), 435�440.
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Hedetniemi’s conjecture

Hedetniemi's 
onje
ture 
on
erns the 
ategori
al produ
t of graphs: itstates that min(χ(F ), χ(G)) = χ(F ×G) for any two graphs.Tardif proved a fra
tional relaxation in 2001:
min(χf (F ), χf (G)) ≤ 2χ(F ×G). He also proved another analog in 2005:

min(χf (F ), χf (G)) ≤ 4χf (F ×G).Hell in 1977 and Do
htermann in 2006 prove a topologi
al analog.We gave an analog for a di�erent topologi
al bound:
oind(B(F ×G)) = min(
oind(B(F )), 
oind(B(G))). The same is basi
allyproved by Do
htermann and S
hultz in 2009.C. Tardif, Hedetniemi's 
onje
ture, 40 years later, Graph Theory Notes N. Y., 54 (2008),46�57.P. Hell, An introdu
tion to the 
ategory of graphs, Topi
s in graph theory Ann. New YorkA
ad. S
i., 328 (1979), New York A
ad. S
i., 120�136,A. Do
htermann, Hom 
omplexes and homotopy theory in the 
ategory of graphs, Europ. J.Combin., 30 (2009), 490-509.A. Do
htermann, C. S
hultz, Topology of Hom 
omplexes and test graphs for bounding
hromati
 number, 2009, to appear in Israel J. Math. On topological relaxations of chromatic conjectures – p. 7



Thanks for your attention
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About the proof

How does the proof of our topologi
al analog of Hedetniemi's 
onje
turework?Bipartite graphs 
an be 
hara
terized as either graphs G for whi
h thereexists a G→ K2 graph homomorphism, or where there is no C2k+1 → Ghomomorphism for any 1 ≤ k.Graphs G with an m-
oloring are those graphs for whi
h there exists a

G→ Km homomorphism. Is there also a sequen
e of test graphs su
h that

G has an m-
oloring i� there is no Tk → G homomorphism for any k, su
hthat these test graphs admit T1 ← T2 ← · · · ← Tk−1 ← Tk ← . . .homomorphisms? The existen
e of su
h a sequen
e of test graphs isequivalent to Hedetniemi's 
onje
ture.The similar equivalen
e holds for the topologi
al analogs. Simonyi andTardos in 2006 essentially gives su
h a sequen
e of test graphs, and sodoes Do
htermann and S
hultz in 2009.
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