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ABSTRACT. Ledrappier and Young introduced a relation between entropy, Lyapunov exponents and
dimension for invariant measures of diffeomorphisms on compact manifolds. In this paper, we show
that a self-affine measure on the plane satisfies the Ledrappier-Young formula if the corresponding
iterated function system (IFS) satisfies the strong separation condition and the linear parts satisfy
the dominated splitting condition. We give sufficient conditions, inspired by Ledrappier and by
Falconer and Kempton, that the dimensions of such a self-affine measure is equal to the Lyapunov
dimension. We show some applications, namely, we give another proof for Hueter-Lalley’s theorem
and we consider self-affine measures and sets generated by lower triangular matrices.

1. INTRODUCTION

Let A := {Ay,As,..., Ax} be a finite set of contracting, non-singular 2 x 2 matrices, and let
¢ = {fi(z) = Aiz + g}f\i 1 be an iterated function system on the plane with affine mappings, where

t; € R? fori = 1,...,N. It is a well-known fact that there exists an unique non-empty compact
subset A of R? such that

We call the set A the attractor of ®.

Throughout the paper we denote the Hausdorff dimension of a set A by dimy A, the packing
dimension by dimp A, the lower and upper box counting dimension by dimpA and dimgpA and the
box counting dimension by dimp A. For the definitions and basic properties, we refer to Falconer [10].

The dimension theory of self-affine sets is far away from being well understood. One of the most
natural approaches for the Hausdorff and box dimension of self-affine sets is the subadditive pressure
function, introduced by Falconer [8]. Denote by «;(A) the ith singular value of a 2 x 2 non-singular
matrix A, i.e. the positive square root of the ith eigenvalue of AA*, where A* is the transpose of A.
For s > 0 define the singular value function ¢* as follows

a1(A)? 0<s<1
P°(A) =< ar(A)az(A) ™t 1<s<2
(a1(A)az(A)*? s >2.
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We note that in this case, a1(A4) = ||A]| and ag(A) = ||[A71]|7L, where ||| is the usual matrix norm
induced by the Euclidean norm on R?. Let us define the subadditive pressure function generated by
A for s >0 as

[e— 8 ..

P(s) = nh_{gonbg Z ¢°(Aiy -+ Aiy,). (1.1)
1150 in=1

The function P(s) is continuous, strictly monotone decreasing on [0, 00), moreover P(0) = log N

and lim,_,», P(s) = —oo. Falconer showed in [§] that the unique root sg of the subadditive pressure

function is always an upper bound for the box dimension of the attractor A and if ||4;]] < 1/3 for

every i =1,..., N then
dimpy A = dimp A = min {2, 59} for Lebesgue-almost every t = (t,...,ty) € R?V.

The bound was later extended to 1/2 by Solomyak, see [30].

In the case of similarities (i.e. A; = p;U;, where 0 < p; < 1 and U; are orthonormal matrices) the
dimension theory of the attractors is well understood if a separation condition holds. In the case of
strict affine mappings, it is very unclear. Bedford [3] and McMullen [25] introduced independently
a family of self-affine sets on the plane, where the Hausdorff and box dimension differs, however a
separation condition holds. Later, such examples were constructed by Gatzouras and Lalley [15] and
Barariski [2]. In these cases the linear parts of the maps were diagonal matrices.

Falconer [9] proved that under some conditions and separation, the box dimension of a self-affine
set is equal to the root of the subaddtive pressure. However, the only known sufficient condition in
general was given by Hueter and Lalley [17], which ensures that the Hausdorff and box dimension
of a self-affine set coincide and equal to the root of the subadditive pressure. Recently, Falconer and
Kempton [11] gave conditions which ensure similar consequences.

One way to understand the Hausdorff dimension of self-affine sets depends on understanding
of Hausdorff dimension of self-affine measures. We call a measure p self-affine if it is compactly
supported with support A and there exists a p = (p1,...,pn) probability vector such that

N
p=> pipo fil. (1.2)
=1

Ledrappier and Young [21],22] introduced a formula for the Hausdorff dimension of invariant measures
of diffeomorphisms on compact manifolds. It is a widespread claim that self-affine measures satisfy
this formula but it was proven just in a very few cases. Basically, the first result on a class of self-
affine measures and sets, for which the formula hold, was proven by Przytycki and Urbanski [2§].
Later, Feng and Hu [14] proved that if the linear parts of the mappings are diagonal matrices then
the Ledrappier-Young formula holds for the Hausdorff dimension of the self-affine measures, without
assuming any separation condition or condition on the norm of the matrices. Moreover, Ledrappier
[20] proved that the formula is valid for a special family of self-affine measures, namely when the
support is the graph of a Weierstrass functions.

Our main goal is to generalize Ledrappier’s result [20] for a more general family of self-affine
measures.

Another important dimension theoretical property of a self-affine measure is its exactness. Denote
by B,(z) the two dimensional ball centered at x € R? with radius . Then we call

ninf 8B (@) : log u(B,(z))
d,,(z) = liminf =207 and dy,(z) = limsup === 7=
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the lower and upper local dimension of p at the point z, if the limit exists then we say that the
measure has local dimension d,, (z) at the point z. It is well-known fact that

dimpy p = esssupd,,(z) = inf {dimpy A : p(A°) = 0} (1.3)

xEsptu

for any pu Radon measure, where spty denotes the support of u and A¢ denotes the complement of A,
see [13]. Moreover, we call the measure p exact dimensional if the local dimension exists at p-almost
every points and equals dimy p. Feng and Hu [I4] proved that self-similar measures, and self-affine
measures if the linear parts are diagonal matrices, are exact dimensional. Ledrappier [20] proved this
for the graphs of Weierstrass functions, a phenomena that we also extend.

To analyse self-affine measures, it is convenient to handle it as a natural projection of Bernoulli
measures. That is, let ¥* = {1,..., N }N be the symbolic space of one-sided infinite length words
and let v = {py,... ,pN}N be a Bernoulli measure, where p = (p1,...,pn) is a probability vector.
If 74 : ¥7 +— A denotes the natural projection, i.e. m(ig,i1,...) = limy o0 fig © - 0 fi,(0), then
p=(m4)v =vomit.

According to the result of Oseledec Multiplicative Ergodic Theorem [26] for v-almost every i € X
there exist constants 0 < xj, < x;;” such that

1
lim —logaq (A -+ Ai, ;) = —x;, and

n—oo n

.1 P
7}1_{1;0 ﬁlog ag(Aiy - Ai, ) = =X, for v-ae. 1= (ig,i1,...) € »t.

We call the constants xj, and x;° the Lyapunov exponents. Denote the entropy of v by h, =
— Zf\il p; log p;; then we define the Lyapunov-dimension of the measure u by
: : h hy = x;,
dimy,gap 4 = min {2, —:, 1+ % .
X5 X

Jordan, Pollicott and Simon showed that the Lyapunov dimension of a self-affine measure is always
an upper bound for the Hausdorff dimension, see [I8]. We show also a sufficient condition (based on
the idea of Ledrappier [20]) which implies that the Lyapunov and Hausdorff dimension of a self-affine
measure coincide.

Throughout the paper we will follow the method of Ledrappier [20] and Ledrappier and Young
[211 22]. At the end of the paper we give an alternative proof for the Hueter-Lalley Theorem and we
show some applications for triangular matrices.

2. PRELIMINARIES AND RESULTS

Let A := {A;,Ay,...,Ax} be a finite set of contracting, non-singular 2 x 2 matrices, and let
® = {fi(z) = Az + t;}| be an iterated function system on the plane with affine mappings.

Definition 2.1. We say that ® satisfies the strong separation condition (SSC) if there erists an
open, non-empty and bounded set O C R? such that

(1) for everyi=1,...,N, fz(@g O and
(2) for everyi# j, fi(O)N f;(O) =10,

where O denotes the closure of O.
If the IFS satisfies the SSC then
fi(A) N fj(A) =0 for every i # j, (2.1)
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where A denotes the attractor of ®. One can show that (2.1]) is actually equivalent to SSC. Moreover,

0 N
A:ﬂ U fiyo--0fi (0).

n=141,...in=1

Let us denote by S = {1,..., N} the set of symbols and by ¥ = S the symbolic space of two-sided
infinite words. Moreover, let ¥* = SN be the set of right- and ¥~ = S%- be the set of left side
infinite length words. We note that in our definition of natural numbers, 0 € N. For a two-sided
infinite length word i = (...,71_9,i_1;1%0,%1,12,...) let us denote the left hand side by i_ and the
right-hand side by i, i.e. i— = (...,i-9,i—1) and i = (49, 1,4%2,...). Denote by ¥* = 77, S™ the
set of finite length words. The number of symbols in a finite length word i is denoted by |i| and for
an infinite word i € ¥ we denote by il the elements of i between n and k, i.e. i|f = (iy,...,iz). Let
us define also the cylinder sets on ¥ (and on X7 respectively) by

s = {5 e sl =ik}
We note that we consider ¥ with the usual topology, i.e. the topology generated by cylinder sets.
This topology is metrizable with metric d(i,j) = ﬁmin{kzo:ilg#ﬂg}, where 0 < 8 < 1.
We denote the composition of functions of ® for a finite length word i = (i1,...,i,) € ¥* by

fi=fio--ofi,.

Now let us introduce a dynamical system F acting on O x 7 by

F(ga i) = (fio (§)7 Ui)?
where O is the open and bounded set from Deﬁnition Since F is a hyperbolic map acting Oxxt,
the unique non-empty and compact set, which is F-invariant, is (-, F"(O x 1) = A x 7.
Define m_ : ¥~ +— A (similarly to 74) by

oo
T (oizyion) = lim fisy o0 fi (0) =3 Ainy - At

n=1
If o is the left-shift operator on X then it is easy to see that F' is conjugate to o by the projection
m: Y A x XT where (i) := (7_(i_),iy). That is,

moo=Fom.

Let p = (p1,...,pN) be a probability vector and let v = {p1,... ,pN}N be the corresponding left-
shift invariant and ergodic Bernoulli-probability measure on ¥*. Denote by v = {p1,... ,pN}Z the
natural extension of v to ¥. Let us define its projection to A x ¥+ by fi := 7,0 = Von . Then i is
a F-invariant and ergodic probability measure on A x X7, moreover /i = u x v, where p is self-affine
measure defined in .

For the analysis of the dimension theoretical point of view, we need an assumption for the matrices
A, which ensures for us that there is a dynamically invariant foliation on O x XT.

Definition 2.2. We say that the set A of matrices satisfies the dominated splitting condition if
there are constants C,0 > 0 such that
o1 (4;)
az(4;)

> Ce™ for all i € ¥ with |i| = n.

For example, a family of matrices with strictly positive entries satisfies dominated splitting, see

.
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Let us define a map from ¥ to A in a natural way, i.e. A(i) := A;,. Denote the product by
AM () := A(c™ 1) --- A(i) for i € ¥ and n > 1. Now we are going to state some useful properties
for set A of matrices, satisfying dominated splitting.

Lemma 2.3 ([],[31]). The set A of matrices satisfies the dominated splitting condition if and only
if for every i € ¥ there are two one-dimensional subspaces ess(i), es(i) of R? such that
(1) A(i)e;(i) = ei(oi) for everyi € X and i = s, ss,
(2) there are constants C,6 > 0 such that
AT (i)]es (1)
HA(n)(i)’ess(i)H
We call the family of subspaces egs strong stable directions.

> Ce™ for allie X andn > 1.

We note that the dependence of the subspaces e; on i € ¥ is continuous, that is e; : ¥ — Pl is
continuous with the standard metrics, where P! denotes the projective space, see [6l, Section B.1].

Lemma 2.4 ([5]). Let A be a set of matrices satisfying the dominated splitting condition and let
ess(i), es(i) be the two one-dimensional subspaces of R? defined in Lemma . Then there exists a
constant C > 0 such that

CHA™ (@)]es (1))

<
CHIAM (i) ess (1) <

a1 (A™ (i) < CA™ (i)es(i)]| and
ax(AM (1)) < CIIA™ (i) ]ess (D).

In particular,

i .1 n) (N1 (s AN - . .
Xy = —nhﬁ\rglo ;log 1AM (1) |e; ()] = — /log |A(i)|ei()||dv(i) for V-a.e. i and i = s, ss. (2.2)

The dominated splitting property implies that the Lyapunov exponents are always separated.
Actually, xj, + 9 < x;;° for any self-affine measure y, where 4 is in Definition

Let C = {(z,y) € R*\{(0,0)} : 2y > 0} be the standard positive cone. A cone is an image of Cy
by a linear isomorphism and a multicone is a disjoint union of finitely many cones.

Lemma 2.5 ([1], [4]). A set A of matrices satisfies dominated splitting condition if and only if A
has a forward invariant multicone, i.e there is a multicone M such that Ufil A;(M) C M°, where
MP?° denotes the interior of M.

Note that if M is a forward-invariant multicone w.r.t A = (Ay,..., An) then the closure of its
complement is backward-invariant multicone, i.e. forward-invariant for A=' = (A1, ..., AGH).

Lemma 2.6 ([5]). Let A be a set of matrices satisfying the dominated splitting condition and let M
be a forward-invariant multicone. Then for everyi € X

es(i) = [ Ai_, - Ai_, (M) and ess(i) = () 4;," -+ A; 1 (M),
n=1 n=1
where M€ denotes the complement of M. In particular, es(i) depends only on i— and ess(i) depends
only on ij.

An easy consequence of Lemma and Lemma is that the included angle of e4(i), ess(j) is
uniformly separated away from zero for every i,j € X.

Let us denote the orthogonal projection from R? to the subspace perpendicular to § € P! by
projy. For simplicity, we denote the orthogonal projection proj, ;) by proj;®. We call the family of
projections of u along the strong stable directions transversal measures and we denote by

pi = (proji®)ep = po (projs®) ", (2.3)
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Now we are ready to state our main theorem.

Theorem 2.7. Let A = {A1, As,..., AN} be a finite set of contracting, non-singular 2 x 2 matrices,
and let & = {fi(z) = Ai@+g}f\;1 be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on X7, and p be the corres-
ponding self-affine measure. If

(1) A satisfies dominated splitting,
(2) ® satisfies the strong separation condition

then p is exact dimensional and

h S
dimpg p = — + <1 - ;:;;) dimp pi for v-almost every i e £, (2.4)

SS
u B

where hy, denotes the entropy of v and X, x;; are the Lyapunov exponents, defined in (12.2).

We note that, implies that dimg uiT is constant for v-a.e. i € ¥ . In particular, uiT is exact
dimensional with constant dimension for v-a.e i, see Proposition 3.3

It is a non-trivial question, how the strong separation condition can be relaxed to the open set
condition (OSC). Let A; and Az be two matrices with strictly positive entries such that the IFS
{fi(z) = Ajz},_, , maps the closed unit square into itself and f1((0, 1)) N f2((0,1)?) = 0. Then the
IFS satisfies the open set condition, however its attractor is only a single point. Hence, cannot
hold for any self-affine measure, which are just the Dirac measure. However, we conjecture that if
the attractor contains at least two points and the IFS satisfies the OSC then holds.

Since the transversal measures ,u;f are the orthogonal projections of p, dimpg p; < min {1, dimg p}.
By , simple algebraic manipulations show that

dimp o = dimygap ¢ < dimgr pf = min {1, dimg g} for v-a.e. i€ XT. (2.5)

If the distribution of the strong stable directions egss has large dimension then one can claim that the
right-hand side of (2.5) holds. Let us consider the map eg : £+ + P! which maps an i € £+ to the
element of the projective space associated to egs(i). Let us define the push-down measure of v by e
on P! as

Ves i= (€ss)x = 10 (eg5) . (2.6)

Theorem 2.8. Let A = {A;, Ag,..., AN} be a finite set of contracting, non-singular 2 X 2 matrices,
and let ® = {f;(z) = A@%—Q}ij\il be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on ¥, and p be the corres-
ponding self-affine measure. If

(1) A satisfies dominated splitting,
(2) ® satisfies the strong separation condition,
(3) dimp v > min {1, dimyyap, 1t}
then
h hy — X3,
dimg p = dimy,yap ¢ = min {Z, 1+ VSSXM} .
X5, X
The proof of Theorem is based on the idea of Ledrappier [20, Lemma 1]. It uses an extension of
the result of Marstrand [24], which was obtained by Kaufman [19]. Kaufman [19] showed that for any
Borel subset A of R? the exceptional set of directions, where the Hausdorff dimension of orthogonal
projection drops, has dimension at most min{1,dimy A}. We use this phenomena for orthogonal
projections of measures. Because of later usage we show a modified version in Lemma [4.3
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Proof of Theorem [2.8, By Theorem we know that dimpy uiT is a constant for r-almost every
ie YT, Using Lemma we have that for every € > 0 there exists a set A C X1 such that v(A) > 0
and for every i € A dimy g/ > min {1,dimpy pu} —e. This implies that dimgy p! > min {1, dimpy p}—¢
for v-almost every i € X 1. Since € > 0 was arbitrary we get

dimg pf = min {1, dimg p} for v-almost every i € X7,
The statement of the theorem follows by (12.5]). O

Another upper estimate on the dimension of exceptional directions, where the dimension of ortho-
gonal projection of Borel subsets A of R? drops, is min {1,2 — dimy A}. This result was showed by
Falconer [7]. We can use this estimate for the orthogonal projections of self-affine measures to ensure
that the Hausdorff and Lyapunov dimension coincide. We adapt here the recent result of Falconer
and Kempton [I1] for self-affine measures.

Theorem 2.9. Let A = {A1, As,..., AN} be a finite set of contracting, non-singular 2 X 2 matrices,
and let & = {fi(z) = A@—l—g}i]\il be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on ¥, and u be the corres-
ponding self-affine measure. If

(1) A satisfies dominated splitting,

(2) ® satisfies the strong separation condition,

(3) dimp vss + dimp p > 2
then
hzz - XZ

X

Proof. By Theorem the measure p is exact dimensional. Thus, by Egorov’s Theorem for every
e > 0 there exists a set  C A such that p(Q2) > 1 — ¢ and

1
/Q/Q |z — y|dima u—ed/‘(@dﬂ(g) < 00.

Let us fix € > 0 such that dimy vgs + dimpy p > 2 + € By applying Peres and Schlag [27, Proposi-
tion 6.1], we get

dimg p = dimpyap =1+ > 1. (2.7)

dimp {6 € P! : dimp (projg)sp < 1} <2 —dimp p+e.

Since dimgy vgs > 2 — dimpg p + € we have dimg uiT =1 for v-a.e. i € ¥, Formula (2.7) follows by
29 0

A discussion on possible applications for Theorem is given in Theorem

The statement of Theorem does not follow directly from the result of Ledrappier and Young [22],
Theorem C’, Corollary D’]. The dynamical system F', which is induced naturally by the IF'S &, does
not act on a Riemannian manifold without boundary. It can be conjugated to a dynamical system
acting on a compact Riemannian manifold without boundary, but it would be piecewise smooth and
would contain singularities, hence it wouldn’t be a diffemorphism. However, the properties of F',
which are implied by dominated splitting, allow us to adapt the proofs and methods of [20] and [22].

The proof of Theorem is decomposed into four propositions, Proposition and
In Proposition we show the exact dimensionality of the components of the affine measure in the
strong stable directions and also find their dimension, whilst in Proposition [3.3]we do the same for the
transversal measures. The proofs of Proposition and follow the proof of [20, Proposition 2].
Then we show that the measure p has a product structure in dimension, that is, the dimension of
1 is the sum of the dimension of the strong stable components and the dimension of transversal
measure. This fact is showed in two parts in Proposition [3.8] and Proposition [3.9] The proof of
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Proposition is a modified version of [22] Lemma 11.3.1] and Proposition is a modification of
[22] Section (10.2)].

3. PROOF OF THE LEDRAPPIER-YOUNG FORMULA

Let v be the left-shift invariant and ergodic Bernoulli-probability measure on ¥ and u be the
self-affine measure defined in . Let 1 = p x v be the F-invariant and ergodic probability measure
on A x X7, defined in the previous section. Denote by B the usual Borel o-algebra on A x X+.

If ¢ is a measurable partition of A x % then by the result of Rokhlin [29], there exists a canonical

system of conditional measures, i.e. for fi-a.e. y € A x ¥ there exists a measure ,ug, supported on

¢(y), the element of ¢ containing y, such that for every measurable set A the function y — /ué(A) is
Bc-measurable, where B¢ is the sub-o-algebra of B whose elements are union of elements of ¢, and

i) = [ A5 (A)daty). (3.1)

The conditional measures are uniquely defined up to a set of zero measure.

For two measurable partitions ¢; and (o we define the common refinement (; V (3 such that for
every y, (C1V ()(y) = Gi(y) N¢a(y). Moreover, let us define the image of the partition ¢ in the
natural way, i.e. for every y, (F¢)(y) = F(C(F~1(y))).

Now, we define a dynamically invariant foliation on A x XT with respect to the strong stable
directions. Denote by ezs the family of one-dimensional strong stable directions defined in Lemma
Since egs depends only on i by Lemma it defines a foliation on O for every i, € ¥*. Hence, it
defines a foliation £ on A x X*. Namely, for a y = (z,i) € A x T let l,(y) be the line through z
parallel to e,(i) on R? x {i}. Let the partition element £**(y) be the intersection of the line l55(y)
with A x {i}. It is easy to see that F'§*® is a refinement of £°*, that is, for every y, (F§**)(y) C £*%(y 7).

Let us define the conditional entropy of F&®* with respect to €% in the usual way, N

H(FE)E%) o= — / log 75" ((F&™)(y))dii(y).

Observe that if Q is a countable and measurable partition of A x ¥+ then

gSS
ss :U’y ‘Q(y) ss
13 — EARN S -
1 = =u or p-a.e. y. (3.2)
(15 )y wyo Q) T N

Indeed,

[ auty) = | QQ} @@ = [ (1) W@)d@:
J] (57, s @it = [ (157 dnta),

where we used that for j-a.e. y, if z € £*°(y) then uy = ,uzs. Since for p-a.e. y the measure

<u§ss) is supported on (£% vV Q)(y), by uniqueness of conditional measures we get (3.2)).
v Yy

Proposition 3.1. For ji-a.e. y € A X YT the measure ﬁgs is exact dimensional and

o _ H(PEVIE?)

dimg py = N
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Before we prove the proposition, we define another partition P = {f;(A) x E"”}i]\;. It is easy to
see that

PVESE =FE. (3.3)
Let us denote the ball with radius r centered at y by B, (y). Let B;*(y) be the restriction of the ball
to £¥(y). That is,

B(y) ={ze€&(y):ly—zl <r},
where |.| denotes the usual Euclidean norm on R2,

Lemma 3.2. There is a constant ¢y > 0 that for every n > 1 and y = (z,i) € A x X1 with
z=7_( .. 0-2,i-1)

n—1
(A X {i}) a leflaQ(Ai_l“'Ai,n)(X) < (\/ ka v 558) (X) < BngQ(Ai_l“‘Ai,n)(X)’
k=0

where ag(.) is the second singular value of a matriz.

Proof. Let us fix an > 1 and y € A x ¥ and let F~"(y) = (2/,i) then i’ = (i_p,...,i_1,i0,...).
Denote by D = diam(O) the diameter of O. By the definition of strong stable directions, see
Lemma [2.3] we have

n—1
diam ((\/ FFpv 585> (y)) < DA™ (i) eqs (V)]
k=0
On the other hand, let K = min;; dist(f;(A), fj(A)). Since the IFS ® satisfies the strong separation
condition, see Definition > 0. Then for every F"(y) = (2/,i') € A x T if 2’ € fi(A) then
dist(z’, fj(A)) > /2 for every j # i. So

n—1
Ax (i} 0 PP (BE(F(3) € (\/ PPV 6“) )
k=0
3 3 n SS —MN - SS
Applying again Lemma we get F (B% (F (X))) = BgHAW)(i')\eSS(i’)H(X)'
Let C' > 0 be the constant defined in Lemma then by choosing ¢; := Cmax {D, (§)"'}, the
statement of the lemma follows. O

Proof of Proposition|3.1. To prove the statement of the proposition it is enough to show that

log iy (Bi*(y)) _ H(FE™E*)

lim

for u-a.e y.
r—0+ logr X; . Y

By Lemma (3.2} it is equivalent to show that

lim tog ﬁ; ((\/Z;(l) F*P v §SS) (X)> _ H(FE[E”) for ji-a.e (3.4)
n—oo log 042(Ai_1 e Azfn) XZS H-a. X :

‘We have

n—1
log /1§, ((\/ F'Pv €SS> <y>> =logt§" (P(y)N--- N F" Y (P(F"*L(y)))) =

k=0

log 75" (P(y))

ST (Py) NN FRP(FR(y)))
i iy (Py) N N FL(PF-FL(y))))
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By using (3.2)), we get

ﬁf (PN NFYPEFE) oy ip (
Ay (Py) N NF=UP(ER))) %

On the other hand, by applying (3.3), € VPV --. v Fk=1P = Fk¢ss. Moreover, by the invariance
of the measure z1

FHP(F(y)))) .

B (PR PE ) =5, (PE®)).

Hence

1ogAf”<<\/ F’va5”> ) Zlogﬁggk ((F‘k(z))))

k=0
Since j1 is ergodic

n—1
T log g ((\/ FEPv 558) <y>> / log iy (P(y))diiy) = —H(PI&™).  (3.5)

k=0
Using the property of conditional entropy and (3.3)),
H(P|€*) = H(PV £7|¢>) = H(FE™[E™). (3.6)
Applying Oseledec’s Theorem, we have
1
lim —logag(A;_, A ,)=—x; forrv-aei,
n—oo N

which together with (3.5 and (3.6|) implies (3.4)). O

The next proposition is devoted to proving that the transversal measures ,u;f =puo (p1r0j§8)_1 are

exact dimensional measures for v-a.e i € ¥ 7, and to calculating the typical Hausdorff dimension,
where proj$® is the orthogonal projection from R? to the subspace perpendicular to ess(i).

Proposition 3.3. For v-a.e. i € ¥ the measure u? is exact dimensional and

h, — H(F&ss|¢ss
g 1= )
Xp

1

We define another invariant foliation £° with respect to the stable plane. That is, for every
y = (z,i) € A x X1, & (y) = A x {i}. Then the foliation £* has similar properties to £%, i.e. F&® is
a refinement of &° and PV & = FE°. Moreover, it is easy to see that for every y

ay = (3.7)

For the examination of the local dimension of the projected measure, instead of looking at the
balls on the projection we introduce the transversal stable balls associated to the projection. Let
Bl(x,i) be transversal stable ball with radius r, i.e

Bl(z,i) = {(y,J) : i =j and dist(lss(z, 1), Lss(y,§)) < 2r},

where [gs(z,1) denotes the line through x parallel to ess(i).

For technical reasons we have to introduce the modified transversal stable ball. Since the IFS &
satisfies the SSC, by Lemma for a y = (z,i) € A x X7 we can define the stable direction e,(y)
of y by es(y) := es(z) := es(i-), where 7_(i_) = z.

Then for a (z,i) € A x 1, we define the modified transversal stable ball with radius § by

Bf (z,1) = {(y.j) € A x BT :i=j and diste_(y1)(lss(2,1), Lss(y,3)) < 0},



ON THE LEDRAPPIER-YOUNG FORMULA FOR SELF-AFFINE MEASURES 11

where dist,, (. 5)(lss(, 1), lss(y, j)) denotes the distance of the intersections of lines lss(z, 1) and lss(y, j)
with the subspace es(:n, i), see Figure

eg(1)

' lss(lz)

FIGURE 1. The modified transversal ball B (y).

Since the included angle of es(i), ess(j) is uniformly separated away from zero for every i,j € X,
there exists a constant ¢ > 0 that for every y € A x YT and r >0
By, (2,1) C By(a,1) C B (z, ). (3.8)
Lemma 3.4. For anyy = (z,i) € Ax X% withx =7_(...,i_1)

u(BY () NP = (Bl esirryi-sF 0 pir
where (p1,...,pN) is probability vector corresponding to .

Proof. Since the directions ey are F-invariant, we get for any (2/,i') and 00 > ¢ >0

X

P B3 <) = (Bl s FOD) PR ) x5
)7l
Nl

The map F' is invertible, hence
) X E*) .

T/t
By (y') x (((BIIA sles s (F
| and by taking

By taking y = F(X) we have || Ay [es(y)I| = [|Ai_, |es(F~ Yy
0= [[Ai_,les(F~H(y))llo"

By, jeup-ipy-16(F T (3)) x [ica] = F7H (B3 (y) N P(y)) x 7).

The measure j1 is F-invariant, therefore

w(Bs (y) NP(y)) = a((Bs () N Ply)) x TF) = a(F~ ((B; (y) N Ply)) x=F)) =
ABa,_ear-1n-1s(E @) lim]) = 1(Bila, e e-1pp-16(F " 0)pic-
U
Lemma 3.5. For everyy = (z,i) € Ax X" and n > 2

IAT @) es ()] = 1A D)es(E*H ) - A @)es(¥)]

Proof. By definition [|A(i)|es(y)|| = supyee,(y) ”‘L‘X‘SJ‘)‘UH. On the other hand for every vi,v2 € es(y)
there exists a constant ¢ € R such that cv; = vo. Therefore ||A(i)|es(y)|| = || A(i)v| with any vector

v € es(y) with |Jv]| = 1. Hence,

A(n 1)(1)
JAC=D (@)v]|

1A D)les(F" IIAT Y @)es(¥)]],

IA® @) es (@) = A (o] = A" ) IAT=D (@)l =
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where we used in the last equation that A=Y (i)v € es(F"(y)), see Lemma O

i = & . MBS WNPy) 4
Let us define functions g(y) := Ly (P(y)) and g5(y) := WETL) By definition and ,

gs — g as § — 0+ for p-almost everywhere and, since gs is uniformly bounded, (3.1]) implies gs — g
in L(1) as § — 0+.

Lemma 3.6. The function sups~q {—loggs} is in L'(fi).

Proof. To verify the statement of the lemma, it is enough to show that

oo

Zﬂ{y inf g5(y) < 6'“} < 0.
k=1
By
ﬁ{: inf gs(y) } Z/ {ac € fi(A :mf GH éBa.szIJ;Z)(A)) < e_k}du(i). (3.9)

For a fixed i € £1 denote by E} ; the set {g € fi(A) : infsq % < e_k}. Let
) 5 Z,1

(B (z,1) N fi(A)) —k}

T s <e
p(Bs (z,1))

be the corresponding collection of closed transversal balls. Then EZ ki 1S & cover of E,@ , so by the

Besicovitch Covering Theorem there exists a constant ¢ > 0 mdependent of i, ¢ and k: such that
there are ¢ countable families of balls F,,, n =1,...,c with |J;_; F,, C Sk i such that

o= { B )

&
Ei;clU U B and BnB"=0if B,B € Fjforj=1,...,n
n=1 BeF,

Hence,

BT (z,i) N fi(A _ =
O IR EP O IUTLULCUE S wp Oy

n=1BeF, n=1 BeF,

Therefore, by (3.9)

The proof of the Proposition uses a slight modification of the result of Maker [23].

Lemma 3.7 (Maker, [23]). Let T : X ~ X be an endomorphism on X C RY compact set and
let m be a T-invariant ergodic measure. Moreover, let h,j : X — R be a family of functions
s.t. sup, p hn i € L'(m) and lim,_j_,o hng = h in L'(m) sense and m-almost everywhere, where
h € L*(m). Then

n—1

L1 ko
nh_)rrolo - kz_ohn’k(T x) = /h(w)dm(:v) for m-a.e x € X.
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Proof of Proposition[3.3. By the definition of the transversal measure, the statement of the propos-
ition is equivalent to

log (Bj(y)) _ hy — H(FE™|&*)
5—0+  logd N X5

for pi-a.e y.

Hence, by (3.8) it is enough to show that

o u(BI(y)) _ b, — H(PEIE)
6—0+ log & X,

for fi-a.e y.
By Lemma it is sufficient to show that

T
i log yu <B||Az‘_1"'Ai_n|es(F_"(X))”(X)) _ hy — H(FE*|6) for iae y (3.10)
n—00 logag(A;_, -+ A ) X5 o ‘

where y = (z,i) € A x X* with 2 =7_(...,i—g,i_1). We write the measure of the ball as

(BHAZ - \es(F‘”(z))II(X)) =
T —n+ _ —k+1
B, jeup—r(yn)(FT ) H ( et teaF-nipy] E (z)))

w(BL(F @) (BfAl erAi lea (Pl (F "“(Y)>>'

Applying Lemma [3.4 and Lemma [3.5 we get for every k = 1,.

w(BY (F~"(y)))

a (BWAL,C,I---Ai_n\esw—n(z))n(F ) =
H (BKAL,C\ES(H( DI=H1Ai ---A-,n|es<m(x)>u(F"“(z))) =
1 (Blaoajestrrm @) NPE ) 7
Hence,

_ 1
*IOgM(BT( - *ZlogguA, i Jea(F | (F M () + ﬁzlogpz‘_k-

Let us define a function Ay, x(y) := log g 4,

)=

log (B (" () — - hs(F 4 (3)) 4+ o,

i +;€,1‘€S(F_n+k_1(x))“(z)' Then

\_/

log”(BHAzl~ e (Y

S|~
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Since || A;_, -+ Ai ., 1 les(F7"T*1(y))|| = 0 uniformly on A x X as n—k — 00, limy,_ o0 A =
log g in L(7i) and ji-almost everywhere. Moreover, by Lemmawe can apply Maker’s ergodic the-

orem Lemma Thus, by (3.6))
ln fzhnk () = [logg(y)da(y)

n—oo N

/ log 7i§” (P(y))dfily) = —H(PI¢™) = —H(FPE™|¢™) for frac y.
On the other hand

1
lim = log u(B (F™(y))) = 0 for every y € A x ©T and

_ +
nILIEOEZIngZ . Zpllogpz——h for ira.e y € A x X7,

i=1
which implies
am log (Bl ot estrron®) = o + H(FE™|E™) (3.11)
Applying Oseledec’s Theorem, we have
1
lim —logai(A; ,---A; )=~ for v-aei,
n—oo N
which together with the equation (3.11]) implies (3.10)). O

Let BZ(z,1) denote the square on A x {i} with a side parallel to ess(i) and length 2r centered at
(z,i) € A x . Tt is easy to see that there exists a constant ¢ > 0 that for every (z,i) € A x X7,

B.1,(z) € By(z,1) € Ber(2), (3.12)
where B,(z) is the usual Euclidean ball on R2.

Proposition 3.8. For py-a.e x € A

b 08B @) H(FESIE) | hy = HFEE™)
r—0+ log r X X,

Proof. By (3.12)), it is enough to show that
lo B;f H(F£sS|£88 V—HFSS Ss
L osuBIE) (FE]e™) | h (FE1€%)

r—0+ logr - X X,

for fi-a.e y. (3.13)

For simplicity, let ds := w By Proposition the measure ,ZZ§,SS is exact dimensional and
m A

by Egorov’s Theorem for every & > 0 there exists a set J; C A x ¥ with fi(J;) > 1 — ¢ such that
there exists a My > 0 that for every m > M; and y € J;

Ay (Biim(y)) < emhte),

By the definition of B;(y) it is easy to see that B;(y) N&**(y) = B;*(y) and by the definition of
conditional measures

Agss(Bge m(y)) < e™(=ds+) for every y € Ji and £%(z) = £ (y). (3.14)
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The combination of Lebesgue density Theorem and Egorov’s Theorem implies that there exists a set
Jo C Jy with [i(J2) > 1 — 2 and M3 > 0 such that for every m > My and y € J»

p(J1 0 Bom(y)) > 1(Be-m(¥))-

By (3.14), for every z € Bt = (y) such that there exists a 2’ € £°*(z) N BZ_,.(y) N J1
fy (Bi-m(y) N1) < iy (Biem(z) NJ1) < 009,
If £°°(z) N B2_,,(y) N J1 = () then the bound above is trivial. Hence, for every y € Jy
B 2 [T B 0 <27 B ()
(Y
Since € > 0 was arbitrary, inequality (3.13]) follows by Proposition O
Proposition 3.9. For py-a.e x € A
1 B F 8S SS hy _ H F SS SS
g BB 2)) _ H(FEUIE™) | by — H(FE™e")
r—0+ logr X X

Proof. For simplicity, let hs 1= H(FE&¥|*) = dsx;°. We remind the reader that u = p x v. By
applying Egorov’s Theorem for Proposition and for the Shannon-McMillan-Breiman Theorem,
we get that for every £ > 0 there exists a set J; with zi(J1) > 1 — e and M; > 0 such that for every
y = (z,1) € J; and every m > M,

ﬁi”(Bge—mw-za( x) x {i}) > Xp=2e)(dste) (3.15)
s (( \/ Fk7?> ) —miha=e) (3.16)
m—1
(\/ F’“P) (¥) € B, —m(g—20) (2) X v, (3.17)
k=0
m—1
i (( V ka> <y>> > et (3.18)
k=0

where x = min;»; dist(f;(A), fj(A)) > 0. Applying Lebesgue’s density Theorem and Egorov’s The-
orem, there exists a set Jo C Ji with fi(J2) > 1 —2¢ and My > M such that for every y = (z,i) € Jo
and every m > Mo

i ((Bge—m(xz—2s> (z) x {i}> N J1>

1
ss . 2 A (319)
A5 (B -mixg-0 (z) % {1}) 2
Nm
For every m > My we can define a finite set {yl} . such that for any i # j
Yif,_
and y, € Ji whenever J1N (V2 1 Fkp ) # 0. For simplicity, we introduce the notation Ly, (y) :=
B —mxs —20(y) N J1. By (3.15 l and (3. 19 j for any y € Jo
2
~LSS ~LSS 1 s __
iy (Lm(y)) 2M§ (By -mxii-20) () > gm0 0Fe), (3.20)
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Thenby
m—1
s T Ags«wp)( o)

zX eJi k=0

ti{y €y (\/ka) @}.l%}}{gss((vﬂP) )}
<t {yi eJy: Lm(Z) N < \/ Fk'P> (Xz) # @} e—m(hs—g)'
k=0

m—1
Ay (Ln(y))e™ ) < {yi €1 Ln(y) N (\/ F’“P) (v,) # @}- (3:21)
k=0

On the other hand, if Ly, (y) N (\/ FkP) (y,) # 0 then by (3-17)

(\/ FkP) C By —migi—20) (z) X T

Hence,

Therefore,

'LL(BQeimb(fL*QE) (i)) = ﬁ(BQ(ifm(Xs —2¢) (l‘) X Z+)

e (o) (7))

By (3.18) and (3.21)), for any y € Jo
,U(B%fm(xzf%) (z)) > M&” (L (Z))em(hs —¢) g=m(hute)
Using (3.20), for any y = (z,1) € J2

BBy, i an (2)) > e G2l mmlhu )
Hence, for any y € Jo
10 B —m S —2¢ & hy - h/ 2
lim sup Gl Ze (X“Q)( >)§ds+5—|— 54—5—1—78
m—s00 —m(x3, — 2¢) X5 — 2¢ X5 — 2¢
Since € > 0 was arbitrary, the statement of the proposition follows. O

Proof of Theorem [2.7. Proposition [3.8 and Proposition [3.9] together imply that p is exact dimen-
sional, moreover

H(FE™|1€%) + hy, — H(FE™[€%)
X X5 '

dimpg p =

Simple algebraic manipulations show that

H(FE*[€) | hy — H(FESE®) _ hy <1_ Xi > hy, — H(FE™[¢*)
X X X X X},

The proof can be finished by applying Proposition O
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4. APPLICATIONS

4.1. Hueter-Lalley Theorem. This section is devoted to showing some applications of our main
theorems. In the point of view of Theorem to prove that the Hausdorff dimension of a self-affine
measure is equal to its Lyapunov dimension, one has to study the dimension of vgs defined in .
The measure v, is basically a self-conformal measure associated to an IF'S on the projective space. If
the IF'S on the projective space satisfies some separation condition then one may be able to calculate
its dimension. Basically, Hueter and Lalley [17] used this phenomena to prove their theorem. Now
we reprove their result.

Theorem 4.1. Let A = {A;, Ag,..., AN} be a finite set of contracting, non-singular 2 X 2 matrices,
and let ® = {f;(z) = A,@Jrzi}i]\il be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on ¥, and u be the corres-
ponding self-affine measure. Assume that

(1) A satisfies dominated splitting,

(2) A satisfies the backward non-overlapping condition, i.e. there exists a backward invariant

multicone M such that A;*(M°) C M° and A7 (M°) N AJ-_I(MO) =0 for every i # j,

(3) A satisfies the 1-bunched property, i.e. for everyi=1,..., N a1(A;)? < as(4;),

(4) ® satisfies the strong separation condition.
Then

dimpg p = dimypyap p = —Z <1.
Xy
The proof of the theorem uses the following lemma.
Lemma 4.2. Let A = {A}, As,..., AN} be a finite set of contracting, non-singular 2 x 2 matrices
and let v be a left-shift invariant and ergodic Bernoulli-probability measure on X1. Assume that

(1) A satisfies dominated splitting,
(2) A satisfies the backward non-overlapping condition.
Let egs : X1 +— P be the projection defined in Lemma . Then
h
dlmH Vgs = dlmH Vo 6;91 = Tys’
Xp, - XU

where x;;° and x;, are the Lyapunov exponents defined in Lemma .

Proof. The projective space P! is equivalent to the upper half unit sphere in R?. We define an
iterated function system on P! by A in the natural way, i.e.

A7lo
1A ol
where sgn((A; '0)2) denotes the signum of the second coordinate of the vector A; 6. By [5, Lemma 3.2],

Ai:0 € Pl sgn((A;10)2)

the IFS A = {gl, . ,Z N} is uniformly contracting on M, where M is the backward invariant mul-

ticone with non-overlapping condition. Hence, the measure vy is the invariant measure associated
to the IFS A, and
lo B, (0
dimpg vgs = lim —gvss( r(0))
r—0+ log r
where B,.(#) denotes the ball with radius r centered at  according to the spherical distance. Since
A satisfies the backward non-overlapping condition
log vss(Aiy o+ Aj, (M)

dimyg vgs = lim = = for v-a.e i,

n—=0 Jog diam(A4;, o -+ A;, (M))

for vss-a.e 0,
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where diam(.) denotes the diameter of a set according to the spherical distance. It is easy to see that
for any 01,02 € P!, and any 0 v €01, 0 # w € 6

[v x w] 2[|v x w]]

§d01702 S 3
(01:02) < 7 el

2]l |||
where v X w denotes the standard vector product. Thus,

det(A;7Y)  d(6y,05) o~ 2det(A; ")

— - < d(A(6y), A; i(02)) <
IA7 6l A 6]l 2 - 1A 101011145162l

for any 7 € ¥*. Since every 6 € M is uniformly separated away from the stable directions, we get

1 ~
lim — logdiam(A;, o--- 4; (M)) = X; — X, for v-a.e i

n—oo n

On the other hand

1 ~ ~ 1
lim —loguss(Ai, 0--- A (M)) = lim —logv([i1,...,i,]) = —h, for v-a.e i.

n—oo n n—oon

The statement follows by taking the ratio of the previous two limits. (Il

Now, we show a modification of Marstrand’s projection theorem [23]. Kaufman [19] showed an
upper bound on the exceptional set of directions, where the dimension drops. We use in the next
lemma the method of Kaufman [19], however, for later usage we need a better lower bound on the
dimension of projected measure, therefore for the comfortability of the reader, we prove it here.

Lemma 4.3. Let m be a probability measure on R? and let A be a measure on [0,7). For a § € [0,7)
denote by projg the orthogonal projection onto the line perpendicular to the vector (sinf,cos®). Then
for every € > 0 there exists a set A. C [0,7) such that A\(Az) > 0 and

dim g (projg)«m > min {1, dimy m,dimg \} — e for every 0 € A.. (4.1)

Proof. Let us denote min {1, dimyg m, dimg A} by s. Since dimpg A > s then using and Egorov’s
Theorem for every € > 0 there exists a set A. and C' > 0 such that A(A;) > 0 and for every 0 € A,
and r >0

(O =70 +7) < Crie/?,
Moreover, without loss of generality we may assume that A. is bounded away from 0 and =, i.e.
there exists a constant ¢ > 0 s.t. dist(0,{0,7}) > c for every 6 € A.. Let X' := A, /A(A:) be the
restricted and normalized measure. It is easy to see that there exists a constant ¢’ > 0 such that for
any interval I C [0, 7)

A/(I) < 61‘1’575/2.

We prove that for almost every point w.r.t \ holds.

On the other hand, by for every e > 0 the exists a set  such that m(Q2) > 0 and d,,(z) >
dimg m — /4. By Egorov’s Theorem, there exists a set ' C ©Q and R > 0 such that m(Q') > 0 and
m(B,(z)) < rdimum=e/2 for every z € Q' and r < R. Let m = m|g,. Thus, simple calculations show
that

// ||£ — yHiimH m—z dm(g)dﬁt(g) < /ZQ(dimH mfa)(n+1)m(327n (y))dﬁl(g) < Q. (4.2)

For simplicity we denote (projg).«m by myg and (projy).m by my. Now we show that

7 _/// |x_ L dmp(a)dimg(y)dN () < +oc.
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Applying Fubini’s Theorem we have

/// |projgy(z projg( )|S,5d>\’(0)dm@)dm(g) =

1 !
// Hw—yHS / (it projg<y>|)s—8‘M (0)dm (z)dm(y)-

lz—yll

Applying some algebraic manipulation we have for every z # y € R?

/ L v <2mzzmg)x({0 [projg(z) — prOJe(y)\Sl})
(=) = lz =y 7

lz—yll

Since the set {9 lprOJQ(Hi 5 |r|0°'9( vl < ok } is contained in at most two intervals with length ¢’ /2" we

1 N\ e/2
d)\’ 23 € 2ns e) [ & <+
/(lpmje(a:)plfOJ}g(@/)l)“”E Z < > 0

lz—yll

get

Hence, by (I2)

1
IgC’// g dm(z)dm(y) < oco.
Hl_y”dlmHm_E ( ) (7)

Therefore, [ Wdﬁ%g(m)dﬁzg(y) < oo for N-a.e. §. By Frostman’s Lemma, dimy mg > s — ¢ for
N-a.e. 6. But mg < mg, thus
dimg my = inf {dimg A : mp(A°) =0} > inf {dimpy A : my(A°) =0} =dimgmy > s—¢
for N-a.e. 6, which had to be proven. O
Proof of Theorem [{.1. By 1-bunched property, X, < 2x;,- Hence, by using Lemma.
hy hy

1 > dimpg vss = ——— > — = dimpyap p > dimpy p.
Xﬂ - Xu X,u
Thus, applying Theorem we have that dimpy.p ¢ = dimpg p. ([

Corollary 4.4 (Hueter-Lalley,[17]). Let A = {A1, Aa,..., An} be a finite set of contracting, non-
singular 2 x 2 matrices, and let ® = {f;(z) = A;x + L,-}Z-]il be an iterated function system on the plane
with affine mappings and denote by A the attractor of the IFS ®. With the assumptions - of
Theorem

dimg A =dimgp A =s <1,

where s is the unique root of the pressure function P(s), defined in (1.1)).

Proof. Tt is easy to see that the assumptions — of Theorem are inherited by the higher
iterations, i.e. for any n > 1 the IFS ¢" = {fi}mzn and the set of matrices A" = {Ai}m:n satisfy

the assumptions (|1} .

Let us define a monotone decreasing sequence {s, },- ; such that s, are the unique solution of the

equations
D ar(A)* = 1.
|i|=n
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We define the left-shift invariant Bernoulli measure v, with probability vector (O‘I(Ai)sn)m:n and
let u, be the associated self-affine measure. Then by Theorem and (2.2), for every n > 1
s
1Zd1mHﬂn: —n = nc )
in 1 + n10g max
where apax = max; ag(4;). Hence lim,_, s,, = s < 1. Moreover, by [8, Proposition 5.1]
s > dimpA > dimg A > lim dimg p, = s.
n—oo
O

4.2. Triangular matrices. The other way to study the dimension of v, is to handle the overlaps
of the associated IFS on the projective space. Since this IFS is very difficult to handle in general, we
focus on a special family of self-affine sets. Let us assume that the matrices in A are lower triangular,
i.e.
o la O

4= [ i 0 } | (43)
where 0 < |a;l,|¢;| < 1 for every ¢ = 1,..., N. Using [12] Theorem 2.5], the subadditive pressure
function P(s) defined in ([1.1)) can be written in a simpler form, i.e

logmax{Zf\;l\aiP,Zij\il |ci\s} fo<s<l1
P(s) = logmax{zi]il \ail\cz-]‘**l,zi]il ]ciHai]sfl} fl1<s<?2 (4.4)
log >0, (|ailles])*/ if s > 2.

In the case of triangular matrices, the calculation of Lyapunov exponents of a self-affine measure
u with probability vector (p1,...,pn) is much simpler. That is,

N N N N
X, = max{—Zpi log |a, —Zpi log\ci]} and x;, = min {—Zpi log\ai|,—2pi log]ci|} :
i=1 i=1 i=1 i=1

Lemma 4.5. The set A = {A1,As,..., AN} of contracting, non-singular 2 x 2 lower-triangular
matrices in the form (4.3)), satisfies the dominated splitting condition if
either |a;| > |¢;| for everyi=1,...,N or|a;| <|c]| for everyi=1,...,N.

The proof of the lemma is straightforward by Lemma [2.3

In the case of triangular matrices the study of the dimension of self-affine set can be tracked back
to study the dimension of some self-similar measure. In the first case of Lemma the projected
measure in Theorem is a self-similar measure. In the second case, the measure v, is a self-similar
measure. We introduce here a condition, which guarantees according to the recent result of Hochman
[16, Theorem 1.1] that the dimension of a self-similar measure is the quotient of the entropy and
Lyapunov exponent.

Definition 4.6. For a self-similar IFS ¢ = {g;(x) = Bix + ’}’i}f\il on the real line let

o 00 if Bi # Bj
d(gi, g;) = { l9:(0) — gl-(O)| if Bi =B

A, = min{d(gi,gi) iFjE {1,...,N}n} .
We say that the IFS ¢ satisfies the Hochman-condition if

and

1
lim ——log A, < 4o00.

n—oo N
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Hochman showed that the exceptional set of parameters, where the condition does not hold is
small in sense of dimension, see [16, Theorem 1.7, Theorem 1.8].

Theorem 4.7. Let A = {Ai}£i1 be a finite set of triangular matrices of type and let
& = {fi(z) = Aiz + (t, qi)}f\il be an IFS on the plane. Suppose that
(1) |ai| > |ci| for everyi=1,...,N,
(2) ® satisfies the strong separation condition,
(3) the self-similar IFS ¢ = {gi(x) = a;x + t;}| satisfies the Hochman-condition
then for every self-affine measure
dimp p = dimy,gap pt- (4.5)
Moreover,
dimg A = dimp A = min {s1, s2}, (4.6)
where A is the attractor of ® and s1 and se are the unique solutions of the equations

N N
D lail™ =1 and Y a7 = 1. (4.7)
=1 =1

Proof. Let v = {p1,..., pN}N be an arbitrary Bernoulli-measure on X+ and u be the corresponding
self-affine measure.

Condition implies by Lemma that the set A of matrices satisfies dominated splitting and
ess(i), defined in Lemma is equal to the subspace parallel to the y-axis for every i € XT.
Hence, the transversal measure uiT = u”, defined in , is a self-similar measure with the IFS

¢ ={gi(x) = @iz + ti}ij\il, namely
N
p'=> " piu" og .
i=1
By condition and [16, Theorem 1.1],

h
dimp 7 = min {V, 1} .

XS

o
Thus, dimy #7 = min {dimpyap g, 1}. By condition (), applying Theorem and ([2.5)) we get (4.5)).
To prove ([4.6]), first let us observe that condition implies that the root of the subadditive
pressure (4.4) is the minimum of the solutions of the equations (4.7). Then we get the upper
bound by [8, Proposition 5.1]. The lower bound follows by choosing the measure v according to
the probability vector {|ai[*, ..., an|*'} or {|ai||c1|271, ..., an||en[27 1} O

Now we turn to the second case of Lemma [.5]

Theorem 4.8. Let A = {Ai}i]L be a finite set of triangular matrices of type (4.3)) and let

O = {fi(z) = Aiz + (t, qi)}fvzl be the IFS on the plane. Moreover, let v be a left-shift invariant and
ergodic Bernoulli-probability measure on ¥, and p be the corresponding self-affine measure. Suppose
that

(1) |ai| < |ci| for everyi=1,...,N,
(2) ® satisfies the strong separation condition,

) N
(3) the self-similar IFS ¢ = {gz(x) = 2x - bl} satisfies the Hochman-condition,

C; C; i=1
h h
XU _Xu XU
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then
dimpg p = dimpyap p. (4.8)
Moreover, if condition is replaced by the 1-bunched property, i.e. |a;| > |c;|* then
dimpg A = dimp A = min {s1, s2}, (4.9)

where A is the attractor of ® and s1 and so are the unique solutions of the equations

N N
Dolelt =1 and Y eifaif** " =1, (4.10)
i=1 =1

We note if dimy,gap ¢ < 1 then condition is basically the 1-bunched property, defined in The-
orem However, if dimpyap, 0 > 1 then condition is much relaxed and holds if dimy,gap it is
sufficiently large, for example if h, /x;> > 1.

Lemma 4.9. Let A = {A;}Y| be a finite set of matrices of type ([&-3) and let us suppose that |a;| < |ci|
for every i = 1,...,N. Then the slopes of strong stable directions, defined in Lemma form a

‘ b\ N
self-similar set of IFS ¢ = {gl(x) =%y l} . In particular, for every i = (ig,i1,...) € BT the
Ci Gi)i=1
subspace ess(i) is parallel to the vector v(i) = (1,9(i))”, where
- b’ina’infl T Qg

(i) = —

n=0 Cincin—l T CiO
Proof. By simple algebraic calculations we have
Ai,v(i) = a;,v(oi).
The statement follows by Lemma [2.4] and Lemma [2.6 O

An immediate consequence of Lemma that for any Bernoulli measure on X%
dimp ves = dimp v o™t (4.11)
where vy is defined in (2.6)).

Proof of Theorem[{.8 First, let us observe that condition with (4.11)) and [I6, Theorem 1.1]
imply that

h
dimyg ves = min{l, SSVS} .
X,LL 7X‘u,

By Lemma condition implies that the IFS & satisfies dominated splitting, and together with
conditions and by using Theorem follows.

To prove , first let us observe that condition implies that the root of the subadditive
pressure is the minimum of the solutions of the equations . One can check that the
1-bunched property implies that condition holds for any self-similar measure. Hence, the lower
bound follows by choosing the measure v according to the probability vector {|ci|*',...,|en|*'} or
{leallar]®271, ... |en|lan|*27 }. The upper bound follows by [8, Proposition 5.1]. O
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4.3. An example. Finally, we consider a concrete family of self-affine sets inspired by the example
of Falconer and Miao, [12, Figure 1]. Let ®. = {f1,..., f¢} be a parameterized family of IF'Ss on the
plane given by the functions

fl(x)Z{é }er[(%] f2($‘)::% 2]$+{1%C},
pw=[, 0, Ve [V]0 mw=]L 5, Ve g ]
R P S S B

FIGURE 2. The attractors A, of IFSs &, with parameters ¢ = 0.25 and ¢ = 0.4. The
affine maps are those that map the unit square to the parallelograms shown.

Theorem 4.10. For every 0 < ¢ < %

log 2
dimg Ae = dimp Ap = 1 — —27 (4.12)
loge
and there exists a set C C (,%) such that dimpC = 0 and
log 2¢
dimyg A, = dimp A, =2+ Tog 3 for every c € \C. (4.13)

The box dimension of A, is already known for every ¢ € (0, 3) by [9, Corollary 5].

Proof. Let S = {1,...,6} denote the set of symbols and let 8™ := 8™\ {4,6}".
Observe that the IFS @, satisfies the open set condition but not the strong separation condition.

However, the IFS <T>’(} given by &)? = {fi}g‘eg" satisfies SSC for every n > 1 and 0 < ¢ < % Denote

~ ~ ~ ~ \N
the attractor of ®7 by A, .. For every n > 1 let ¥, = (S”) be the symbolic space and v(™ let be

the uniform Bernoulli measure on in and i the corresponding self-affine measure supported on

Ao

)
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First, let us consider the case 0 < ¢ < % Then by Lemma the IFS &)Z satisfies dominated
splitting and by Lemma and Lemma the strong stable directions are parallel to the y-
axis. Hence, the transversal measure ﬁic, defined in (2.3), is a self-similar measure with uniform
probabilities, satisfying SSC. Thus,

. log(3" — 1)
dinn i = =50

Applying Theorem [2.7], we get

dimyg A > lim dimg 1~Xn7c >
n—oo

lim dimg fip . = lim
N—00 ’ n—oo  —logch

which proves .

Now we turn to the case % <c< % Lemma implies that the IFS ® satisfies again the
dominated splitting condition, moreover, by Lemma and Lemma the strong stable directions
can be given by the IFS ¢, of similarities

1 1 2c —1 1 1—-2¢

91(2) = 92(2) = 52, 98(2) = 9a(w) = 5w+ >, and ga(e) = gu(e) = 5T+ —

Thus by (4.11)), the distribution 7,;°. of strong stable directions of the IF'S 2132 are given by the IFS
5? = { 9i }Z cGn with the uniform Bernoulli measure on in Applying [16, Theorem 1.8] we get that

log(6™ — 2™) 1 log3™ '\ log(3™ — 1) 1 log 2
—log c" log 3™ logec’

for every n > 1 there exists a set C,, with dimp C,, = 0 such that

o 2l log Zk — (37— 27) iy log iy 1
dimy v;°. = min{l, =7 108 grgr — ( )51 108 371 for every c € < )\Cn

log(3c)™ 372
For sufficiently large n, we apply Theorem [2.8] and therefore

dimyg A > lim dimg ch >
n—o0

. L~ ) log(6™ — 2™) — (—log ™) log 2¢ 11
nh_}nolo dimpg i = nh_}n;o 1+ log 3" =24 log 3 for every c € 33 \C,
where C = |J;2; Cy,, which proves (4.13)). O

4.4. An applications for Theorem Finally, we show an application for Theorem It is
non-trivial to check whether condition Theorem [2.9(3) holds. We replace it with a condition that
can be checked much easier similarly to Theorem

Theorem 4.11. Let A= {A1, Ay,..., AN} be a finite set of contracting, non-singular 2 X 2 matrices,
and let ® = {f;(z) = Ai£+li},~]\i1 be an iterated function system on the plane with affine mappings.
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on ¥, and p be the corres-
ponding self-affine measure. Assume that

(1) A satisfies the dominated splitting condition,
(2) A satisfies the backward non-overlapping condition, i.e. there exists a backward invariant
multicone M such that A;*(M°) C M° and A7 (M°) N Aj_l(M") =0 for every i # j,
(3) ® satisfies the strong separation condition,
(1) ol
Xp — X X
Then

> 2.

dimgy p = dimpgap p.
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By Theorem we get the trivial lower bound dimg p > 2. Unfortunately, if the backward

Xji
hs”s Sshj - < 2 sshj - < 2. Therefore, we need to improve
X# Xy. X# X# Xy.

non-overlapping condition holds then
the lower bound of dimg u.

Lemma 4.12. Let us assume that conditions (1)-(3) of Theorem hold. Then

dimg p > min{Q h h,,}

XaE X
oo hl/
Proof. Let us define a sequence {x,},” as follows, let o = — and z,, = f(2,-1) for n > 1, where
Xy
h ; h
f(z) = s”s + (1 — %) min{ss - p ,a:}.
Xy, X/J Xp, - Xp,
. o0 . hl/ hV . . .
It is easy to see that the sequence {z,} -, converges to min { 2 —» —5 (» Which is the fixed point of
no Ap
x +— f(z). By applying Theorem and Lemma one can show by induction that dimg p > x,
for every n > 0, as required. [l
hy hy
Proof of Theorem [{. 11, Tf ———— > — then we may apply Theorem {4.1{and the statement holds.
Xp = Xp 1

v

hy )
< —, or equivalently 2x;, < x;’.

Thus, without loss of generality we may assume that ———
X‘u, - Xp, X‘u,

h
Then by Lemma [4.12| we get that dimg p > 2—;. Therefore,
Xp

h h
dimpy ves + dimg pp > ——%— +2
N T

The statement follows by Theorem O

> 2.

1.0

0.8

0.6

P2

0.4

0.2

0.0 1
0.0 0.2 0.4 0.6 0.8 1.0

P

FiGURE 3. The images of parallelogram O by the affine maps f1, fo, f3 and the region
of probability vectors (p1,p2, 1 — p1 — p2), where Theorem {.11j{4) holds.
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Let ® = {f1, f2, f3} be an IFSs on the plane given by the functions

16 19 16 1235 16 1721
81 54 81 2187 81 2187
filw) = % o |z+| 37 |, folz) = o 2 |EH] s and f3(z)=| % , |z+| "5
—3 3 100 3 10 3 3 81

and let us denote the attractor of ® by A.
By Lemmal4.5] it satisfies the dominated splitting condition, moreover, it satisfies the strong separ-

19 38 19
ation condition with the parallelogram O formed by vertices (0, 0), <27, 1> , <27, O> , <27, —1), see
Figure By Lemma the strong stable directions are formed by the self-similar IFS

8 8 8
T ﬁx + 1,2z — ﬁx, T ﬁ:): — 17, which satisfies the strong separation condition.

Let us consider, the uniformly distributed Bernoulli measure on {1, 2, 3}N, and the corresponding
Bernoulli measure y = %(fl)*u + %(fg)*,u + %(fg)*u Then
hy h,  log3 2log3
X5 — x5 X log27/8  log81/16

So we may apply Theorem [£.11] and we get
log3 —log3/2
log 81/16

For the complete region of probability vectors, where condition Theorem holds, see Figure
For other examples, see Falconer and Kempton [I1].

dimg p =dimg A =dimpA =1+ ~ 1.4273.

Acknowledgement. The author is extremely grateful to the anonymous referee for the useful com-
ments and suggestions. Especially, to point out Theorem [2.9
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