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ABSTRACT. – Take two independent one-dimensional processes as
follows: (Bt , t ∈ [0,1]) is a Brownian motion withB0 = 0, and(βt , t ∈
[0,1]) has the same law as(B1−t , t ∈ [0,1]); in other words,β1= 0 and
β can be seen as Brownian motion running backwards in time. Define
(γt, t ∈ [0,1]) as being the function that is obtained by reflectingB on
β. Thenγ is still a Brownian motion. Similar and more general results
(with families of coalescing Brownian motions) are also derived. They
enable us to give a precise definition (in terms of reflection) of the joint
realization of finite families of coalescing/reflecting Brownian motions.
 2000 Éditions scientifiques et médicales Elsevier SAS
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RÉSUMÉ. – Considérons deux processus stochastiques réels indépen-
dants définis comme suit :(Bt , t ∈ [0,1]) est un mouvement brownien
avecB0 = 0 et (βt , t ∈ [0,1]) a la même loi que(B1−t , t ∈ [0,1]). Si
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(γt, t ∈ [0,1]) désigne la fonction aléatoire obtenue en réfléchissantB

surβ, alorsγ est encore un mouvement brownien issu de 0. On démontre
également des résultats plus généraux du même type concernant des fa-
milles de mouvements browniens coalescents, qui permettent de donner
une description précise (en termes de réflexion) de familles finies de mou-
vements browniens coalescents/réfléchis. 2000 Éditions scientifiques et
médicales Elsevier SAS

1. INTRODUCTION

The main goal of this paper is to derive some facts concerning reflec-
tion and coalescence between independent one-dimensional Brownian
motions.

Several papers in recent years studied and used families of coalesc-
ing one-dimensional random walks or Brownian motions. These families
and their main properties have been initially (to our knowledge) stud-
ied by Richard Arratia [1,2] with applications to the voter model and
stochastic flows. More recently, they have received attention for various
reasons: coalescing random walks are the local time lines of certain self-
interacting walks or processes ([7] and the references therein) and fami-
lies of coalescing Brownian motions enable to construct natural contin-
uous “self-repelling” processes (see [8]); they also provide examples of
“non-Brownian” filtrations [9,10].

As already pointed out by Arratia [1,2], families of coalescing random
walks and families of coalescing Brownian motions have a natural
“duality property” (we very briefly recall this in the Appendix). To each
family of “forward” (running from left to right i.e. forward in time)
coalescing random walks inZ, one can associate a family of “backward”
coalescing random walks (i.e. running backward in time) as shown in
Fig. 7 in the appendix (see also Harris [4] for the corresponding statement
for stochastic flows). A natural question is how forward and backward
lines interact. Clearly the definition of the backward lines show that
forward and backward lines never cross; on the other hand, another quick
look at the picture (see Fig. 7 in the Appendix) leads to the following
loose observation: the local behaviour of a forward line and a backward
line are independent when they do not touch each other. Our aim is to
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derive the corresponding results for families of Brownian motions (i.e. in
the scaling limit).

It turns out that the correct formulation in the continuous setting is that
backward lines are reflected (in the sense of Skorokhod) on the forward
lines (or vice-versa). This leads to a natural and simple construction
of finite families of coalescing/reflecting Brownian motions running in
both directions, with the constraint that when two Brownian motions
running in the same direction meet, then they coalesce, whereas when
two Brownian motions running into opposite directions meet, then they
reflect on each other (so that they do not cross).

In [8] (see also [1,2]), the ‘dual’ family of coalescing/reflecting
Brownian motions was constructed in a different way. In particular, in
order to construct the dual family, we used all (i.e. a countable family)
the forward coalescing Brownian motions, and the reflection property
was not apparent.

The results that we will derive are in fact simple statements concerning
linear Brownian motion, which are interesting on their own (not only
because of the link with the families of coalescing Brownian motions
discussed above). Actually, we are mostly going to focus on these
statements and then say a few words on their applications to families
of coalescing Brownian motions.

In order to avoid complicated notation in the introduction, let us first
discuss in detail a very particular case of our results: Suppose that
(B(t), t ∈ [0,1]) is a linear Brownian motion started fromB(0) = 0
defined on the time-interval[0,1]. Suppose that(β(t), t ∈ [0,1]) is an
independent linear Brownian motion running backwards in time started
fromβ(1)= 0 (in other words, the law of(β(1− t), t ∈ [0,1]) is identical
to that ofB). Define the reflection(C(t), t > 0) of the functionB on the
path(β(t), t ∈ [0,1]). More precisely,

C(t)=
{
B(t)+ sups6t (B(s)− β(s))− if β(0) < 0,
B(t)− sups6t (B(s)− β(s))+ if β(0) > 0,

wherex+ = x1x>0 andx− = −x1x<0. In other words,C behaves locally
exactly asB, but it is pushed each time it hits the functionβ just enough
in such a way thatC never crossesβ. Fig. 1 below shows a realization of
β (in grey) andC (in black).

An important observation is that this reflection is not symmetric inB

andβ. Here, the functionβ was fixed whereasB is transformed intoC.



512 F. SOUCALIUC ET AL. / Ann. Inst. Henri Poincaré 36 (2000) 509–545

Fig. 1. A joint realization ofC (in black) andβ (in grey).

In a similar symmetric way, one can define a processγ obtained by
reflectingβ onB, but “backward in time”. More precisely,

γ (t)=
{
β(t)+ sups∈[t,1](β(s)−B(s))− if B(0) < 0,
β(t)− sups∈[t,1](β(s)−B(s))+ if B(0) > 0.

Note that the laws of(γ (1 − t), t ∈ [0,1]) and (C(t), t ∈ [0,1]) are
identical. In order to define(B, γ ), we decided thatB was fixed andγ is
obtained by reflectingβ “backwards” onB.

Theorem 3 states that in fact the two pairs of processes(C,β) and
(B, γ ) are identical in law. In particular, it implies that the law ofC is
again that of a Brownian motion started from 0. This result may seem
surprising asC is obtained fromB by pushing the path ofB (upwards if
β(0) < 0, downwards ifβ(0) > 0).

More general statements hold involving finite families of coalesc-
ing/reflecting Brownian motions; see Theorems 8 and 10.

Our proofs are based on discrete approximations (we first derive the
corresponding results for simple random walks using simple combinato-
rial arguments) and invariance principles. We want to stress that it seems



F. SOUCALIUC ET AL. / Ann. Inst. Henri Poincaré 36 (2000) 509–545 513

(at least to us) difficult to derive directly these results for Brownian mo-
tions (i.e. without using discrete approximations) using for instance sto-
chastic calculus methods because of the fact that filtrations are hard to
handle (C is constructed using both the forward running Brownian mo-
tion B and the backward running Brownian motionβ). One might wish
to compare this with Tsirelson’s results relating filtration generated by
Brownian coalescence to “Black noise” [9].

The paper is structured as follows. After recalling some relevant
facts concerning Skorohod reflection, we derive the “two-component”
version of the result (corresponding to Fig. 1 above). In Section 3, we
state and prove more complicated results concerning finite families of
coalescing/reflected Brownian motions. In both sections, the proofs are
based on discrete approximations and invariance principles. Finally in
Section 4, we say a few words on generalizations and consequences of
these statements.

2. TWO BROWNIAN MOTIONS

2.1. Reflection

We first derive some easy facts concerning reflection. Let us recall the
following lemma (see e.g. [6]) often referred to as Skorohod’s reflection
lemma:

LEMMA 1. – Suppose thatf is a continuous function defined on the
interval [0, T ] such thatf (0) > 0. Then, there exists a unique function
f0 defined on[0, T ] such that
• The functionf0− f is non-decreasing and continuous.
• The functionf0 is non-negative.
• The functionf0− f increases only whenf0 is equal to0, i.e.

T∫
0

1{f0(t) 6=0} d
(
f (t)− f0(t)

)= 0.

Moreover,

f0(t)= f (t)+ sup
s6t

(
f (s)

)
−

wherex− =−x1{x<0}.
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This lemma is for instance useful when studying the local time at 0 of
a linear Brownian motion: In the case whenf = B is a linear Brownian
motion, it is easy to see that the law off0 is that of a reflected Brownian
motion (i.e. the same law as|B|, see e.g. [6]) andf0− f is its local time
at 0.

Describing the applicationf 7→ f0 as “reflection” is in fact rather
misleading. It is in fact a “pushing” but we will use the usual terminology
(“reflection” is also used for multi-dimensional Brownian motion pushed
on the boundary of a domain etc).

As we shall now see it is easy to generalize this lemma in the following
way:

LEMMA 2. – Suppose thatf and g are two continuous functions
defined on the interval[0, T ] such thatf (0) > g(0). There exists a unique
functionfg defined on[0, T ] such that
• The functionfg − f is non-decreasing and continuous.
• The functionfg − g is non-negative.
• The functionfg − f increases only whenfg = g, i.e.

T∫
0

1{fg(t) 6=g(t)} d
(
fg(t)− f (t))= 0.

Moreover, for anyt ∈ [0, T ],
fg(t)= f (t)+ sup

s6t

(
f (s)− g(s))−.

Proof. –Note that this lemma can be viewed as a consequence of the
previous one as in fact,

fg = g+ (f − g)0.
Instead of using this observation, we prefer to give here the self-contained
proof that goes along the same line as that of Lemma 1 (see [6]), as we
will want to generalize it later in this paper.

Suppose first that there exist two functionsf 1 andf 2 satisfying the
required conditions. Then for anyt ∈ [0, T ],

f 1(t)− f 2(t)= f 1(t)− f (t)+ f (t)− f 2(t)

is of bounded variation (it is the difference between two non-decreasing
functions) and for allt ∈ [0, T ],
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f 2(t)− f 1(t)

)2
= 2

t∫
0

(
f 2(s)− f 1(s)

)
d
(
f 2(s)− f 1(s)

)

= 2

t∫
0

(
f 2(s)− g(s)+ g(s)− f 1(s)

)
d
(
f (s)− f 1(s)

)

+ 2

t∫
0

(
f 2(s)− g(s)+ g(s)− f 1(s)

)
d
(
f 2(s)− f (s))

=−2

t∫
0

(
f 2(s)− g(s)) d(f 1(s)− f (s))

− 2

t∫
0

(
f 1(s)− g(s))d(f 2(s)− f (s))

6 0,

so thatf 1= f 2.
Then, it suffices to check that if we define

fg(t)= f (t)+ sup
s6t

(
f (s)− g(s))−,

thenfg meets the required conditions. This is straightforward:fg − f is
clearly continuous non-decreasing, and

fg(t)− g(t)= f (t)− g(t)+ sup
s6t

(
f (s)− g(s))− > 0.

Moreover,fg − f can increase only whenf (t)− g(t)= sups6t (f (s)−
g(s))− and in that casefg(t)= g(t). 2

Let CT = C([0, T ])2 be the family of pairs of real-valued continuous
functions endowed with the uniform distance

d
(
(f, g), (f̃ , g̃ )

)=max
(
sup
t6T

∣∣f (t)− f̃ (t)∣∣, sup
t6T

∣∣g(t)− g̃(t)∣∣).
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Note that the mapping(f, g) 7→ (fg, g) defined onCT , is clearly
continuous on the set

C+T =
{
(f, g) ∈ CT : f (0) > g(0)

}
,

as for any(f, g) ∈C+T and(f̃ , g̃ ) ∈ C+T and for anyt 6 T ,∣∣fg(t)− f̃g̃(t)∣∣
= ∣∣f (t)− f̃ (t)+ sup

s6t

(
f (s)− g(s))− − sup

s6t

(
f̃ (s)− g̃(s))−∣∣

6 3d
(
(f, g), (f̃ , g̃ )

)
.

Similarly, it is easy to define the reflectionfg in the case whenf (0) <
g(0). In that case,fg is obtained by pushingf downwards each time it
hits g. More precisely, iff andg are two continuous functions defined
on [0, T ] with f (0) < g(0) we define for anyt ∈ [0, T ],

fg(t)= f (t)− sup
s6t

(
f (s)− g(s))+

and an analogous statement to Lemma 2 holds. The mapping(f, g) 7→
(fg, g) is then continuous at any point in the set{

(f, g) ∈ CT : f (0) 6= g(0)}.
Finally, suppose now that we look at the functionsf andg backwards

in time. In other words, they start at timeT and run backwards until time
0. In this case, we wish to define the backwards reflection off on g. For
the sake of clarity, we will call this functionf g (and omit the dependance
in T ). Then, iff (T ) > g(T ), we define for allt ∈ [0, T ],

f g(t)= f (t)+ sup
t6s6T

(
f (s)− g(s))−

and in the case whenf (T ) < g(T ),

f g(t)= f (t)− sup
t6s6T

(
f (s)− g(s))+.

The mapping(f, g) 7→ (f g, g) is continous on the set{
(f, g) ∈ CT : f (T ) 6= g(T )}.
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Note that we have not definedfg whenf (0) = g(0) and thatf g is
not defined whenf (T )= g(T ). In these cases, there is a choice between
“pushing downwards” or “pushing upwards”.

2.2. Brownian invariance property

2.2.1. Statement of the result
We are now ready to state the first result:

THEOREM 3. – Suppose thatT > 0, a ∈ R and a′ ∈ R are fixed.
Let (B(t), t ∈ [0, T ]) and (β(t), t ∈ [0, T ]) denote two independent
Brownian motions with

B(0)= a′ and β(T )= a

(β should be understood as a Brownian motion running backwards in
time: The law of(β(T − t), t ∈ [0, T ]) is that of a Brownian motion
started ata). Then the two pairs of continuous processes,

(Bβ,β) and
(
B,βB

)
are identical in law.

In particular,Bβ is a Brownian motion. This can seem somewhat
surprising, asBβ is obtained by a one-sided pushing ofB. However, this
can be an ‘upwards’ pushing or a ‘backwards’ pushing depending on the
value ofβ(0). Fig. 1 (in the introduction) shows the case whena = a′ = 0
andT = 1.

Note thatBβ andβB are almost surely well-defined as almost surely,

B(T ) 6= a and β(0) 6= a′.

By translation invariance, we can assume thata′ = 0, and the Brownian
scaling property shows that we can restrict ourselves to the caseT = 1.

Let us first derive a simple technical lemma:

LEMMA 4. – Almost surely,Bβ(1) 6= a andβB(0) 6= 0.

Proof of Lemma4. – By symmetry, it suffices to show that almost
surely,Bβ(1) 6= a. Note that almost surely,β(0) 6= 0. Suppose now for
a moment thatβ(0) < 0. In this case,Bβ is defined by

Bβ(t)= B(t)+ sup
s6t

(
B(s)− β(s))−



518 F. SOUCALIUC ET AL. / Ann. Inst. Henri Poincaré 36 (2000) 509–545

andBβ > β. Hence, ifBβ(1)= a = β(1) then

−B(1)+ β(1)= sup
s61

(
β(s)−B(s))+.

This implies that the one-dimensional Brownian motion(
β(t)−B(t)− β(0)√

2
, t ∈ [0,1]

)
hits its maximum at time 1; this is almost surely not the case.

Similary, almost surely, ifβ(0) > 0 thenBβ(1) < a so that finally, we
get that almost surely,Bβ(1) 6= a. 2

We now turn our attention towards the proof of Theorem 3. For
symmetry reasons, and using Lemma 4, it is sufficient to prove that (for
any fixeda)

1{Bβ (0)>β(0),Bβ(1)>β(1)}(Bβ,β)
(in law)= 1{B(0)>βB(0),B(1)>βB(1)}

(
B,βB

)
. (1)

In this identity (and we shall use a similar notation in the rest of the paper)
we say that whenF is a function defined on a setS, then

1{S}F(x)=
{

0 if x /∈ S,
F(x) if x ∈ S.

The idea of the proof is the following. We shall first observe that
a corresponding statement for random walks holds, and we then use
Donsker’s invariance principle and the continuity properties of the
mappings(f, g) 7→ (fg, g) and(f, g) 7→ (f, gf ).

2.2.2. The discrete picture
Suppose thatN is an even positive integer and thatA is an even integer.

Suppose that(S(n), n ∈ [0,N]) is a simple random walk started from
0 and that(R(n), n ∈ [0,N]) is an independent simple random walk
running backwards in time withR(N)=A.

We defineS(t) andR(t) for any realt ∈ [0,N] by linear interpolation.
Note that asN is even, the probability thatS(N) = A is positive

when|A| 6N and thatP(S(N)= A)= P(R(0)= 0); in particular, the
reflected functionsSR andRS are not always well-defined.

Suppose now thatR(0) < 0. In this case, the reflected functionSR
is well-defined and is obtained by pushingS “upwards” when it hits
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R. Let (x0, . . . , xN) and (y0, . . . , yN) denote a pair inZN+1 such that
x0= 0> y0, yN =A< xN , and for anyj ∈ {0, . . . ,N − 1},

|xj+1− xj | = 1, |yj+1− yj | = 1, xj > yj .

In other words,x = (x0, . . . , xN) and y = (y0, . . . , yN) is a possible
realization of

SR = (SR(0), . . . , SR(N)) and R = (R(0), . . . ,R(N))
with R(0) < 0.

Suppose thatx andy are as above; define the setC(x, y) of indices
corresponding to common “upward” edges of the two pathsx andy as
follows:

C(x, y)= {j ∈ {0, . . . ,N − 1}: (xj , xj+1)= (yj , yj+1)

andxj+1− xj =+1
}
.

c(x, y) will denote the number of elements inC(x, y). It is easy to notice
that out of the(2N)2= 4N possible configurations ofS andR, there are
2c(x,y) configurations such that

R = y and SR = x.
The conditionR = y gives just one single possible configuration forR.
The conditionSR = x implies that

S(j + 1)− S(j)= xj+1− xj
for any j /∈ C(x, y), but there is no condition onS(j + 1)− S(j) when
j ∈C(x, y) corresponds to a common “upward” edge.

Similarly, suppose thatx and y are defined just as above (note that
xN > A so that ifS = x, thenRS is well-defined), then, out of the possible
4N possible configurations ofS andR, there are 2c(x,y) configurations
such that

S = x and RS = y.
Hence, the two processes

1{S(N)>A andRS(0)<0}
(
S,RS

)
and 1{R(0)<0 andSR(N)>A}

(
SR,R

)
are identically distributed.
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Fig. 2. A joint realization ofS (in black) andRS (in dotted line). HereN = 24,
A= 0 andc= 3 (corresponding to the three common upward edge).

2.2.3. Conclusion of the proof of Theorem 3
We now simply have to apply Donsker’s invariance principle carefully.

For each fixed even integerN = 2m, define the two simple random
walksS andR as above withA= A(N) being an even integer such that
|A(N)− b√N |6 1. Then, define for anyt ∈ [0,1],

BN(t)= 1√
N
S(Nt) and βN(t)= 1√

N
R(Nt).

We use the notationBN andβN for simplicity. This shouldn’t be confused
with the notation we used for reflection.

Donsker’s invariance principle asserts that the law of the pair(BN,βN)

converges weakly towards that of(B,β)whenN→∞with the topology
of uniform convergence on[0,1].

Let us put UN = (BN,βN), U = (B,β), Φ(f,g) = (fg, g) and
Φ ′(f, g)= (f, gf ). Define the two open setsD1 andD2 in CT as follows:

D1= {(f, g) ∈CT : f (0) > g(0) andfg(1) > g(1)
}
,
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and

D2= {(f, g) ∈C1: f (1) > g(1) andgf (0) < f (0)
}
,

and let∂D1 and∂D2 denote their frontiers with respect to the topology
of uniform convergence on[0,1].

The result derived in the previous subsection can be reformulated as
follows:

1{UN∈D1}Φ(UN)
(in law)= 1{UN∈D2}Φ ′(UN).

Moreover, we have also seen that the two functionsΦ and Φ ′ are
continuous inD1 andD2. Lemma 4 shows that almost surely,

U = (B,β) /∈ ∂D1∪ ∂D2.

The law ofUN converges weakly towards the law ofU whenN→∞ and
the law ofU charges neither∂D1 nor∂D2. Hence, whenN/2=m→∞,

1{UN∈D1}Φ(UN)
(in law)⇒ 1{U∈D1}Φ(U),

and

1{UN∈D2}Φ ′(UN)
(in law)⇒ 1{U∈D2}Φ ′(U),

so that we eventually see that

1{U∈D1}Φ(U)
(in law)= 1{U∈D2}Φ ′(U)

i.e. precisely (1); this concludes the proof of Theorem 3.2
3. MORE THAN TWO BROWNIAN MOTIONS

We now turn our attention to the case when we are considering more
than two Brownian motions and more precisely systems of coalescing
and reflecting Brownian motions. The proofs go along similar lines as
the ‘two-component’ case but there are several additional difficulties.

We will use the following terminology: Whenv is a real-valued
function defined on an intervalI , we say that
• The functionv is of constant sign onI if v(I )⊂ [0,∞) or v(I )⊂
(−∞,0].
• The sign ofv oscillates onI if v is not of constant sign onI .
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• We say that the sign ofv oscillates just aftert if there existsε0> 0
such that[t, t + ε0] ⊂ I and if for all ε ∈ (0, ε0), the sign ofv
oscillates on[t, t + ε].

3.1. Reflection/coalescence operator

3.1.1. Coalescing/reflecting families
From now on, we will consider continuous real functionsf that

are defined on a half-line. In other words, there exists a real number
T (f ) such thatf is just a continuous function on(−∞, T (f )] or on
[T (f ),+∞). In the first case, we putε(f ) = − and in the latter one,
we putε(f )=+. One should think off as a function running forward
with time whenε(f )=+ and backwards in time whenε(f )=−. LetC
denote the class of such functions. Note that when we say that we choose
f ∈C, then we choose also its directionε(f ) and its starting timeT (f ).
I (f ) denotes the interval on whichf is defined andJ (f ) denotes its
interior.

Suppose now thatg1, . . . , gp arep functions inC such thatε(g1) =
· · · = ε(gp)=+. We say that(g1, . . . , gp) is a set of coalescing forward
functions if the following property is satisfied: For anyi 6= j ∈ {1, . . . , p},
for any s > max(T (gi), T (gj )), if gi(s) = gj (s) then gi = gj on the
whole half-line[s,+∞).

Similarly, we define families of coalescing backward functions as
follows: If ε(g1) = · · · = ε(gp) = − and if for any i 6= j ∈ {1, . . . , p}
and anys 6min(T (gi), T (gj )),

gi(s)= gj (s)⇒ gi = gj on (−∞, s]

then(g1, . . . , gp) is a coalescing family of backward functions.
Suppose now thatg1, . . . , gp arep functions inC but with no condition

on theε(gj )’s. For sake of simplicity, we put

εi = ε(gi) and Ti = T (gi).

We say that(g1, . . . , gp) is a perfectly coalescing/reflecting family if the
following statements hold for anyi 6= j in {1, . . . , p}:
• If εi =+, εj =−, and ifTi < Tj , then

gi(Ti) 6= gj (Ti) and gi(Tj ) 6= gj (Tj ).
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Moreover,

gi − gj is of constant sign on[Ti, Tj ].
Becasue of the previous asumption on the starting points,gi − gj is
not equal to the zero function on[Ti, Tj ] so that we can define the
sign ofgi−gj , S(i, j)= S(j, i) ∈ {+,−}without ambiguity. When
εi = εj or if Ji ∩ Jj = ∅, we putS(i, j)= 0.
• If εi = εi′ = + and if there existss >max(Ti, Ti′) such thatgi(s)=
gi′(s) thengi = gi′ on [s,∞).
• If εi = εi′ = − and if there existss 6min(Ti, Ti′) such thatgi(s)=
gi′(s) thengi = gi′ on (−∞, s].

The last two conditions are the “coalescing conditions” for functions
running in the same direction and the first one implies that two functions
running in opposite direction can never cross.

Note that we do not allow two forward lines to meet without coalescing
even if they meet on a backward line and stay on two different sides of
the backward line (we will come back to this later).

Note also that this definition indeed extends the definitions of coalesc-
ing forward functions and coalescing backward functions.

3.1.2. Coalescence
Suppose now thatg1, . . . , gp is a coalescing foward family. Takef ∈C

with ε(f )=+ andT (f )= T . Define the functionf̂ = C(f ;g1, . . . , gp)

(in plain words:f̂ is f coalesced with(g1, . . . , gp)), as follows: Let

τ = inf
{
t > T : ∃j ∈ {1, . . . , p}, f (t)= gj (t)},

and then definêf = f on the interval[T , τ) and whenτ <∞, f̂ = gj
on [τ,∞) wherej is chosen in such a way thatf (τ)= gj (τ).

Note that wheng1, . . . , gp andT are fixed, the mappingf 7→ f̂ is not
continuous everywhere on the spaceC[T ,∞) (i.e. the space of contin-
uous functions on[T ,∞) with the topology of uniform convergence on
compact intervals). But it is easy to check the following lemma:

LEMMA 5. – If f ∗ is such thatτ <∞ and the sign of(f ∗ − f̂ ∗)
oscillates just afterτ , then the mappingf 7→ C(f ;g1, . . . , gp) is
continuous atf ∗.

Note that clearly, for any permutationσ of {1, . . . , p},
C(f ;g1, . . . , gp)= C(f ;gσ(1), . . . , gσ(p)). (2)



524 F. SOUCALIUC ET AL. / Ann. Inst. Henri Poincaré 36 (2000) 509–545

Whenf ∈C with ε(f )=− and(g1, . . . , gp) is a coalescing backward
family, then we defineC(f ;g1, . . . , gp) in a similar (symmetric) way.

3.1.3. Reflection
Suppose now that(g1, . . . , gp) is a coalescing backward family.

Suppose again thatf ∈C with ε(f )=+ andT (f )= T .
We are now going to define a functioñf on the interval[T ,∞) that is

loosely speaking “f reflected on the familyg1, . . . , gp”. We shall denote
f̃ by R(f ;g1, . . . , gp).

Let us be more precise. We assume the following important condition:

(H0) For anyj ∈ {1, . . . , p} such thatT < Tj , we havef (T ) 6= gj (T ).
Without loss of generality, we can assume that for allj ∈ {1, . . . , p},

T < Tj (otherwise, just drop thosegj ’s for whichTj 6 T ).

LEMMA 6. – There exists a unique continuous functionf̃ : [T ,∞)→
R such that:
• f̃ (T )= f (T ).
• For any j ∈ {1, . . . , p}, the functionf̃ − gj is of constant sign on
[T ,Tj ].
• there existp continuous functionsv1, . . . , vp defined on[T ,∞) such

that vj is non-decreasing ifgj (T ) < f (T ) and non-increasing if
gj (T ) > f (T ), constant on[Tj ,∞), and such that

f̃ (t)= f (t)+
p∑
j=1

vj (t)

and

Tj∫
T

1{gj (t) 6=f̃ (t )} dvj (t)= 0.

Note that the casep= 1 is precisely Lemma 2 (in that case, define the
function f̃ on [T1,∞) by f̃ (t)= f (t)+ f̃ (T1)− f (T1)).

Proof. –As the casep = 1 has already been proved, we suppose
that p > 2. The uniqueness part is very similar to that of the proof of
Lemmas 1 and 2: Suppose thatf 1 and f 2 both meet the conditions
required forf̃ , with the corresponding functionsv1

1, . . . v
1
p, v

2
1, . . . , v

2
p.

Then for anyt > T ,
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f 1(t)− f 2(t)

)2
= 2

t∫
T

(
f 1(s)− f 2(s)

)
d
(
f 1(s)− f 2(s)

)

= 2
p∑
j=1

min(t,Tj )∫
T

(
f 1(s)− gj (s)+ gj (s)− f 2(s)

)
d
(
v2
j − v1

j

)
(s)

= 2
p∑
j=1

min(t,Tj )∫
T

(
f 1(s)− gj (s))dv2(s)+ (f 2(s)− gj (s)) dv1(s)

6 0,

so thatf 1= f 2.
To prove existence of̃f , things are little more complicated than in

Lemma 2 due to the fact that there is no explicit formula forf̃ in terms
of f andgj ’s. However, here is a simple outline for how to constructf̃ .
We will need some further notation. For anyt ∈ R, define

G(t)= {gj (t): 16 j 6 p andt 6 Tj }.
Whent >maxj (Tj ), thenG(t) = ∅. Whena ∈G(t), we define the two
indicesj+(a, t) and j−(a, t) in such a way that loosely speakinggj−
(respectivelygj+ ) is the lowest (respectively the highest) of the curves
that go through the point(t, a). More precisely, for anyj such that
gj (t) = a, eithergj (Tj ) 6 gj+(Tj ) or gj (Tj+) < gj+(Tj+) (the second
inequality is strict so that ifevergj (Tj )= gj+(Tj ) there is no ambiguity
in the choice ofj+). j− is similarly defined.

We are now ready to construct̃f . Define

σ1= inf
{
t > T : f (t) ∈G(t)}.

It is the first time at whichf touches the backward system. Because of
(H0), σ1> T . We now define

f̃ = f on [T ,σ1).

In the case whenσ1<∞, leta1= f (σ1). Suppose for instance thatf hits
the backward system atσ1 “from above”; rigorously speaking, suppose
that

f (T ) > gj+(a1,σ1)(T ).
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Then,f will be pushed upwards by the backward system nearσ1, and
more precisely by the functiongj1 where

j1= j+(a1, σ1).

So, we define

f̃1(t)=R(f ;gj1)(t)
for all t > σ1. We define

σ2= inf
{
t > σ1: f̃1(t) ∈G(t) \ {gj1(t)}

}
and we define

f̃ = f̃1 on [T ,σ2).

We then proceed by induction: For anyn > 2, if σn <∞, we define
an = f̃n−1(σn), εn =+ or − according whether this collision at timeσn
is from below or above

jn = jεn(an, σn)
and

hn(t)= f (t)− f (σn)+ f̃n−1(σn), t > σn,
f̃n(t)=R(hn;gjn)(t), t > σn,
σn+1= inf

{
t > σn: f̃n(t) ∈G(t) \ {gjn(t)}

}
,

f̃ = f̃n on [σn, σn+1).

We leave the details to the reader. Note that uniform continuity of the
continuous functionf on [T ,maxj Tj ] ensures that after for some finite
n0, σn0 =∞, and that this procedure indeed defines a functionf̃ on the
whole interval[T ,∞). 2

We now make a list of some simple remarks concerning this definition
of f̃ =R(f ;g1, . . . , gp):
• Note that the explicit construction of̃f implies that iff̃ (t)= gj (t)

for somet , then t is (the time of) a local one-sided extremum of
f − gj . More precisely, there existsα such that on[t − α, t] the
function

s 7→ f (s)− gj (s)− (f (t)− gj (t))
is of constant sign. We shall use this observation later.
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• Just as for the reflection on one function, the mappingf 7→
R(f ;g1, . . . , gp) is not well-defined when(H0) is not satisfied.
• It is simple to check the following lemma:

LEMMA 7. – For any fixed family of backward coalescing functions
(g1, . . . , gp), the mappingf 7→ 1(H0)f̃ defined onC[T ,∞) is
continuous at the pointf0 provided

f0 ∈ {f ∈ C[T ,∞): (H0) is satisfied
}
.

• Finally note the following obvious statement: For any permutation
σ of {1, . . . , p},

R(f ;g1, . . . , gp)=R(f ;gσ(1), . . . , gσ(p)). (3)

3.1.4. Coalescence/reflection
We are now going to combine coalescence and reflection. As we shall

see, things become more complicated.
Suppose now that(g1, . . . , gp) is a perfectly coalescing/reflecting sys-

tem (with no conditions onεj ’s). Definei(1), . . . , i(l) andj (1), . . . , j (k)
in such a way thati andj are increasing,l + k = p and that for alln,
εi(n) = + andεj (n) = −. In other words,gi(1), . . . , gi(l) are the forward
functions andgj(1), . . . , gj (k) are the backward ones.

Suppose thatf is a forward function defined on[T ,∞) and that for
anyu6 k such thatTj(u) > T , one hasf (T ) 6= gj(u)(T ). Then, define

CR(f ;g1, . . . , gp)= C(R(f ;gj(1), . . . , gj (k));gi(1), . . . , gi(l)).
In other words, we first construct the reflected functionR(f ;gj(1), . . . ,
gj (k)) and then let it coalesce with(gi(1), . . . , gi(l)).

Note that for fixed(g1, . . . , gp), andT , the mappingf 7→ CR(f ;g1,

. . . , gp) is not well-defined and not continuous everywhere onC[T ,∞)
but Lemmas 5 and 7 give conditions that ensure continuity atf0 whenf0

belongs to a large class of functions.
Note also that (2) and (3) ensure that for any permutationσ of
{1, . . . , p},

CR(f ;g1, . . . , gp)=CR(f ;gσ(1), . . . , gσ(p)).
Similarly, whenf is such thatε(f )=−, defineCR(f ;g1, . . . , gp) in

an analogous way. We first letf reflect on(gi(1), . . . , gi(l)) and then let
the obtained function coalesce with(gj (1), . . . , gj (l)).
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Let us stress at this point the following problem that will need extra
attention later on in our proofs: The system(

g1, . . . , gp,CR(f ;g1, . . . , gp)
)

is not necessarily a perfectly coalescing/reflecting system anymore. It
might for instance happen that

R(f ;gj(1), . . . , gj (k))
coalesces withgi(1) precisely on one of the backward functions, saygj(1).
Then, the coalesced functionCR(f ;g1, . . . , gp) could cross the backward
line gj(1) at that point.

Suppose now thatf1, . . . , fp is a family of p functions inC (with
no conditions on the “directions”). Then, we wish to define the coa-
lesced/reflected system

CR(f1, f2, . . . , fp)= (g1, . . . , gp)

as follows:g1= f1 and for anyi ∈ {2, . . . , p},
gi =CR(fi;g1, g2, . . . , gi−1).

Note that this time,(g1, . . . , gp) depends in a crucial way on the ordering
of f1, . . . , fp. For instance,g1= f1 whereas it can happen thatfp 6= gp.
Such a definition is indeed possible by induction provided that at each
stepi ∈ {2, . . . , p},
• For all i′ ∈ {1, . . . , i − 1} such thatJi ∩ Ji′ 6= ∅ andεi 6= εi′ , one has
gi′(Ti) 6= gi(Ti).
• The system(g1, . . . , gi) is a perfectly coalescing/reflecting system.
When these conditions are satisfied (and thereforeCR(f1, . . . , fp) is

well-defined), we say that

(f1, . . . , fp) ∈W.
Finally, we define

Ψ (f1, . . . , fp)= 1{(f1,...,fp)∈W }CR(f1, . . . , fp).

3.1.5. Main result
We are now ready to state the multi-component version of our main

result: For any family of functionsf = (f1, . . . , fp), we definef (σ) =
(fσ(1), . . . , fσ(p)) (for any permutationσ of {1, . . . , p}).
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Fig. 3. A joint realization ofCR(B1,B2,B3,B4) with four prescribed starting
points. The forward lines are in black and the backward lines in grey. The
starting points are circled.

THEOREM 8. – Suppose thatB1, . . . ,Bp are p ( forward or back-
ward) Brownian motions respectively started at timest1, . . . , tp, levels
a1, . . . , ap and running in the directionsε(1), . . . , ε(p). Suppose that for
any i 6= j , (ti , ai, ε(i)) 6= (tj , aj , ε(j)) and letσ denote any permutation
of {1, . . . , p}.

Then almost surely

B = (B1, . . . ,Bp
) ∈W and B(σ) = (Bσ(1), . . . ,Bσ(p)) ∈W,

and

Ψ (B)(σ)
(in law)= Ψ

(
B(σ)

)
.

In other words, the order with which the coalescence/reflection rule has
been used does not affect the law of the outcome. In particular, it shows
that if (

Y 1, . . . , Y p
)=CR

(
B1, . . . ,Bp

)
,

thenYp andBp have the same law (i.e.Yp is a Brownian motion).
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Fig. 3 shows a picture ofCR(B1,B2,B3,B4) obtained from two
forward Brownian motions and two backward Brownian motions.

In the case whenp = 2, ε(1) = + andε(2) = −, we simply recover
Theorem 3. Note also that when all Brownian motions run in the
same direction i.e. whenε(1) = · · · = ε(p) then Theorem 8 is an easy
consequence of the strong Markov property (see for instance [8]).

Hence, the casep = 2 has already been proved. We are in fact going
to prove Theorem 8 using an induction overp (this is not absolutely
necessary but it will simplify some technical details). We are also first
going to derive it in the case whent1, . . . , tp are all rational numbers.

3.2. The discrete picture

Take p + 1 (forward or backward running) simple random walks
S1, . . . , Sp+1 started respectively from the even integer timesT1, . . . , Tp+1

at the even integer levels

S1(T1)=A1, . . . , S
p+1(Tp+1)=Ap+1

and in the directionsε(1), . . . , ε(p + 1). Define also the corresponding
intervals I1, J1, . . . , Ip+1, Jp+1. For instance, ifε(1) = +, then I1 =
[T1,∞) andJ1= (T1,∞).

Suppose thatσ is a permutation of{1, . . . , p+ 1}. We put

S = (S1, . . . , Sp+1) and S(σ) = (Sσ(1), . . . , Sσ(p+1)).
We will prove that the following identity in law holds:

Ψ (S)(σ)
(in law)= Ψ

(
S(σ)

)
. (4)

Our argument will be based on counting the possible configurations
corresponding to the times in the interval[T−, T+] = [mini6p(Ti),
maxi6p(Ti)].

We call an edge an element of⋃
i∈[T−,T+−1]

⋃
j∈Z

{(
(i, j), (i + 1, j + 1)

)
,
(
(i, j), (i + 1, j − 1)

)}
.

We say that an edge of the type((i, j), (i + 1, j + 1)) is an edge of type
I and that((i, j), (i + 1, j − 1)) is an edge of typeII .
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Fig. 4. A joint realization ofCR(S1, . . . , S4) with four prescribed starting points.
The forward lines are in black and the backward lines in grey. Herej+ = 9 and
j− = 0.

Define (
U1, . . . ,Up+1)= Ψ (S1, . . . , Sp+1).

We declare that the edge((i, j), (i + 1, j ′)) is occupied by(U1, . . . ,

Up+1) if for somel 6 p+ 1,

Ul(i)= j and Ul(i + 1)= j ′.
It is a forward (respectively backward) occupied edge if we add the
conditionεl =+ (respectivelyεl =−).

Note that if (S1, . . . , Sp+1) ∈ W and if a given edgee is occupied
simulateously by forward edges and backward edges of(U1, . . . ,Up+1),
the fact that(S1, . . . , Sp+1) belongs toW ensures that for any forward
pathUi that occupiese and any backward pathUj that occupiese,S(i, j)
is well-defined and its value is actually independent of the particular
choice of i and j . We therefore putS(e) = S(i, j). In other words,
S(e)=+ whene is occupied simultaneously by forward and backward
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paths and when the corresponding forward paths come from “above” the
backward paths.

Let j+ be the number of forward and backward occupied edgese such
that S(e) = + that are also of typeI . Similarly, we definej− as the
number of forward and backward occupied edgese such thatS(e)= −
and that are of typeII .

The probability of a given configuration (in the time-interval[T−, T+])
is 1/2q whereq = cf + cb − (j+ + j−) and
• cf is the number of forward occupied edges,
• cb is the number of backward occupied edges.

It is important to notice that this holds independently of the order of the
coalescing/reflection procedure. Hence, one gets (4).

3.3. Part I of the proof

3.3.1. Continuity of CR
We want to derive Theorem 8 via an invariance principle argument. In

order to achieve this, we have to define a set of paths such that almost
surely (B1, . . . ,Bp) belongs to this set, and the mappingΨ defined on∏p
j=1C(Ij ) by

Ψ :
(
f 1, . . . , f p

) 7→ 1(f 1,...,f p)∈WCR
(
f 1, . . . , f p

)
is continuous at any point of this set.
W is not quite the correct choice for this set because continuity ofΨ

fails. We therefore defineW ′ ⊂W as the set of points inW at whichΨ
is continuous.

We now briefly describe a condition that will ensure continuity of
Ψ . Let W ′′ be the subset ofW with functions that oscillate just after
coalescence. More precisely, for any(f1, . . . , fp) ∈W we define

(g1, . . . , gp)=CR(f1, . . . , fp),

and for anyj 6 p,

hj =R(fj ;gi(1), . . . , gi(u)),

where {
i(1), . . . , i(u)

}= {i < j : ε(i) 6= ε(j)}.
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Note that

gj = C(hj ;gl(1), . . . , gl(v)),
where {

l(1), . . . , l(v)
}= {1, . . . , j − 1} \ {i(1), . . . , i(u)}.

Let τj denote the coalescence time ofhj i.e. the first time at whichhj
meets one of the other functionsgl(1), . . . , gl(v). Then,W ′′ is the set of
functions such that for anyα > 0 and for anyj ∈ {1, . . . , p},

if v 6= 0 thenτj ∈ R andgj −hj is not of constant sign on(τj , τj +αεj ).

LEMMA 9. – For any fixedp, andI1, . . . , Ip, the functionΨ (defined
on
∏p
j=1C(Ij )) is continuous at any(f1, . . . , fp) ∈W ′′.

3.3.2. The induction
We now concentrate again on the continuous setting. In this subsection,

we will assume that the starting times are rational numbers and we will
prove Theorem 8 by induction overp.

Let us first state clearly the induction hypothesis. For anyp > 2, we
define the set

Ap = {(t1, . . . , tp, a1, . . . , ap, ε1, . . . , εp) ∈Qp ×Rp × {+,−}p:

∀i 6= j in {1, . . . , p}, (ti , ai, εi) 6= (tj , aj , εj )}.
We say thatB1, . . . ,Bp is a set of independent Brownian motions
corresponding to(t1, . . . , εp) ∈ Ap whenB1, . . . ,Bp are independent,
and for anyi ∈ {1, . . . , p},Bi is a Brownian motion withεi -direction and
started at timeti from levelai .

Finally, let Ii denote the time-interval on whichBi is defined (i.e.
[ti,∞) if εi =+ and(−∞, ti] if εi =−) andJi its interior.

The induction hypothesisPp is the following: For any(t1, . . . , εp) ∈
Ap, if B1, . . . ,Bp is a set of independent Brownian motions correspond-
ing to (t1, . . . , εp), then
• (1.p) Almost surely,(B1, . . . ,Bp) ∈W .
• (2.p) Almost surely,(B1, . . . ,Bp) ∈W ′.
• (3.p) For any permutationσ of the set{1, . . . , p},

(
Y σ(1), . . . , Y σ(p)

) (in law)= CR
(
Bσ(1), . . . ,Bσ(p)

)
.
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Note that (3.p) is the statement corresponding to Theorem 8. The other
two statements (1.p) and (2.p) ensure that(Y 1, . . . , Y p) = CR(B1, . . . ,

Bp) is well-defined, and they will also be useful to derive (3.p) using the
invariance principle. Note that (2.p) in fact contains (1.p) asW ′ ⊂W , but
we will prove them separately.

We split the proof into several short steps. Note first thatP2 holds. So,
we are going to assume thatPp holds for some fixedp> 2, and we want
to prove thatPp+1 holds as well. Let us fix

(t1, . . . tp+1, a1, . . . , ap+1, ε1, . . . , εp+1) ∈Ap+1

and let (B1, . . . ,Bp+1) denotep + 1 independent Brownian motions
started from (t1, . . . , εp+1). We can assume by symmetry that
ε(p+ 1)=+.

3.3.3. Reduction
Suppose thatε1 = · · · = εp = εp+1 = + (i.e. all the Brownian

motions run forward). In that case, the coalescence/reflection is simply
a coalescence, and the statement (1.p+1) is in this case straightforward as
almost surely for anyi 6= j with ti < tj , Bi(tj ) 6= aj , and as a.s.Ui(tj )=
Bi
′
(tj ) for somei′. Statements (2.p+1) and (3.p+1) are straightforward

consequences of the strong Markov property. Hence, we will from now
on assume that for somej ∈ {1, . . . , p}, εj =−.

Define whenever it is possible(
Y 1, . . . , Y p+1)=CR

(
B1, . . . ,Bp+1).

Note that statements (1.p+1), (2.p+1) and (3.p+1) are statements concern-
ing laws. As we assumedPp, and as(

Y 1, . . . , Y p
)=CR

(
B1, . . . ,Bp

)
we can change the order with which we perform the coalescence rule for
the firstp Brownian paths without affecting the law of(Y 1, . . . , Y p+1).
Hence, we can in fact assume that there existsl ∈ {1, . . . , p} such that

ε1= · · · = εl =− and εl+1= · · · = εp+1=+.
3.3.4. Proof of (1.p+1)

Note that (
Y 1, . . . , Y p

)=CR
(
B1, . . . ,Bp

)
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and that we assumedPp so that(Y 1, . . . , Y p) are a.s. well-defined and
(1.p) holds. Moreover, for eachj 6 p, the law ofY j is that of a Brownian
motion started from timetj at levelaj and in theεj direction. This implies
immediately that almost surely, for allj ∈ {1, . . . , p}

Y j(tp+1) 6= ap+1 if tp+1 ∈ Jj .

In particular, this shows thatYp+1 is a.s. well-defined. We therefore only
have to check two facts: Almost surely,

1. Yp+1 does not hit the starting points ofY 1, . . . , Y l.
2. Yp+1 does not cross a backward path.
These two facts recall the “fine topological structure properties of the

system of forward and backward lines” derived in [8].
(1) Recall that the explicit definition of the reflected functioñf =

R(f ;g1, . . . , gp) shows that iff̃ (t)= gj (t) for somet , thent is a local
one-sided maximum or minimum (depending on whetherf̃ is below or
abovegj ) of the functionf − gj . More precisely, there existsα > 0
such that eitherf (s) − gj (s) 6 f (t) − gj (t) for any s ∈ [t − α, t], or
f (s)− gj (s)> f (t)− gj (t) for any s ∈ [t − α, t]. In particular, ifYp+1

hits the starting point ofY 1, then T1 is the time of a local one-sided
maximum (or minimum) ofBj − B1 (for somej ∈ {l + 1, . . . , p + 1}
such thatYp+1 is locally following the reflection of a translate ofBj just
beforeT1). As the timeT1 is deterministic, we know that this is almost
surely not the case.

(2) This second fact is of a different nature. IfYp+1 crosses a backward
path (sayY 1), then it means thatYp+1 has coalesced with another forward
path (sayYp) on Y 1 in such a way thatYp andYp+1 are coming from
two different “sides” ofY 1.

Then, at the coalescence timeσ , two events occur simultaneously: for
somej 6= j ′ > l: Bj −B1 is at a local one-sided maximum andBj

′ −B1

is at a local one-sided minimum (j andj ′ are the two Brownian motions
used to describe the evolution ofYp andYp+1 just beforeσ ) i.e., there
existsδ > 0 such that

sup
[σ−δ,σ ]

(
Bj −B1)= Bj(σ )−B1(σ )

and

inf[σ−δ,σ ]
(
Bj
′ −B1)= Bj ′(σ )−B1(σ ).
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Now define

γ 1= B
j −B1

√
2

and γ 2= B
j +B1− 2Bj

′

√
6

.

Note that the path of̃γ = (γ 1, γ 2) is the translation of a two-dimensional
Brownian motion (on the interval whereB1, Bj andBj

′
are defined).

The conditions forB1,Bj ,Bj
′
nearσ imply thatσ is the time of a one-

sided local maximum forγ 1 and a time of a local one-sided maximum
for
√

3γ 2− γ 1, so thatσ is the time of a local one-sided cone point of
angleθ0= π/3 (note thatπ/3< π/2) for the two-dimensional Brownian
motion γ̃ : In other words, for someδ > 0, γ̃ [σ − δ, σ ] is contained in a
wedge of angleπ/3 with vertexγ̃ (σ ). We know (see e.g. [5]) that such
points almost surely never exist on a planar Brownian curve. This proves
the second statement.

3.3.5. Proof of (2.p+1)
As we assumedPp, we know that(B1, . . . ,Bp) is almost surely a point

of continuity forΨ . Hence, it will be sufficient to show that almost surely,
the mapping

fp+1 7→CR
(
fp+1;Y 1, . . . , Y p

)
is continuous atBp+1. Recall that we assumed thatε(1)= · · · = ε(l)=−
and thatε(l + 1)= · · · = ε(p+ 1)=+.

We are again going to treat the casesl = p andl < p separately.
Case 1.We assume thatl = p. In that case, for anyf ∈C[a,∞),

CR
(
f ;Y 1, . . . , Y p

)=R(f ;Y 1, . . . , Y p
)
.

Hence Lemma 7 shows that

f 7→CR
(
f ;Y 1, . . . , Y p

)
is a.s. continuous atf = Bp+1.

Case 2.We now assume thatl < p (remember thatl > 1). Then,(
Y l+1, . . . , Y p+1)

is obtained by coalescence of the reflected paths(Zl+1, . . . ,Zp+1) where

Zj =R(Bj ;Y 1, . . . , Y l
)
.
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Because of (1.p+1) we know that the reflection operation is almost surely
continuous. It therefore remains to check that ifi 6= j in {l + 1, . . . ,
p+ 1}, and if

T = inf
{
t >max(ti , tj ): Z

i(t)= Zj(t)},
then the sign ofZi −Zj oscillates just afterT . Define theσ -field

G = σ (Y 1, . . . , Y l, (Zj(t), t 6 T ), (Zi(t), t 6 T )
)
.

Define the random variableU as follows:
• U = 2 if there existsα > 0 such thatZj = Zi on [T ,T + α].
• U = 1 if there existsα > 0 such thatZj > Zi on [T ,T + α] (and if
U 6= 2).
• U =−1 if there existsα > 0 such thatZj 6 Zi on [T ,T + α] (and

if U 6= 2).
• U = 0 in all other cases.
Note thatU = 0 implies thatZj −Zi oscillates just afterT .
It is very easy to check that almost surely,U 6= 2. Conditionaly onG

and for allα > 0, the random variableU is determined by the knowledge
of(
Bj(T + t)−Bj(T ),06 t 6 α) and

(
Bi(T + t)−Bi(T ),06 t 6 α).

These two Brownian motions are independent ofG because of the strong
Markov property. Moreover, a simple symmetry argument shows that

P(U = 1)= P(U =−1).

Hence, the 0–1 law implies thatU = 0 almost surely.

3.3.6. Proof of (3.p+1)
We are now ready to show thatPp+1 indeed holds by deriving

(3.p+1). Ast1, . . . , tp+1 are rational numbers, there existsm0 such that
t1m0, . . . , tpm0 are all even integers. Suppose for a while thatN > 1 is
fixed and define

T1=m0t1N, . . . , Tp+1=m0tp+1N,

and choose even integersA1, . . . ,Ap+1 such that|Aj − aj√m0N | 6
1. Define thep + 1 independent simple random walksS1, . . . , Sp+1
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respectively started at timesT1, . . . , Tp+1, levels A1, . . . ,Ap+1 and
running in theε1, . . . , εp+1 directions. To mark the dependence onN ,
we put

SN = (S1, . . . , Sp+1) and S
(σ)
N =

(
Sσ(1), . . . , Sσ(p+1)).

Then, as observed in (4),

Ψ (SN)
(σ) (in law)= Ψ

(
S
(σ)
N

)
.

Now, define forj ∈ {1, . . . , p+ 1},
B
j
N(t)=

1√
Nm0

Sj (Nm0t),

BN = (B1
N, . . . ,B

p+1
N

)
.

Then, by scaling

Ψ (BN)
(σ) = Ψ (B(σ)N

)
.

We know that:
• The law ofBN converges weakly to the law ofB = (B1, . . . ,Bp+1)

(on the set
∏p+1
i=1 C(Ii)).

• Ψ is almost surely continuous atB.
Hence, the law ofΨ (BN) converges to that ofΨ (B). Similarly, the

law of Ψ (B(σ)N ) converges to that ofΨ (B(σ)). Hence, we indeed obtain
the identity in law (3.p+1) so thatPp+1 holds.

3.4. Conclusion of the proof of Theorem 8

It now remains to remove the asumption thatt1, . . . , tp are rational
numbers. Define thep Brownian motionsB1, . . . ,Bp started at times
t1, . . . , tp from levelsa1, . . . , ap and in directionsε1, . . . , εp. Define for
eachi ∈ {1, . . . , p} a sequence(tni )n>1 of rational numbers such that
• tni converges toti whenn→∞.
• tni is decreasing ifεi =+ and increasing ifεi =−.
Then, define also a Brownian motionWn

i started at timetni from level
ai and in theεi direction. Finally, define

Bin = C
(
Wn
i ;Bi

)
.

Note that in the case whenεi =+, for anyα > 0,

P
(
Bin = Bi on [ti + α,∞)) n→∞−→ 1.
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But we know that Theorem 8 holds for(B1
n, . . . ,B

p
n ). Lettingn→∞

leads to Theorem 8 for(B1, . . . ,Bn). 2
4. GENERALIZATIONS AND CONSEQUENCES

As opposed to the rest of this paper, we will not go into details in this
section.

4.1. Coalescence/reflection on deterministic curves

We now briefly discuss the case, when some of the forward (or
backward lines) are deterministic. Our aim in the present section is not to
give the strongest result but just to show the ideas of what is going on in
this case.

Suppose thatf1, . . . , fq is a (fixed) coalescing/reflecting system such
that for eachj , fj is uniformly Lipschitz on any compact interval inIj .
Suppose also (for ease) that for anyj , a Brownian motion running in the
same direction asfj will almost surely hitfj (independently of where
the Brownian motion starts); this is for instance the case if|fj | does not
increase faster than

√
(2− ε)|t| log log|t| for large |t|). We the say that

(f1, . . . , fq) is a nice CR family.

THEOREM 10. – Suppose that(f1, . . . , fq) is a nice CR family and
thatB1, . . . ,Bp arep ( forward or backward) Brownian motions started
respectively at timest1, . . . , tp from the levelsa1, . . . , ap and in the
directionsε1, . . . , εp.

Suppose thatσ is a permutation of the set{1, . . . , p}. Define

U1=CR
(
B1;f1, . . . , fq

)
,

V σ(1)=CR
(
Bσ(1);f1, . . . , fq

)
,

and fori ∈ {2, . . . , p},
Ui =CR

(
Bi;f1, . . .fq,U

1, . . . ,U i−1),
V σ(i)=CR

(
Bσ(i);f1, . . . , fq,V

σ(1), . . . , V σ(i−1)).
Then, (

U1, . . . ,Up
) (in law)= (

V 1, . . . , V p
)
.

In other words, the law ofU1, . . . ,Up does not depend on the order
used to construct the paths and to apply the reflection/coalescence rule.
The proof of this Theorem is almost identical to that of Theorem 8. Use
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a discretization of the functionsf1, . . . , fq , approximate the Brownian
motions by simple random walks, and use Donsker’s invariance princi-
ple carefully. The main difference lies in the proof of the two facts cor-
responding to (1.p+1) in the induction procedure. We leave this to the
interested reader.

In order to stress that — in some way — the proof of the two facts
corresponding to (1.p+1) is the crucial part of the proof, let us very briefly
describe an example of a (non-Lipschitz) functionf where things go
wrong:

Take the functionf (t) = −t1/3 defined onR+, and let(Bn, n > 0)
denote a family of independent forward Brownian motions started at
time 0 respectively from the levelsBn(0) = 1/n. Take also another
independent backward Brownian motionβ started at time 1 from level
β(1) = 0. As f is Lipschitz on any compact subinterval of(0,∞), it is
easy to see that for anyn> 1, if we put

U1
n =C

(
Bn;f ), U2

n =R
(
β;f,U1

n

)
and

V 1
n = V 1=R(β;f ), V 2

n =CR
(
Bn;V 1, f

)
,

then (
U1
n ,U

2
n

) (in law)= (
V 2
n ,V

1
n

)
,

and in particular,

U2
n

(in law)= V 1.

But, if B is a Brownian motion started at time 0 from level 0,

p := P (∀t ∈ (0,1], B(t) >−t1/3 andB(1) > 0
)

is strictly positive. Hence, by comparison, for alln> 1,

P
(∀t ∈ [0,1] , U1

n (t) >−t1/3 andU1
n (1) > 0

)
> p > 0.

But if this event is true, then necessarily,U2
n (0) ∈ [0,1/n]. Hence, we

finally see that for anyn> 1,

P
(
V 1(0) ∈ [0,1/n])= P (U2

n (0) ∈ [0,1/n]
)
> p,

so that

P
(
R(β;f )(0)= 0

)
> p > 0.
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Fig. 5. The reflected backward Brownian motionβ (in grey) started from the
point (1,0) hits the point(0,0).

In other words, reflection on the curvef forces the Brownian motionβ
to hit the point(0,0) with positive probability (see Fig. 5).

As a consequence, consider for instance the two functions

f1(t)=−t1/3, f2(t)=−|t|1/3,

defined onR+ andR− respectively (f1 is a forward function andf2 a
backward function). Consider the two Brownian motionsB1 andB2 such
that

ε1=+, t1=−1, a1= 0, ε2=−, t2= 1, a2= 0.

Then, with positive probability, both coalesced/reflected Brownian mo-
tions go through the point(0,0) and coalesce withf1 andf2 at this point.
Hence, the two curvesU1 andU2 cross with positive probability (see
Fig. 6).
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Fig. 6. The two lines cross.

4.2. Consistent families of coalescing-reflecting paths

A consequence of Theorem 8 is the following: LetE denote the
set of finite subsets ofR2. For anyA = {(t1, a1), . . . , (tp, ap)} define
the lawPA of families of forward and backward coalescing Brownian
motions started at these points. More precisely, letB1, . . . ,Bp denote
p independent forward Brownian motions started at timest1, . . . , tp
from levelsa1, . . . , ap respectively. Letγ 1, . . . , γ p denotep independent
backward Brownian motions started at the same points. Then define(

U1, V 1,U2, V 2, . . . ,Up,V p
)=CR

(
B1, γ 1, . . . ,Bp, γ p

)
(it is almost surely well-defined). And finally, define for anyj ∈
{1, . . . , p} andt ∈R,

Wj(t)=W(tj ,aj )(t)= 1{t<tj }V
j(t)+ 1{t>tj }U

j(t).

We definePA to be the law of(W 1, . . . ,Wp). Note that the perfectly
coalescing/reflecting property of(U1, V 1, . . . ,Up,V p) implies that for
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any i 6= j , the two functionsWi andWj never cross and are different
(becauseWi(tj ) 6=Wj(tj )).

Theorem 8 shows that this law is independent of the order in which
the coalescence/reflection rule has been used. Moreover, it shows that the
family of laws(PA,A ∈E) is a consistent family of probability measures.

In [1,2,8], families of coalescing ‘forward’ random walks and Brown-
ian motions have been studied. In particular, it was shown that if one
defines a countable family of coalescing ‘forward’ Brownian motions
(Bj = B(tj ,aj ))j>1 started from a dense set of points{(tj , aj ): j > 1} in
the plane, then one could associate to this family a dual family of back-
ward paths(Cl)l>1 by taking the unique possible backward curves that
do cross none of the forward curves (see [1,8] for more details).

The results of the present paper show that it is not necessary to
construct all the forward Brownian motions to construct backward paths
and that the law of(Bj1, . . . ,Bju,Ci1, . . . ,Civ ) is that of a coalescing-
reflecting family of Brownian motions.

In [8], the families of coalescing-reflecting Brownian motions (or
more precisely, its analogue defined via Theorem 10 when coalesced
and reflected on the zero functionsf1(t) = f2(−t) = 0 for all t > 0)
were used to define a process(Xs, s > 0) called ‘true self-repelling
motion’ that appears as the scaling limit of certain discrete self-repelling
walks. In that context,W(tj ,aj )(·) corresponds to a local time curve of the
continuous real-valued process(Xs, s > 0) (t corresponds to the space
variable ofX anda to the local time).

A consequence of the problems pointed out in the previous subsection
is that it is not possible to define true self-repelling motion when one
replaces the zero functions (which correspond to the ‘initial value’ of the
local time curve) byf1(t)= f2(−t)= t1/3 (for all t > 0).
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APPENDIX

Consider a system of coalescing simple random walks inZ started
from any point(x, y) (i.e. timex and levely) in Z2 such thatx + y is
even. Such a system can be constructed easily; At each such site(x, y)

(such thatx + y is even), with probability 1/2 draw an upward edge
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Fig. 7. The forward system (in black) and the dual backward line (in dashed).

(to (x + 1, y + 1)) or a downward edge (to(x + 1, y − 1)). The dual
system is then simply obtained as follows (see [1,2]): In the case when
the edge((x, y), (x + 1, y + 1)) is in the original system, then the edge
((x+1, y), (x, y−1)) is in the dual system (and if((x, y), (x+1, y−1))
is in the original system, then((x + 1, y), (x, y + 1)) is in the dual
system). Hence, the backward edge (in the dual system) starting at
(x+1, y) has a probability 1/2 to go upwards and 1/2 to go downawards
so that the backward system is also a system of coalescing simple random
walks (running backwards).

It is easy to see directly in this setting that the backward lines are
reflected on ‘tubes’ around the forward lines. This leads naturally to an
intuitive idea which is the basis of Theorem 8 (in the scaling limit), but
unfortunately, it does not provide a simpler proof than the one presented
in this paper.

Note that a backward line can be viewed as the “upper envelope” of
the family of all coalescing forward lines running through a point; this is
the observation used in [1,2,8] in order to define the dual family in the
continuous setting.
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