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Abstract

In dynamical systems, shrinking target sets and pointwise recurrent sets are two impor-
tant classes of dynamically defined subsets. In this article we introduce a mild condition on
the linear parts of the affine mappings that allow us to bound the Hausdorff dimension of
cylindrical shrinking target and recurrence sets. For generic self-affine sets in the sense of
Falconer, that is by randomising the translation part of the affine maps, we prove that these
bounds are sharp. These mild assumptions mean that our results significantly extend and
complement the existing literature for recurrence on self-affine sets.

1 Introduction

The shrinking target problem in dynamical systems investigates the “size” of the set of points
that recur to a collection of (shrinking) targets infinitely many times. Letting (X,T,u) be a
dynamical system with invariant measure p and a collection of (measurable) subsets (Bg)ren,
By, C X one investigates the shrinking target set

S((By)r) = {z € X : T*(z) € By, for infinitely many k € N}.
Similarly, given a function ¢ : N — R™, the pointwise recurrent set is defined as
R() = {z € X : T*(z) € B(x,4(k)) for infinitely many k € N}.

Often these sets are dense in the original space X, as well as G5, and so dimension theory is
used to classify the sizes of such sets. The Hausdorff dimension is the most appropriate choice
here, as dense Gy sets have full dimension for, e.g. the packing-, Minkowski-, and Assouad-type
dimensions.
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The shrinking target problem was first investigated by Hill and Velani for Julia sets who
analysed their Hausdorff dimension [12] and found a zero-one law for its Hausdorff measure
[13]. The shrinking target problem has intricate links to number theory when using naturally
arising sets in Diophantine approximation as the shrinking targets. This has received a lot
of attention over recent years, see for instance [1, 5, 18, 23, 24] for shrinking target sets and
(2, 6, 8,9, 16, 19, 20, 21] for related research.

The literature of recurrence sets so far has focussed mostly on zero-one laws for conformal and
one dimensional dynamics, such as S-transformations, see Tan and Wang [26], and Zheng and
Wu [28]. For self-similar and self-conformal dynamics these questions were explored by Seuret
and Wang [27], who also gave a pressure formula for the Hausdorff dimension, as well as Baker
and Farmer [3] who stated a zero-one law dependent on a convergence condition of the size of
the neighbourhoods. Finally, and most recently, Kirsebom, Kude, and Persson [17] studied linear
maps on the d-dimensional torus.

The above works mostly concern dynamical systems in R' or conformal dynamics and transi-
tioning to higher dimensional non-conformal dynamics presents severe challenges. To circumvent
the extreme challenges that affinities pose, a common strategy is to “randomise” the affine maps
by considering typical translation parameter. This approach was first considered by Falconer in
his seminal article [7], whose conditions were significantly relaxed by Solomyak [25] and gener-
alised by Jordan, Pollicott and Simon [14].

This typicality with respect to the translation parameter allows one to say more about the
regularity of the attractors and is a commonly employed strategy, see for example [14]. Using such
randomisation, Koivusalo and Ramirez [18] gave an expression for the Hausdorff dimension of a
self-affine shrinking target problem. They show that for a fixed symbolic target with exponentially
shrinking diameter and well-behaved affine maps, the Hausdorff dimension is typically given by
the zero of an appropriate pressure function. Strong assumptions are made on the affine system,
as well as the fixed target and in this article we significantly improve upon their results.

We will show that for a large family of self-affine systems and dynamical targets with non-
fixed centres the Hausdorff dimension is given by the intersection of two pressures: one being
the standard self-affine pressure function, the other being an inverse lower pressure related to the
target. Crucially, we do not expect the target to be fixed and the inverse pressure to exist.

Our condition also allows us to investigate the dimensions of sets with a pointwise recurrence,
a quantitative version of recurrence for self-affine dynamics. As far as we are aware, this is the
first time this was attempted for non-conformal dynamics in higher dimensions.

2 Results

2.1 Self-affine sets and symbolic space

Let A = {A41,As,---,An} be a collection of non-singular d x d contracting matrices. Let
t = {t1,t2, -+ ,tn} be a collection of N vectors in R

Let {1,---, N} be a finite alphabet and write %, ¥,, ¥ for the union of words of length n,
the union of all finite length words, and all infinite words, respectively. For words i € ¥,, and
j € ¥ we write i = 41499 --4y and j = j1jo -+ to denote the individual letters of i and j. For
a word i € X, let |i| denote the length of i. For any two words i,j € X, let us denote the
common prefix by i A j, that is, iAj :=id1--i3.5; and [1Aj] :=min{k > 1 : 4 # ji} — 1.
We adapt the notation that if [i A j| =0 then i A j:= 0. For two i,j € X,, denote by i < j if
j is a prefix of i, thatis, |1 Aj|=|j| <|i|. Let 0:%¥ — ¥ be the left-shift operator on ¥, i.e.
o(i) = o(iyigig---) = igizig---. Let &y = {fi(z) = Az + ti}ﬁil be an iterated function system



formed by affine maps on R%. For a finite word i € %, let A; = Ai -+ A, and fy = fi,o---0f; .
It is a classical result that there exists a unique non-empty compact set A C R? such that

N
A= U fi(A).
=1

To avoid singleton sets we assume that N > 2 throughout. Let us denote by m = m¢ the natural
projection from ¥ to the attractor of ®, that is,

me(i) = Tim fi, o oo f; (0) = ZAh A b
k=1

Clearly, m¢(1i) = fi, (m¢(0 1)) and so
me(1) — me(3) = Asn(me(ol 1M I11) — (o111 5)).
For a d x d matrix A € GL4(R) let ¢*(A) be the usual singular value function defined by

oS (A) = a1(A)as(A). TN (A)aLSJH(A)s—LSJ for 0< s < d.
(a1(4)... O‘d—l(A)O‘d(A))s/d for s > d,

where aj(A) > ag(A) > -+ > an(A) are the singular values of an n x n matrix A. Recall
that ¢! is submultiplicative, i.e. ¢(A14s) < p(A1)p(Az). For any ball B, clearly, A(B) is an
ellipsoid and, as it was shown in [7, Proof of Proposition 5.1], it can be covered by at most

do1(4)as)(4)
(4|BD aM(A)LsJ

The pressure of the self-affine system is defined as

-many cubes with side length a4 (A).

1 s
P(s) = lim —log g; P*(As),
1 n

where we note that this limit exists because of the submultiplicativity of ¢®(A). Further, the
pressure is continuous in s, strictly decreasing, and satisfies P(0) = log N and P(s) — —oo as
5 — 00.

Throughout the paper we will use the following extra condition:

Condition 2.1. Assume that A is such that for every s > 0 there exists C > 0 and K € N such
that for every i,j € 3, there exists k € X with

©*(Aixj) = Cp°(A1)p°(4;).

Similar conditions has been introduced earlier by Feng [10] and K&enmaéki and Morris [15].
Feng [10, Proposition 2.8] showed that under a mild irreducibility condition there exists C' > 0 and
K > 0 such that for every i, j € 3, there exists k with |k | < K such that ||A;x ;|| > C||As||||4;]]-
Later, this inequality was generalised by Kdenméki and Morris [15, Lemma 3.5] for the singular
value function under more restrictive but natural irreducibility conditions. Unfortunately, the
uncertainty of the length of the ”buffer” word k in the previous conditions does not allow us to
study shrinking target and recurrence sets effectively. We will show in Section 2.4 and Section 5
that under some irreducibility and proximality assumptions, Condition 2.1 holds.



2.2 Shrinking targets

Let (Ax)ren € (X4) be a sequence of target cylinders. We are interested in the shrinking target
set
St((Ak)ken) = ¢ {i € ¥ : 0" 1 € [\] for infinitely many k € N} .

For our sequence of target cylinders, we define the following inverse lower pressure:
. . -1 t
a(t) = liminf — log " (Ax, ) (2.1)
k—oo k

Let
so:=inf{t > 0: P(t) < a(t)}. (2.2)

If liminf,, % < oo then there exists a unique solution sy to the equation P(sg) = a(sp) > 0,
see Lemma 3.4. Otherwise sg = 0. We prove that this value gives the Hausdorff dimension of
the shrinking target set under some assumptions on the matrices A. Throughout the paper, we
denote the Hausdorff dimension of a set X C R? by dimpy X and its d-dimensional Lebesgue
measure by L4(X).

Theorem 2.2. Let A be a collection of d x d matrices and let (\x)ken be a sequence of target
cylinders. Suppose that A satisfies Condition 2.1 and ||A|| < 1/2 for all A € A. Then

dimpg S¢((Ak)r) = min{d, so} for Lebesgue-almost every t.
Moreover, Lq(R¢((Ak)k)) > 0 for Lebesgue-almost every t if so > d.

Remark 2.3. The upper dimension bounds do not just hold for almost every translation t, but
hold for all translations.

Similar result has been obtained by Koivusalo and Ramirez [18] for shrinking targets on
self-affine sets. Firstly, they assume that there exists a constant C' > 0 such that for every
i, € By, ¢*(A1A5) > Cp®(Ai)p°(Aj), secondly, they assume that «(t) is taken as a limit. The
first condition holds only for a restrictive family of matrices, see Remark 2.6. By using a more
detailed analysis on the pressure function, we were able to relax the condition on the limit as
well.

2.3 Recurrence sets

¥(n)

Now, we turn our attention to the recurrence sets. Let ¢: N — N, and let 8 = liminf, . =~

Consider the set
R () = my {i ey:oticli (k)] for infinitely many & € N} .

Let us define the square-pressure function
. -1 t 2
Py(t) = nh_)rgo . log ; ((p (Ai)) .
1 n

Note that the limit exists again because of the subadditivity of ¢'(A). Further, the pressure is
continuous in ¢, strictly increasing, and satisfies P»(0) = —log N and P»(t) — oo as t — oo.



Theorem 2.4. Let A be a collection of d x d matrices. Suppose that A satisfies Condition 2.1
and ||Al| < 1/2 for all A€ A. Let ¢ : N — N with 5 := liminf,, o ¥(n)/n < 1 then

dimpy R¢(v) = min{d, ro} for Lebesgue-almost every t,
where ro is the unique solution of the equation
(1= B)P(ro) = BPa(ro). (2.3)
Moreover, Ly(R¢()) > 0 for Lebesgue-almost every t if ro > d.

The equation (2.3) applies specifically only to the case when g < 1, for other values of 3 it
needs to be modified accordingly. The condition 8 < 1 is purely technical and relies on the fact
that the buffer word in Condition 2.1 depends on both of the words before and after it. Hence,
for recurrence rates greater than 1 it might cause “self-dependence” in the buffer word, which
then may not exist. We note that under the stronger assumption on the matrices by Koivusalo

and Ramirez [18], Theorem 2.4 can be generalized for any value 8 € [0, oo] with a straightforward
modification of (2.3) and the proof of Theorem 2.4.

2.4 Irreducibility of matrices

Let us denote by AFR? the k-th exterior product of R?. For A € GL4(R), we can define an
invertible linear map A : AF R?— AFRY by setting

AN (uy A Aug) = (Aug) A A (Aug).

Let us consider the following tensor product of the exterior algebras
W=AR® - @ ATTR?,
Again, for A € GL4(R), we can define an invertible linear map AW = W by setting for
U=1u & Quqg—1,
A @ Qug_1) = (AMu) @ - @ (AN Dy ).

We define a linear subspace W of W, which is generated by the flags of R? as follows:
W = span{u; @ (ug Aug) @ -+ @ (ug A+~ Aug_q) : {us,...,uq_1} linearly independent in R4}.

We call W the flag vector space. Note that the flag space W is invariant with respect to the
linear map A for A € GLy(R).

We say that a linear map A is 1-proximal if it has a unique eigenvalue of maximal absolute
value and this eigenvalue has algebraic (and hence geometric) multiplicity one. We say that
A € GLy(R) is fully proximal if it has d distinct eigenvalues in absolute value. Simple calculations
show that A is fully proximal then A" is 1-proximal for every k and Alis 1-proximal on W. We
say that the tuple A is fully proximal if there exists a finite product A;, --- A;, formed by the
elements in A, which is fully proximal.

We say that the tuple A is fully strongly irreducible or strongly irreducible over W if there

are no finite collections Vi, ..., V, of proper subspaces of W such that
n R n
U Uavw=UWw
A€A k=1 k=1

Roughly speaking, the tuple A being fully proximal and fully irreducible means that it gen-
erates the most general geometric picture.



Proposition 2.5. Let A be a tuple of matrices in GLg(R) such that A is fully proximal and fully
strongly irreducible. Then for every 0 < s < d there exists C' > 0 and K € N such that for every
i,j € X, there exists k € Y with

©*(Aixj) > Cp®(A1)p°(4;).

Remark 2.6. Koivusalo and Ramirez [18] assumed that there exists a constant C' > 0 such that
for every i, j € X,
p°(Asd;) > Cp°(As)p®(Ay).

Bérdny, Kdenméaki and Morris [4, Corollary 2.5] showed that this condition for planar matrix
tuples A is equivalent with the following: A can be decomposed into two sets A. and Ay
such that A, is strongly conformal (i.e. can be transformed into orthonormal matrices with a
common base transformation) and if A, # ), then Ay has a strongly invariant multicone C (i.e.
Usea, AC C C°) such that AC =C for all A € A..

Assuming fully strong irreducibilty and fully proximality is clearly a less restrictive require-
ment. For instance, in case of planar matrices fully strong irreducibility and fully proximality is
equivalent with strong irreducibility and proximality.

Using Proposition 2.5 we obtain the following immediate corollaries.

Corollary 2.7. Let A be a collection of d x d matrices and let (M\;)ken be a sequence of target
cylinders. Suppose that A is fully strongly irreducible and fully prozimal and ||A|| < 1/2 for all
A€ A. Then

dimp S¢((Ar)x) = min{d, so} for Lebesgue-almost every t,

where sg is defined in (2.2). Moreover, Li(St((Ak)k)) > 0 for Lebesgue-almost every t if so > d.

Corollary 2.8. Let A be a collection of dxd matrices. Suppose that A is fully strongly irreducible
and fully prozimal and ||A|| < 1/2 for all A € A. Let ¢ : N — N with § := liminf¢(n)/n < 1
then

dimpy R¢(v) = min{d, ro} for Lebesgue-almost every t,

where 1o is the unique solution of the equation (2.3). Moreover, Lq(R¢(¢)) > 0 for Lebesgue-
almost every t if ro > d.

Structure. We prove Theorem 2.2 in Section 3 and Theorem 2.4 in Section 4 using Condition
2.1. First, we derive elementary results on the inverse lower pressure « defined in (2.1) in
Section 3.1. We will also recall results about the pressure P and prove the uniqueness of the
solution of P(sg) = a(sg). We proceed in Section 3.2 by proving the upper bound to Theorem 2.2
and finish the lower bound proof in Section 3.3 with an energy estimate. Similarly, Section 4.1
is devoted to show the upper bound and Section 4.2 is to show the lower bound of Theorem 2.4.
Section 5 contains the proof of Proposition 2.5, which shows that the assumptions in Corollary 2.7
and 2.8 are sufficient.

3 Dimension of shrinking targets

3.1 Basic properties and the inverse lower pressure function

Let (Ak)ken € (E*)N be a sequence and let « be the corresponding inverse lower pressure defined
in (2.1).



Lemma 3.1. If a(s) = 0 for some s > 0, then liminf, . [\y|/n = 0. Conversely, if
liminf, o [An|/n =0, then a(t) =0 for all t > 0.
In particular, if there exists s > 0 such that a(s) =0, then a(t) =0 for all t > 0.

Proof. Let v = max;ex, {a1(4;)} and 7 = minsex, {aq(A;)}. Observe that by definition
71 < (Ay) < 7L (3:1)
Assume that a(s) = 0. Since —1/nlogp®(A,,) > 0, this implies that there is a subsequence ny

such that 1/nlog ¢*(A )‘”k) "0 and that the ratios between subsequent terms are greater than
/7. But then 1/ny log v k! = 5|\, |/nrlogy 20 and so |An, |/nx \ 0, as required.

For the other direction assume |\, |/ni — 0 for some subsequence ng. Then, for any ¢ > 0,

a(t) = hmlnffflogcp (Ay,) < hmlnffflog’ytp‘"l < liminf —*= [An |

n—00 n k—oco N

t(—logy) < 0.

Combining this with the trivial inequality «(t) > 0 we get the desired conclusion that a(t) = 0
for all ¢t > 0. ]

Similarly, if the modified pressure function is extremal in the other direction it must be
extremal everywhere.

Lemma 3.2. If a(s) = oo for some s > 0, then lim, , |A\n|/n = oo. Conversely, if
lim,, 00 [An|/n = 00, then a(t) = oo for every t > 0.
In particular, if there exists s > 0 such that a(s) = oo, then a(t) = oo for all t > 0.

The proof is analogous to that of Lemma 3.1 and is left to the reader.

Lemma 3.3. Assume that 0 < liminfy_,o [Agx|/k < co. Then the function t — «(t) is strictly
monotone increasing, and continuous in t. Moreover, a(t) — oo ast — oo and «(0) = 0.

Proof. Note that by Lemma 3.1 and Lemma 3.2 the inverse lower pressure satisfies 0 < a(t) < oo
for all ¢ > 0. Letting t = 0, we have

a(0) = hmmf——loggp (Ay,) =logl=0.

n—0o0
For every k € N,
-1 s A
- log¢(Ay) < ’k|5(logv),
and so
shkrgggf A L ’ > —Oif)sg)fy for every s > 0. (3.2)

This shows that «(t) is continuous at ¢ = 0.
For any t > 0 and ¢ > 0 sufficiently small we have

aft — &) < liminf —% log (1 (Ax, )~ 50t (Ax,))

< lim inf —% log ( *5‘)"“|4pt(A>\k))

k—o00

1
= hgnmff (|| log v — log ¢ (Ax,))

1 1
< lim sup € Awl log v + lim inf <— log gpt(A,\k)>
k—o0 k

k—o0 k
1
%8Y _ (t—¢)

= alt) - (t —e)logy



where in the last inequality we applied (3.2) with s = ¢ — . Hence,

-1
alt —e) < a(t) (1 + %) <alt), (3.3)

which shows that a(t) is strictly monotone increasing on (0, 00).
For an s > 0, let nk(s) be a sequence for which the lower limit in «(s) is achieved. Then by
(3.1),
_’Ank(s) ‘5 logy < -1

) IOg SOS(A)‘nk(S))'

ng(s) ~ ng(s
Hence for every s > 0,
A
limsup| nk(5)| < o(s) .
k—oo  Mk(s) T —slogy

This implies that

T 1 t—e
=9 = Jim, ey B )

o 1 _
> Hmint =y dog (oA, )7 (o)

.. 1 —e|A |t
- - ny (t—e) 4
> hkm inf _nk(t ) log (’7 k 2 ( )‘nk.(t 5>))

1 ‘/\n.(t—a)’
—liminf (———— log /(A ot =y |
s < ng(t —€) o8¢ ( /\"k(t_E))+€nk(t—5) Y
1 ‘)‘n (t*E)’
> liminf [ ———— 1 A 1 li —e—
Sl s ( ng(t —¢) e /\"’“(t_g))> Teled it ni(t —e)
a(t—e)lo
> aft) - e NI 0BT,
(t —e)log~y
Thus,
elog~y -t

which together with (3.3) implies continuity.

To show the limit as ¢ — 0o, observe that
1
k

1 A
a(t) = liminf —— log ' (Ay,) > liminf —— log Al > t(—log~) lim inf M O
k—o0 k—o0 k k—o00 k
Lemma 3.4. Assume that iminfy_, |Ax|/k < oco. Then there exists a unique so > 0 such that

P(s9) = a(sg). Further, P(sp) > 0.

Proof. If liminfy_, |Ax|/k > 0 then the first statement follows by Lemma 3.3 since P(0) —a(0) =
log N, and P(t) — a(t) - —oo as t — oo and P(t) — a(t) is strictly monotone decreasing. If
liminfy o |[Ax|/k = 0 then by Lemma 3.1 «(t) = 0 for t > 0 and then the uniqueness of the
solution follows by the uniqueness of the root of P.

The second conclusion follows from the observation that a(t) > 0 for all ¢ > 0. O]

The following lemma is standard, but we include it for completeness.



Lemma 3.5. Let i € ¥, be a finite word and let 0 < t < s. Then,
°(Ai)
¢! (A1)

for 0 < v =max;ex, {a1(4;)} <1 as defined in Lemma 3.1.

A

< yleDl] (3.4)

Proof. For 0 <t < s <d,

o aldy) .oy (As) oy AWy (4y) ]

= OéLtJ+1(Ai)8
Similarly, for 0 <t < d < s,
©* (A1) (1 (As) - ca(As))/
(A1) oa(4y).. -y (Ag) - C’éLtJJrl(Ai)t_LtJ
s/d—1 — s/d
= (01 (A1) - o) (D)) o (As) 4 (40 (As) -~ ag(A1))
< al(Ai)(s/dfl)LtJ+s/d7t+[tJ+s(d7Ltjfl)/d _ Oél(A )sft'

i

Finally, for d <t < s,

0*(As)  (0n(Ay). .. aq(Ay))*/e (s—t)/d
= = (det(A;))" :
PAL) ~ (on(ds) . ag(Ay)a — (deHAL)
We conclude that (3.4) holds for v := max;ex, {a1(4;)} by submultiplicativity. O

3.2 Upper bound to Theorem 2.2

Note that S¢((Ax)r) is a limsup set that can be written as
SO = () U U me([@ 2.
ko=1 k=ko 1€X

Temporarily fix £ > 0. By definition, for every § > 0 there exists kg large enough such that

1
—%loggot(A,\k) >at)—0

for all £ > kg. This can be rearranged to give

PH(Ar,) < eHEO), (3.5)
Similarly, for every § > 0, we obtain

Z Sot(Ai) < ek(P(t)-HS) (3 6)

iedy



for large enough k. For the lower bounds, we note that for all § > 0 there exists a subsequence
k,, such that

P(Ay,,) = @) (3.7)
and for large enough £,

3 t(Ay) > FEO-0) (3.8)

iedy

by submultiplicativity and existence of the limit.

Assume that liminfy |[\z|/k < co. Let s > so and note that P(s) — a(s) < 0. We set 6 > 0
small enough such that n := P(s) — a(s) + 26 < 0. We may now apply (3.5) and (3.6) with t = s
where k > kg with kg depending on s.

Let us repeat the construction of the cover given in [7, Proof of Proposition 5.1] for conve-
nience. Let B be a ball with sufficiently large radius such that f;(B) C B for all i =1,..., N.
Without loss of generality we may assume that |B| > 1. Clearly, the set f;(B) is an ellipsoid with
axis length a1 (A;)|B|,...,aq(A;i)|B|. The ellipsoid f;(B) can be covered by a d-dimensional rect-
angle P; such that the edges of P; are parallel to the corresponding axes of f;(B) and of lengths

a1(A;)|Bl, ..., aq(A;)|B|. Furthermore, the rectangle P; can be covered by H]Lsle (%]-many

cubes of side length ary)(A1)|B|. Since S({Ar}tren) € Upty, Uies, fia (B) for every ko, we ob-
tain

)
HE(Se((Ar)r)) < liminf Z Z H [ % 1)‘]“ -‘ (afs (Aix,)|BIVA)*

ko— (%
07T o k‘olezkj 1 rs1(A

< lim inf Z Z 0% (Aix,)( 4|B|\f)

ko—>oo
k= k‘o i€Xy

< liminf Z Z ©°%( A/\k)(4|B‘\[)

ko—>oo
k= k‘() IGEk

< lim inf Z ©*(A;)(4|B|Vd)?

k:k’o 1€Ek

< li‘m inf 6k(P(S)+5*a(S)+5) (4’B|\/&)d
0—> 00
k:*k()

= hmmf Z e (4] B|Vd)? < hmlnf
o—)oo e k’o

(4IB\f)

Since s > sy was arbitrary, we conclude that dimpg S¢((Ax)x) < so for all t.

Finally, consider the case when liminfy |A\z|/k = oo. Let s > 0 be arbitrary and again
write 7 = max;es, {@1(A4;)}. Recall that #%; = N and observe that there exists M such that
|Ak| > 2klog N/(slogy~1) for k > M. Therefore v**| < N=2k for large enough k. The Hausdorff

10



measure bound above becomes

H(Se((Mp)k)) < hmmf Z Z ©*(As 2, ) (4| B|Vd)?

ko—roo = k:o iex,

sgminfz Y ¢ (A)e* (A @4IBIV)
0700 = ko iex,

< hmlnf Z ’y‘)"“|s Z ©°( 4|B‘\[)
ko—roo = ko ey,

<hm1nfz NNk (4 B|Vd)?

/C()—>OO

k= ko
=1
1(r)n_>1cr>10f Z N7*4|B|Vd)¢ =
k=ko
As s > 0 was arbitrary, this shows that dimgy S¢((Ax)x) = 0 for all t. O

3.3 Lower bound to Theorem 2.2

To simplify the exposition we will abuse notation slightly and write ¢*(i) instead of ¢*(A;) for
ied,.

For every sufficiently large p € N and s < min{sg,d}, we construct a measure v, on the
symbolic space ¥ and investigate its projection under the self-affine iterated function system.
Let (my)ren be a sequence on which the lower limit in a(s) is achieved and take a very sparse

subsequence such that

n n—1
> mp <(1+27"m, and my = 2" (|Am,] + K), (3.9)
i=1
where K is the length of the buffer word defined in Condition 2.1. We may further assume,
without loss of generality, that m; > p and that my > 2* and |Am,| > p for all k. By the
pigeonhole principle there exists 1 < py < p+ K such that my, = pp + (K + p)q for infinitely many
q. Again, by taking subsequences, we may assume that my is always of the form py + (K + p)q
for some ¢. If pg > K then we define pg := py — K otherwise let pg := pg + p.

We will obtain 1 as the weak limit of descending measures v, : ¥ — [0, 1]. The construction
is fairly intricate and involves splitting the measure into blocks of length p with “buffers” of length
K in-between that are given by Condition 2.1. However, at each position my + 1, we want to
append A,,,. To ensure consistency of lengths, we need to slightly modify A,,, by extending the
words to be of length p + ¢(K + p) for some ¢ > 0. To this end we define A;,,, = A\, 11...1,
where the number of symbol 1’s is p — |Ay,,| mod (K + p). Let

Qk) = {{)\;W} if k = my for some ¢ € N,

Xp otherwise.

For every ij,ip € ¥, denote the lexicographically smallest word in Condition 2.1 by k(i1,i2) €
Y k. We define a collection of symbols £, by induction. Let Ko := X, Suppose that K, is defined
for some n > 0. Then let us define K11 as

Rnyr={ikj:1€ Ry, j € Qik|) and k =k(i,j)}.

11



To ease notation let ¢, denote the length of words in K. Observe that by construction, every
i € R, can be written of the form

i=1d1kiiske... Ky intt,

where for every k € {2, co,n+ 1}, i € Q(gk—l + K) and ki = k(il ki... kg_11ig, ik+1). While
the cylinders in K,, consist of the same number of blocks (n + 1) and buffers (n), their lengths
are not necessarily pg + n(p + K) due to the different lengths of )\’mi. Their lengths are however,
by construction, always of length py + g(p + K) for some integer ¢ > n. Let us define a limsup
set of codings K by

f={l1]:1 € K}
k

Note that for every i € &, we have 0™ i € [\, ] C [Ap,] for every £ = 1,2,.... To show
this, it is enough to check that mg 1 > my + [\, | + K for every £ = 1,2,.... By (3.9),
mer1 > 2805 M| + K+ mi) > my 4 A, | + K. Since me1 = o + qe1(p + K) for some
qev1 € N and by definition [A], | — [\, | = min{k > 0 : [\, |+ & € {p+q(K +p)}4en}, the claim
mey1 > me+ |\, |+ K follows. Hence, the image 7¢(f) is a non-empty subset of the lim sup set
St((Ag)x) by choice of pg.

Let 7(n) denote the number of X, blocks in &,. Then

n(n)
o =Y | X+ (n = n(n))p + Kn + po. (3.10)
=1

We start by defining v 5 on cylinders of length no less than py by
p*(1)
Sses,, @)

for i € ¥), = Ko and h € X,. This uniquely defines a probability measure on %, i.e. v, 4(¥) = 1.
We define v, ,, on cylinders with prefix in &, by

Vpo([1h]) = NP

@ (i1)p (i2) - - ¥°(int1) Nl ik kn dng |

Z " (31)¢°(32) -+ ¢°(Gng1)

jikiknj, €8

if i <ijky...Kyips1 € Ry,
V;,n+1(i) -

0 otherwise.

Now we show that (V;’ ) )keN converges weakly to some unique measure v,. Since the probability
measures of ¥ are forming a compact set with respect to the weak™*-topology, there exists an
accumulation point v, of the sequence (V;}k)keN. Suppose for a contradiction that there exists
another probability measure (V;)’ which is an accumulation point of the sequence (V;k)keN in
weak™-topology. Observe that for any i € X, the measures v, x([i]) are eventually constant
and hence, v;([1]) = v ,([i]) for all sufficiently large k& € N. Thus, for every cylinder set [i],

vy([i]) = (v)'([1]), which is a contradiction.

12



Lemma 3.6. Let k € Ng. Then,

Ct Y PPa)el(d2) - 0% (k)
i162p0
ijGQ(fj_l-f—K)
<kt
< > etk Kk ig)
iy ki ky i1 €8,

< Y Pi)e*(d2) . ¢ (ikg), (3.11)
1162190
i;€Q(_1+K)
J<k+1

where C' is the constant appearing in Condition 2.1.

Remark 3.7. Observe that the summations in (3.11) are all over the same set. We have changed
the subscript to emphasise these two points of view of K versus its constituent parts.

Proof. The last inequality follows from the submultiplicativity of ¢* and that ¢*(k;) < 1.

The first inequality follows inductively from repeated application of Condition 2.1 as follows:
The base case k = 0 follows trivially, since Ry = ¥,,. For the induction step assume that (3.11)
holds for £ > 0. Applying Condition 2.1 to words in K11 gives

> ©* (11 k1. K1 ip42) 2 C > ik K iggn) 9" (iag)
i1 ki Kgy1 ig2€8K41 i1 ki kg ig41€8,
ip12€Q(lp1+K)

and the induction hypothesis immediately gives

>CH N )t (da) - 9P (Rkga),
ilézpo
i,€Q(0;_1+K)
j<k+2

which completes the proof. O
The proof of Theorem 2.2 reduces mainly to the following technical lemma.

Lemma 3.8. Let sg > 0 be such that P(sg) = a(so). Then for all0 <t < s < s¢ and sufficiently

large p,
JL B e 612

Proof. Let p € N be large enough such that 4*=%? < C, where 0 < v < 1 and 1 > C > 0 are
the constants appearing in Lemma 3.5 and Condition 2.1, respectively. Since s < sg, we have
P(s) > a(s) and we can pick § > 0 such that P(s) — a(s) > 44 and choose p (which so far only
depends on the C' and ~) large enough such that we may apply (3.7) and (3.8) with ¢, moreover,
we require that pd > KP(s) — 2KJ.

Recall that v, is supported on &. First, we show that for all distinct i,j € &, their longest

common prefix i A j must be a word of the form i;k; ...1i, i’ for some i’ € Y (p+K) = Uk 0
and maximal n such that ¢,_; < |iAj|, where ¢, denotes the length of the finite Words in
Rn—1. To see this, assume |i’'| > p + K. By the construction of &, if £,—1 + K = m; for

13



some j then o~1 i must have a prefix of the form k, )\;nj. But since all words h € R satisfy

(e™in)|, N, | = A, S0 must j and we obtain

iNj :ilkl...inknA;nj i”

for some finite word i”. This however, contradicts the maximality of n. On the other hand,
if £,_1 + K # mj; for all j then again by the construction of &,, i’ must have a prefix of the
form k, i,,11 1", with i,,41 = p and so, it again contradicts to the maximality of n and our claim

follows.

Note further that by the boundedness of the length of i’ by p+ K as well as the non-singularity

of the matrices A;, there exists a universal constant D for the IFS such that
1D (5) < gl(347) < DIPHRI()

The double integral (3.12), together with (3.13) simplifies to the following sum

i Val[iljias Dy ling)]) < Dt(p+2K)Np+K§: Z V;([iDQ

t . .
iA
n=0 iAj=ij..ipi’ Q‘O( J) n=0i€R,

i,jER, iIEESp_,_K

Thus,

[ e
Ix3 SDt(Ai/\j)

o0 s ([i1k1 ... Kn ins1])?
_ Dt(p+2K)Np+K Vp,n([ll

n=0i€R,

Yien, ©°(31)¢°(32) - 0*(Gnpa

00 S/ = S[x S(s 2
_ Dt(P+2K)Np+KZ Z ( ©°*(11)9°(i2) ... ¢°(int1) )) @t(ilkl Xk, in-l—l)_l

n=01ieR,

and by definition of &,

oo 2
1
— Dtp+2K) nyptKE
Z Zjeﬁn Sps(jl)‘ﬁs(b) e Sos(jn+1)

n=0

Pi(i)

(3.13)

3 (¢*(11)¢*(12) - - ¢*(int1))”

ichn

00 2
1
< Dte+2K) np+K
B n:) > jen, ©2(31)9°(32) - 0°(Ins1)

gOt(il ki1...ky in+1)

' Z cn ©*(11)9°(i2) ... @ (Ant1)p’ (11 k1 .. Ky ing1)

(pt(il ki...ky in+1)
—1

i€fhn

< DIPHRRONPEEN " 0mng 50 LN 0% (3))9°(3g) - 0" (Gnp)
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by Condition 2.1 and Lemma 3.5 for some 0 < v < 1. Again, let n(n) denote the number of A,
blocks in K,,. Using (3.10), we can bound
~1

00
= DIPH2E) NP oo (=i Yoo @G Ge) 2 Gnr)
n=0 31€8pg
JREQULL_1+K)
k<n+1

-1

n—n(n)
00 n(n)
< D PRRINPHE Y T omng it ( > eo%j)) e )

n=1 JEX,

for some ¢ > 0. Then by (3.7) and (3.8)

< D! PO NP (o6t (D) 5) TT emi(ae)49)
n=1 =1

Applying (3.10) and pd > KP(s) — 2KJ < erK(P(s) —§) > P(s) — 26 we get

00 n(n)
= DRI NPHEN ™ Oy (oD e ( - (ﬁn =D Nl = Kn(n) — po)
=1

n=1

'p—i—K

< ¢ Dt2K) ot K Z C*n,-)/(sft)gn exp ( (en _ Z I = EKn( )) (P(s) — 26) + (a(s) + 6) mz) _
i=1

n=1

Clearly, £ > my(m) + | Ay, | and £y >y n)|)\ |4 (n—=n(n))p > np so

00
< ClDt(p+2K)Np+K Z C—n,y(s—t)pn

n=1

i=1

n(n)—1 n(n)
- exp ( (mn(n - Z A, | = K ( )) (P(s) = 26) + (a(s) +6) mz) :
Now we can apply (3.9) to obtain,

oo
< C//Dt(p+2K)Np+K Z C—n,y(s—t)pn
n=1

- exp (—(1 — 27n)mn(n)(P(s) —20)+ (1+ 27")mn(n)(a(s) + 5))

< ' DIPHRR) NPHREN = 05 m0Pm exp (myy ) (14 27)a(s) — (1 = 27")P(s) + 36)) .

n=1
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Coupling this with the observation that C~14=9P < 1 and (1427 )a(s)—(1—2"")P(s))+36 < 0
for sufficiently large n, the expression above is bounded by a geometric series with ratio less than
one and hence is bounded. It immediately follows that (3.12) is bounded and the ¢ energy of v,
is finite, as required. O

Before we prove Theorem 2.2, we state a well known result using the transversality method.

Lemma 3.9. Let &y = {f;(z) = Az +t;}, be an iterated function system of affine maps on R?
such that ||Ail| < 1/2 for alli =1,...,N. Furthermore, let m¢ be the natural projection. Then
for every R > 0 there exists a constant C > 0 such that for every i # j € ¥ and s € (0,d]

/ dt < C
Bo,R) ITe(1) = m(I)F T ©5(Aing)
The proof can be found in [7, Lemma 3.1] and [25, Proposition 3.1].

Lemma 3.10. Let &y = {f;(z) = Ajx +t;}, be an iterated function system of affine maps on
R? such that || A]| < 1/2 for alli =1,...,N. Furthermore, let my be the natural projection. Then
for every R > 0 there exists a constant C’ > 0 such that for every i # j € 3 with i1 # j1 and
r>0

Lan ({t € B(O,R) : |me(i) —me(j)| <7r}) <Cr.

The proof can be found in [14, Lemma 7].

Proof of Theorem 2.2. To show that dimpg St((Ag)r) > so for Lebesgue-almost every t, it is
enough to show that for every ¢t < so we have dimpg S¢((Ag)x) > t for Lebesgue-almost every t.

Let t < s < sp and p be as in Lemma 3.8. By Frostman’s lemma (see for example [22,
Chapter 8)), it is enough to show that

for almost every t. To show that, it is enough to show that for every R > 0

/OR // = ‘x_yit)*”5<y)<oo

By Lemma 3.9 and Fubini’s Theorem, there exists a constant C' > 0 such that

I e e CRLY v

where the right-hand side is finite by Lemma 3.8.
Now, let us turn to the proof that L£4(S¢((Ak)x)) > 0 for Lebesgue-almost every t if sg > d.
Let s be such that sop > s > d. It is enough to show that (m¢).v, < L4 for almost every t. By

[22, Theorem 2.12], it is enough to show that lim iélf W‘M < oo for (7 ).vp-almost every
r—

y, and hence, if we show that for every R > 0

/ / timing 2B o e an(e) < oo
B(0O,R)

r—0 r
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the claim follows. Fatou’s Lemma and Fubini’s Theorem implies that

Lo fﬂ*y?w’»ﬂmh@@M@NW
B(O,R)

r—0

. Tt ) ;7))
ghmlnf/ oR) / d(me)wvy(y)dLan (t)

r—0

= liminf / Lan({t € BO,R) : |m(5) — mo(3)] < r})dv(3)dvs (3)

r—0

_hmmf/ @N<ﬁesza|m<1“>—m<““n

r—0 ’I"

d1/
<C//
1/\_]

where the last 1nequahty follows by Lemma 3.10 and the fact that |det(A)]

finiteness of the right-hand side follows again by Lemma 3.8.

4 Pointwise recurrent sets

4.1 Proof of the upper bound

| det(

r

w}) dvy(1)dvy(3)

= ¢%A). The
O

Let ¥: N+— N and let 8 = lim mfn_)oo v, Suppose that g < 1. For a finite word 1 € X, let

n

i € ¥ be the infinite word i = iii---. Note that R¢(1)) can be written as

=N U U me(@leromw))

ko=1k=kg i€X}

Analogous to the properties of «(t), the map ¢t — (1 — B)P(t) — fP(t) is continuous, strictly
decreasing, diverges to —oo and (1 — B)P(0) — SP»(0) = log N. Thus, there exists a unique
solution ry > 0 of the equation (1 — 3)P(rg) = SP2(rg). Let t > ry be arbitrary.

Since 0 < (1 — B)P(t) < BPz(t), one can choose d > 0 sufficiently small such that

P(t) + Py(t) — 26 > 0 and (1 — B+ 8)P(t) — (B — 8)(Py(t) — 26) + 6 < 0.

There exists a constant C' > 0 such that for every k > 1

Z (i) < CeFPO+9) and Z < Cel=P(0)+9)
iedy iedy
Moreover, we may assume that C' > 0 is sufficiently large such that k(8 —0) — C < (k) for every
k > 1. Hence, writing ¢ (k) := min{k, ¢ (k)}, we obtain
H(Re(¥)) < limint Z > & Elrrvry)
k=ko i€Xy
< lim; tr\\2 t/.
< izxgglof Z Z Z (90 (1)) ©"(3)
k=ko iEEw(k)k JEXL_ W(k)y
04)00
k=ko
< O2eC(P)+P2(t)=20) Jim inf ck(P()+0—(B=0)(P(t)+P2(t)—20)) _
- k‘OA)OO ’
k=ko
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where we have used that ¥ = Xy, X Xp_y(r),- Since t > rg was arbitrary, the claim follows.
Remark 4.1. We note that if 5 > 1 then the argument above is not optimal.

4.2 Lower bound for Theorem 2.4

The proof is analogous to the lower bound of Theorem 2.2 with some necessary modifications.
Let p € N an integer which will be specified later. Let mj be a sequence on which the lower limit
B = liminf, , ¥ (n)/n is achieved and take a sparse subsequence such that

n n—1
ka < (1427")m,, and m, > 2" Z(T/J(mk) + K). (4.1)
k=1 k=1

Let us choose py as in Section 3.3, so my = po + (p + K)q for every k > 1 for some ¢ € N. To
ensure consistency of lengths again, we need to slightly modify ¢ (my) by extending the words
to be of length p + q(K + p) for some ¢ > 0. To this end we define ¢'(¢) := ¢(my) + k, where
k=p—b(me) mod (K +p).

We construct a measure v, similarly to Section 3.3, except that the elements in (k) depend
on the previous elements. More precisely, let

Q4 k) {ilp @} if k=my for some £ € N,
i, k)=
Yp otherwise.

For every ij,ip € X, denote the word in Condition 2.1 by k(ii,i2) € Xk, choosing the lex-
icographically first if multiple exist. We define a collection of symbols &, by induction. Let
£ := Xp, Suppose that &), is defined for some n > 0. Then let us define &, as

R ={ikj:1€K,,j €Q(i,|ik]|) and k =k(i, j)}.

Denote by /) the length of words in £). Observe that by construction, again every i € K], can
be written of the form
i=i1kiigks... kypipnta,

where forevery k € {2,...,n+1}, i € Q(i1ky ... ig—1, 1+ K) and kg = k(i1 kg ... kg1 i, ikt1)-
Let 7'(n) = max{l > 0 : my < £,,}, that is, #/(n) is the number of returns o1 € [i [y (] for
every i € &,. Then

(n)
by = Z ' (i) + (n —n'(n))p + Kn + po. (4.2)
i=1

We start by defining v ; on cylinders of length no less than py by
. ¢°(1) —|n]
vio(lin) = 2y
Po Zjezpo ©*(3)
for i € ¥, = & and h € ¥,. This uniquely defines a probability measure on ¥, i.e. v5 (%) = 1.
We define v, on cylinders with prefix in &/, by
¢ (i1)p°(2) - - ¥°(int1) Nl ik kn dng |
> ()¢ (i2) - 9 (in1)

i1ky... ky int1€R),

if i <i1ki...kying1 € 8,

Vpnt1(i) =
0 otherwise.

Observe that for any cylinder set the measure V; i Stabilises and thus it converges weakly to a

unique measure v, in k in the same way as for the shrinking target set.
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Lemma 4.2. Let ro > 0 be such that (1 — B)P(ro) = BPx(ro). Then for all0 <t < s < ry and

<
X 1 Aj

Proof. By similar argument to the beginning of Lemma 3.8, it is enough to show that

1oy >

n=0ieR),
ki...Kyine1])?
T— Z Z pn 11 1- n In+1
n=0ieq, Firks - knin+1)
2
is)... %4 B
—Z > il 25) ol ”S“,) i1k Ky dipgr) t
"oscm, ZJeﬁf (Jl)so (G2) - ¥ (Fg1)
00 2 S(s S(3 S(s 2
-3 1 5 (" (11)¢°(12) - - - ¥*(in41))
=\ Xjer, ¢ (31)¢°(G2) - ©°(Gnp1) — Pi1kr .. Kping1)

-1
oo
< Z Cyls ) Z ©*(31)¢°(32) - - ©°(Ins1)
n=0 JER,
By definition, m,, is the position of the last return, and it returns to [j W(mn'(n))]' Unfortu-
nately, j ‘w(m o )) is not necessarily an element of &), for all k > 0. Let k;,, be the smallest integer

such that ¥ (my(,)) < lk,, where we recall that £, is the length of the elements of 8. Clearly,
for every j = Jl k1 Ky I 41 € R,

¢*(31)¢°(G2) - ¢°(Gr,1) = ©°(3);

and for j € 8, ¢*(j |y 1)) > ©°(3'), where j’ is the unique element in &) such that j < j'.

(Mt ()
Moreover, for every j € R there are n — 1/(n) — (k, — 1'(ky))-many ¥, components in the
sequence o j. Hence, we obtain that

. n— ()~ (k=11 (k) -1
—n_ (s—t)ln S(z S/ s 7-7/(71)71 m;
<Y OIS T %() 3 DR I M
=t €% JERy,
00 ”_W/(n)_(kn—n/(kn)) kn_n/(kn)
< Zcfn,y(sft)fn ( Z 905(.]) ) Z SDS(J)Q
n=1 jEXp JET,

—1
A P g (m)+2 1) ww»)

= Z O exp < p(P(s) = 6)(n —n'(n) = (kn — n'(kn)) + p(Pa(s) + 0) (kn — 7' (kn))
n=1
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Using (4.2), we get

oo 7' (n)
< Z Oy 5D exp < — (P(s) = 0) (4, — Z P(m;) — Kn'(n) — po)
n=1 i=1

n'(n)—1 n'(kn)
+ (P(s) + Po(9)) (G =1+ p(0 (kn = 1) =1/ (kn))) —logys | >, 9(ma) +2 > w(mi) )

00 n'(n)—1
< Z C ™57 D exp < — (P(s) = 6)(myy(n) — Z P(m;) — Kn'(n) — po)
n=1 i=1

n'(n)—1
+ (P(s) + Pa(9)) (0 (myny) +p) —3logys [ Y 4h(my) )
Using the defining properties (4.1) of the sequence m,,, we have

< CZ Cy 570 exp ( —(P(s) = 0)(1 = 27" )myy(ny + (P(8) + Pa(5))(B + 0)mypy () — 310g752_”m77/(n)>
n=1

Coupling this with the observation that C~'y(s=9P < 1 and —(P(s) — 6)(1 — 27™) + (P(s) +
P (s))(B +6) — 2logys2™™ < 0 for sufficiently large n, the left hand side is finite and the proof
is complete. O

Now, the proof of Theorem 2.4 is identical to the proof of Theorem 2.2 by replacing Lemma 3.8
with Lemma 4.2, so we omit it.

5 Justification of Condition 2.1

In this section, we give a sufficient condition under which Condition 2.1 holds. The proof is not
only a modification of the proof but also an application of Kdenméki and Morris [15, Proposi-
tion 4.1]. First, let us recall some definitions and notations from algebraic geometry, following
Goldsheid and Guivarc’h [11] and K#enmaéki and Morris [15]. Some has already appeared in
Section 2.4 but for the convenience of the reader, we repeat it here.

Let us denote by AF R? the kth exterior product of RY. That is, let {e1,...,eq} be the standard
orthonormal basis of R? and define

/\de:Span{ezl/\/\elk1§21<</Lk§d}
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forall k =1,...,d and let A°R? = R by convention. The wedge product N: AF R x AT RY —
AT RY is an associative bilinear operator, which is anticommutative on the elements of R, i.e.
for w e AFR? and v e NI R?

wAv=(—1)MvAw.

If v € A"R? can be expressed as a wedge product of k vectors of R? then v is said to be
decomposable. Let us define the Hodge star operator x: AFR% — A"FR? to be the bijective
linear map satisfying

k(eyy Ao ANegy) =sgn(in, ... 4q)eq, . A Neg,

forall 1 < i3 < -+ < i < d, where 1 < ipy1 < --- < ig < d are such that {igs1,...,iq} =
{1,...,d} \ {i1,...,ix} and sgn(iy,...,ig) is the signature of the permutation (iy,...,i4) of
(1,...,d). Let us define the inner product on A¥ R by

(v, W) = *(v A (xw))

for all v,w € A¥R?. Moreover, we define the norm of v € A*R? by || = \/{v,v)s. It can be
shown that if v, w € A¥ R? are decomposable elements then

(v, w)r = det((vi, wy)),
where v = v1 A+~ Avg and w = w1 A+ - - Awg. For A € GLg(R), we can define an invertible linear
map A AFRY — AFRY by setting
A/\k(eil VANEEIWAN eik) = (Aeil) VANRIERIVAN (Aelk)
and extending by linearity.
For every matrix A € GL4(R), there exists a basis of orthonormal vectors {uy,...,uq} such

that ||Au;|| = ai(A) and {aq(A)"YAug, ..., aq(A)"L Aug} is orthonormal. Hence, the operator
norm of A is

A e = max{||AMw]|g : [w]e =1} = [|A (ur A -+ Awg)||i = a1 (A) - - o (A).

Thus, for every 0 < s < d, the singular value function can be written as

P (A) = (HAALSJHLSJ)HLSJ_S (!\AMS”\[S1)S_LSJ .

The naive intuition suggests that Condition 2.1 shall hold for general matrix tuples in some
sense. For that, we introduce two families of definitions related to the action of the tuple, which
describes the most general and most likely behaviour.

Let A = {A1,As,---, Ay} be a tuple of GLg(R)"Y matrices. We say that A is k-irreducible
if there is no proper subspace V of AFR? such that ANV =V for every A € A. Similarly, we
say that A is strongly k-irreducible if there is no finite collection of proper subspaces Vi,...,V,
of AFR? such that (J}_, Uaea AVi = Up_; Vi. Denote by S(A) the semi-group induced by
A. The following lemma is due to Kédenméki and Morris [15, Proposition 4.1].

Lemma 5.1. Let A be a tuple of matrices of GLg(R) such that A is k- and k 4 1-irreducible. If
there exist nonzero vectors vg, wy, € AF R? and Vi1, Wit1 € AFLRE such that

(Vg AN g (Vg 1, AN g 1) = 0

for every A € S(A) then A is neither strongly k-irreducible nor strongly (k + 1)-irreducible.
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For two vector spaces V and W, let us define the tensor product V@ W as follows
VoW =span{fvw:veV, weW},
where for any vi,vo € V, wi,we € W and a € R

(v1 +v2) @ w1 = v1 @ Wy + V2 @ wi,
v] ® (w1 +w2) = v ® w1 + v @ Wy,

a(vy @ wr) = (avr) @ wp = v ® (qwy).
Let us consider the following tensor product of the exterior algebras
W:/\le@g.”@/\dqu.
We define the inner product of W for u = UL R RUI-1, V=11 R QUg_1 € W

d—1

(u,v)p = [ [ (wiy vii,

i=1

and extend it in a bilinear, symmetric way. We define a linear subspace W of /W, which is
generated by the flags of R? as follows:

W = span{u; @ (ug Aug) @ -+~ @ (ug A+~ Aug_q) : {us,...,uq_1} linearly independent in R4},

We call W the flag vector space. Again, for an A € GL4(R), we can define an invertible linear
mar A: W — W by setting for u = u; ® - -+ @ uqg_1

Aur @ -+ @ug_1) = (AMNug) @ - @ (AN Dy )

and extending by linearity. It is easy to see that AW — W for A€ GL4(R). Let us denote the
restriction of the inner product (-,-)» and norm || - |[x» to W by (-,-)w and || - ||w.

We say that A € GL4(R) is 1-proximal if it has a unique simple eigenvalue of maximum
modulus. We say that A € GLg(R) is fully proximal if it has d distinct eigenvalues in absolute
value. Note that A is fully proximal then A"* is 1-proximal for every k and A is 1-proximal on
W. We say that the tuple A is fully proximal if there exists an A € S(A) which is fully proximal.
We say that the tuple A is fully strongly irreducible or strongly irreducible over W if there are
no finite collection V7, ..., V,, of proper subspaces of W such that

Before we prove Proposition 2.5, we need to recall two important tools.

Lemma 5.2. Suppose that A is fully proximal and fully strongly irreducible then its transpose
AT ={A],... A} and A™ = {A;--- Ap}a,. . A,ea are also fully prozimal and fully strongly
wrreducible for m > 1.

Proof. Let A € GL4(R) be a fully proximal matrix, and let Aj,..., Ay and vy,...,v4 be the
corresponding eigenvalues and eigenvectors. Then it is easy to see that any nonzero w; €
span{vy, ..., Vi 1,Vis1,...,0q}" is an eigenvector of AT with eigenvalue \;. Indeed, (A w;, vj) =
(ws, Avj) = Aj(w;,vj) = 0, we get that ATw; € span{vy,...,vi_1,Vi41,...,04} and since
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dim span{vy, ..., v;—1,Vit1, ... ,fud}l = 1 we have that ATw; = cw; for some ¢ € R. But since
c(w;, v;) = (ATw;, v) = (wy, Avy) = Mi{w;, v;) and (w;, v;) # 0, we get that ATw; = \jw;.

Now, let us suppose that A is not fully strongly irreducible and we show that then AT is not
fully strongly irreducible too. Let Vi, ...,V be proper subspaces of W such that (.2 Ui, AV; =
Ui_, Vi. By the invertability, J ca Uiy Z—\U/; = UL, Vi. Clearly, ATVL = (Z:V)J— for every
proper subspace V of W. So for any i =1,...,nand A € A

ATV = (A7t < vk,
=1

thus it follows that AT is not fully strongly irreducible.
Similarly, the fully proximality of A implies clearly the fully proximality of A™. Moreover, if

A™ is not fully strongly irreducible then there exists a finite family of proper subspaces V1, ..., V,
of W such that Uy, 4 ea Uiy 41+ A,Vi = UL, Vi. Thus, the tuple A is not fully strongly
irreducible for the family UL, U Ua,.oaeatAs - AxVi}. 0

Denote by P(W) the projective space of W and SL(W) the space of linear maps of W to W.
Let

A,
R(A) = {B € SL(W) : rank(B) = 1 and there exists A,, € S(A) such that |]//1\|| — B}
n||W

and let
L(A)={BW :BecR(A)} cP(W).

For a linear map B € SL(W), denote by Im(B) the image space of B and by Ker(B) the kernel
of B. Thus, L(A) = {Im(B) : B R(A)}.

Finally, let us denote the set of the fully proximal elements of the semigroup S(A) by Sp(A).
Then for every A € Sp(A), the limit lim,, ﬁ exists and belongs to R(A). This follows

w

by a standard decomposition into eigenvectors for which only the one associated to the largest
eigenvalue (which is unique by proximality) will remain upon normalisation. We denote this

limit by G(A). Similarly, the limit Gj,(A) := lim,_o m exists and has rank 1. Moreover,
Im(G(A)) = span{v; A ... A v}, where v; is an eigenvector corresponding to the i-th largest
eigenvalue in absolute value. Moreover, for a fully proximal matrix A € Sp(A),
Im(G(A)) = Im(G1(A)) @ - -- @ Im(Gy_1(A)). (5.1)
The following lemma is a corollary of Goldsheid and Guivarc’h [11, Theorem 2.14].
Lemma 5.3. If A is fully proximal and fully strongly irreducible then {Im(é(A))}AeSO(A) is
dense in L(A) and |J cp AL(A) = L(A).

Lemma 5.4. Let A be a fully strongly irreducible matriz tuple. Then A is strongly k-irreducible
for every k = 1,...,d — 1 and there exists no finite collection Vi,...,V, of proper subspaces of
W such that L(A) C U, P(V;).

Proof. Let us argue by contradiction. First, suppose that A is not strongly k-irreducible for some
ke{l,...,d—1}. Let Vi,...,V, be a finite collection of proper subspaces of A* R? such that

Ur=1 Usea A Vi = Ujy Vi Let

‘/}f:: </\1Rd®"'®/\k_1Rd®w®/\k+le®'"®/\d_1Rd)mW
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It is easy to see that XAQ is a proper subspace of W for all ¢ =1,...,d — 1 and Jy_; Usca fT‘Afk =
Uiy Vi, which is a contradiction.

Now, suppose that there exists a finite collection Vi,...,V,, of proper subspaces of W such
that £L(A) C (U, P(Vi). Without loss of generality, we may assume that Vi,...,V,, is minimal
in the sense that £(A) N P(V;) is not contained in a finite union of subspaces of V;. Indeed, if
LA)NPV)U U;il P(V;) for a finite collection of proper subspaces V{,..., V!, of V;, then one
can replace V; with V{,...,V!,. Clearly, the procedure terminates in finitely many steps.

We will show that for every A € A and every j € {1,...,n} there exists i € {1,...,n} such
that A\‘/} = Vj;. Clearly,

Since A is invertible on W we get
LA)NP(V) S PV N PATV) = [ JPATVin ).
i=1 i=1

But by the minimality assumption of Vi,...,V,,, the subspace 2‘1% N V; must be equal to V;
foranie{1,...,n}. R
Thus, Uj—; Usea AVi = Uy Ve, which is again a contradiction. O

Proof of Proposition 2.5. Let us argue by contradiction. Namely, there exists s > 0 such that for
every C' > 0 and K € N there exist ic k, jo g € s such that for all k € X

SOS(Aic,K kaK) < C‘PS(Aic,K)%OS(AJ'c,K)

We may first assume that s ¢ N, the proof of the integer case is similar and even simpler. For

short, let [s| = k and [s] =k + 1 By the singular value decomposition of A;., . and Ay, ., let
u&C’K), .. .,ugC’K) and v (C ), ) ( K) be the orthonormal bases such that HAJCK fc 40 } =
a;i(Aj, ) and H ik Tvgc’K)H = aj(Aig ). Hence,
AJ NJ (C,\K)
HAJCKH [z
A A CK) (C.K)
Ang H Ang ANERVAH ‘ ,
forall j =1,...,d—1. For short, let uCK = (C K. ~~Au§C’K) and véﬂK = vgc’K) A -/\v](-C’K).

So for every C’ > (0 and K € N and for all k € EK

T k+1—s T s—k
Nk Nk ANk Nk Nk+1 Nk+1 Nk+1 gNk+1, ANk+1
<(Aic,K) UCK’A AJCKUCK> <<Aic,x ) Yok Ay AJCKUCK >

k k+1

_ k+1-s s—k
O Lane Akt Akt ]|5F ANk Tk
< Mgy ) icx ) VCK
k

k+1—s
Jo,K H

P T v
ic, Kk C.K

k+1

k+1
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A (C.K)
By compactness and possibly taking a subsequence, we may assume that ;C(jiuz)
iAo K

— uEK) and

A T (C7K)

% — vl(K) as C — 0 and {ugK), . ,uElK)} and {ng), .. .,v((iK)} are both orthonor-
1 ic,K

mal bases of RY. Hence, for every K € N there exist orthonormal bases {ugK), . ,uéK)} and

{v%K), o ,UéK)} of R? such that for every k € g

_0’

Ak ANk, Ak Ak+1  gAR+1 Ak+1
<UK AUk >k <UK A g >k+1 N

where u/}{j = ugK) A A ug-K) and v[A{j = ’U§K) A A vJ(-K) for all j =1,...,d — 1. Finally, again
by compactness let K,, be the subsequence for which {ugK"!), e ,uL(iK"!)} — {u],...,u}} and
v ”!),...,U(K"!) — {v*,...,v*} and as n — o0, and uy = ui A--- Aut and vi = vF AL AR

§K d 1 d 1 J 1 J

Claim. There exists a fully prozimal matriz A € So(A) such that ul* ¢ Ker(G(A)) and ufk+1 ¢
Ker(Gg+1(A)).

Proof of the Claim. Again, let us argue by contradiction, that is for every A € So(A), ulk €
Ker(Gi(A)) or ul**! € Ker(Gpi1(A)). It is easy to see that AT is also fully proximal and
Ker(Gy(A))*+ =Im(Gi(A")). Hence,

Im(Gx(AT)) € P(span{uy}) or Im(Gjs1(AT)) € P(span{ul*1}H),
and so by (5.1)

J {m@GAT)cPp ((/\1 RY®-- @ AF TR @span{ulf}t @ AFHIRI® - .. @ AdT1 Rd> N W)
ATES()(AT)

Ur ((/\1 RE®--- @ AFRE@span{u 1}t @ AR ® ... @ ATE Rd) N W) .
By Lemma 5.3, UATGSO(AT){Im((AJ(AT))} is dense in L(A") and so by taking the closure,
LATYCP ((/\1 RI®-- @ AF I RY @span{ulf}t @ AFFIRI® ... @ AdT1 Rd) N W)
Ur ((/\1 RY®--- @ AFRI@span{u*t1} @ AFF2RI® ... @ AdT1 Rd) N W) ,

which is a contradiction by Lemma 5.4. O

Let A; € So(A) as in the Claim and let m = |i|. Now, let j € |Jp2y Xkm be arbitrary. Then
for every sufficiently large n, ¢, := %_'J' € N, and so

(Apk)® (A/i\k+1)qn
0= /U}\(]Z[ A/\k i u?{il ’U;\(kT1 A/'\k+1 u/]\(k‘Tl
< B O N (Tt I
k+1

Nk ANk AkN, Nk Nk+1 Ak+1 ANk+1y, Ak+1
— <U* 7Aj Gk<A1 )u* >k <’U* + 7Aj + Gk+1(Ai )u* + >k+1

as n — oo. In particular, for every j € Upe o Zim

=0

Nk Nk AkN, ANk Nk+1 Nk+1 Ak+1y, ANk+1
(o0 AP GHA k) (ol AP G (AR =
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Since Gr(AM)ul* and Gpy1(ALM ) ulk+1 are nonzero vectors, by Lemma 5.1 we have that A™
is neither strongly k-irreducible nor strongly (k + 1)-irreducible, which together with Lemma 5.2
and Lemma 5.4 is a contradiction. O

Remark 5.5. To show the claim of Proposition 2.5 for a particular s ¢ NN (0, d) (or s € NN(0,d)),
it is enough to assume that the induced action of the tuple A on ALJRY® AlST RY (on A®RY)
is proximal and strongly irreducible. However, in our situation to prove Theorem 2.2 we need a
condition which holds for every s > 0 since the value s, for which P(sg) = a(sp), is unknown.
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