ON THE DIMENSION OF SELF-SIMILAR MEASURES WITH
COMPLICATED OVERLAPS

BALAZS BARANY AND EDINA SZVAK

ABSTRACT. In this paper, we investigate the Hausdorff dimension of the invariant mea-
sures of the iterated function system (IFS) {ax, Bz, yx+(1—7)}. We provide an "almost
every" type result by a direct application of the results of Feng and Hu [5] and Kama-
lutdinov and Tetenov [9].

1. INTRODUCTION AND STATEMENT

Let S = {S1,...,Sn} be a family of contracing similarities on the real line, that is,
Si(z) = rx +t; for some —1 < r; < 1 and ¢; € R. It is well known that there exists a
unique, nonempty compact set A C R such that

A=UJsi),

see Hutchinson [8]. We call the set A self-similar set or the attractor of the iterated
function system (IFS) S. Hutchinson [§] also showed that for every probability vector
p = (p1,...,pm) there exists a unique, compactly supported Borel probability measure v
such that

m
v= Zpi(Si)*u.
i=1
We call the measure v self-similar measure or invariant measure with respect to the IFS
S and probability vector p.

One of the most important topics in the field of fractal geometry is the dimension theory
of self-similar sets and measures. Let us denote the Hausdorff dimension of Borel subset
A of R by dimg A. Moreover, let us denote the t-dimensional Hausdorff measure with
H!. For the definition and basic properties of Hausdorff dimension and measure we refer
the reader to [3]. One can define the (lower and upper) Hausdorff dimension of a Borel
measure ;4 on R as

dimyp = inf{dimg A: u(A) > 0},
dimpp = inf{dimyz A: u(R\ A) = 0}.
These quantities are related to the local dimension of the measure p. Precisely, let

.. Jogu(B(x,r)) - : log ju(B(z, 7))
C_iu(aj) = hrwn_ggf T and du<l‘) = llriljélp T
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be respectively the lower and upper local dimension of the measure p at the point =z,
where B(z,r) denotes the ball with radius r and centered at x. Then

dimp = esmswiilfdu(m) and dimgp = es:ws;lpgl#(:v).
For proofs, see [2]. Moreover, we say that the measure p is ezact dimensional if there
exists a constant ¢ such that for p-almost every x c_lu(x) = E#(JJ) = c. In this case,
dim i = dimgp = ¢, which value is denoted by dimg j.

It is natural to associate the points of A with infinite sequences of symbols A =

{1,...,m}. That is, let ¥ = {1,...,m}" and let 7: ¥ — A be the natural projection
7T(i1,i2, .. ) = nl_{ﬁl() Sil o:--+0 Sln<0)

Hence, A = 7(X). Moreover, if 1 = {p1,...,pm}"" is the Bernoulli measure on ¥ then

v =mg = pon !is the self-similar measure with respect to the IFS S and probability

vector p. We denote the left shift operator on > with o.

For a finite word i = (iy,...,4,) € A*, let S; = S;,0---085;, and r; = [[}_,7s,- If
i= (i1,...,13,) € A", then we will use the notation [i] = {j € ¥ : j1 = i1,...,Jn =
in}. Moreover, if i = (iy,...,i,) € A* and j = (j1,J2,...) € A*UX, then let i xj =
(11,79, -+ in, J1,J2, - - -) be the concatenation of the words i and j. For ani = (i,4s,...) €
Yand n > 1, let i|, = (i1,...,in).

The Hausdorff dimension of the self-similar sets and measures is well understood if
some separation holds between the functions of the IFS. Namely, we say that the IFS
S ={51,...,Sn} satisfies the open set condition (OSC) if there exists an open set U # ()
such that

Si(U) CU forevery i =1,...,m and S;(U) N S;(U) =0 for i # j.

Hutchinson [8] showed that under the OSC for the attractor A and invariant measure v,

dimy A = sy, where Z |7;|*° = 1 and

=1

hl/ m m
dimyg v = —, where h, = — Zpi logp; and x, = —Zpilog |74].
v i=1 i=1
The quantity h, is called the entropy of v and Yy, is called the Lyapunov exponent of v.
The situation becomes more difficult when overlaps occur in the structure of the self-
similar set. In general,

dimg A < min{l1, sp} and dimg v < min{1, %}
Lau and Ngai [10] introduced the weak separation condition (WSC)| which allows exact
overlaps between the cylinders but otherwise the cylinders are "well separated". That is,
the identity is an isolated point of {S; o Sj’l}i,je a+. Zerner [17] showed that if WSC holds
then 0 < HIm#A(A) < 0o. Recently, Farkas and Fraser [4] showed that for a self-similar
set A on the real line, 0 < H4™#A(A) < oo if and only if the corresponding IFS satisfies
the WSC.
Feng and Hu [5] showed that any self-similar measure v is exact dimensional, regardless
of separation. They also presented a formula for the dimension of the measure, which relies
on the push-back of the Borel o-algebra from R to 3. For precise details see Section [3]

I Although the paper was published in 1999, three years later than Zerner’s result [I7], the preprint of
the paper appeared in 1994.



DIMENSION OF SELF-SIMILAR MEASURES WITH OVERLAPS 3

The formula is usually very hard to calculate, and according to the best knowledge of
ours, it has not been used to determine the value dimy v directly other than the cases of
OSC or WSC. The purpose of this paper is to present an example, for which WSC does
not hold, but it is possible to apply Feng and Hu’s result [5] directly.

According to our best knowledge, Pollicott and Simon [12] studied first a special family
of parameterized self-similar IFS’s, for which the WSC does not hold typically but they
managed to calculate the Hausdorff dimension of the self-similar set for Lebesgue almost
every parameters. In their paper, they introduced the so-called transversality condition.
Later, the transversality condition had several applications in the dimension theory of
iterated function systems.

We say that a parameterized family of IFS’s Sy = {S™ (2) = ry(\)z+t;(A)}7, satisfies
the transversality condition over the open set parameter space U C R? if there exists
0 > 0 such that for every i,j € ¥ with i; # j;

if |ma(1) — ma(j)| < 0 for A € U then ||grad, (mr(1) — ma(§))]| > 9. (1.1)
Simon and Solomyak [15] showed that for Lebesgue almost every t = (¢4,...,t,) € R™
dimy Ay = min{1, s},

where A is the attractor of Sy = {S;(z) = riz + ;}7*,. Similarly, Simon, Solomyak and
Urbanski [16] showed that if max;; |r;| + |r;| < 1 then

o pilogp;
dimpy vy = min{1, erl:lp &P } for Lebesgue almost every t = (¢4,...,t,) € R™,
2 iz Pilog|ril
where v is the invariant measure w.r.t. Sy and the probability vector p = (p1,...,pm)-

The folklore conjecture of fractal geometry claims that dimension drop (dimy A <
min{1, sg}) can occur only via exact overlaps, see Hochman [7], but it has not been
verified so far. Hochman [7, Theorem 1.1] gave a strong sufficient condition in case of self-
similar systems, using methods from additive combinatorics, which ensures that there is no
dimension drop. This condition is often referred as exponential separation or Diophantine
condition. Precisely, we say that the exponential separation condition holds if

1
li —1 in [S;(0) — S5;(0)] > —o0.
imsup - log min [5(0) — 55(0)] > —oo
Ti=T}j
Hochman [7, Theorem 1.8] also showed the atypicality of the dimension drop in a stronger

sense, namely, for any real analytic and non-degenerate parameterisations A — r;(A) and
A= ti(A) for A e U CR,

hy,
dimg{ : dimgy Ay < min{1, so(A\)}} = dimg{\ : dimgy (7). < min{l, —}} = 0.
Xv

In this paper, we have a special interest in the following family of self-similar IFS’s.
Sapr = {51(2) = ax, Sy(x) = Bz, S3(x) = yo + 1 -}, (1.2)

where 0 < «, 3,7 < 1 and max{«, 3} + v < 1. The system S, . has a very special
structure, namely S; o S5 = Sy 0 S1. Thus, S, 5, does not satisfy the transversality,
nor the exponential separation condition. Also it is easy to see if loga/log 5 ¢ Q and
@, B,7 < 1/3 then 8, 5., does not satisfy the WSC, and thus, H4m# Aas (A, 5.) = 0, see
for example Fraser [0 Section 3.1].

The first author [I] already considered the Hausdorff dimension of the attractor for every
fixed value of 0 < 8,7 < 1 with 0 < 8+ v < 1 and Lebesgue almost every o € (0, 3).
The proof was based on sufficiently large subsystems, which satisfy the transversality
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condition. Using the result of Hochman [7], one can provide a better estimate on the
exceptional set.

Proposition 1.1. Let S, 5 be the IFS defined in (1.2) and let A, 5~ be the attractor of
Sup~- Then for every 0 < B,y < 1 with f+ v < 1 there exists a set E C (0, 3) such that
dimg £ =0 and for every a € (0,5) \ E,

dimy Ay g, = min{l, s1}, where s1 is the unique solution of o + % +~°1 —a* % = 1.
For the completeness, we give the proof here.

Proof. Let 0 < 8,7 < 1 with 84~ <1 be arbitrary but fixed. Let S} 5. := {Si}icc, with

attractor Aj 5, where

k ¢
NN
Co=A{(1---12---23): k+ ¢ <n}.
By [1, Proposition 3.2|, for every ¢ > 0 the IF'S Sa 5., satisfies the transversality condition

(1.1) on (g,8 — &) with respect to the parameter o. Hence, by [7, Theorem 1.8|, there
exists a set E27 C (0, ) with dimy EP? = 0 such that for every a € (0, ) \ E5”

n k
dimp Ay, 5, = min{1,s,}, where yén Z Z afdn p=0sn — 1,
k=0 £=0
It is easy to see that lim, _, 5, = s1, where s; is defined in the statement of the proposi-
tion. Thus, for every o € (0,8) \ U>”, E57

dimy Ay g, > min{l, s }.
The upper bound follows by [I, Lemma 3.5, and the Proof of Theorem 1.1]. 0

Unfortunately, this method does not allow us to handle the Hausdorff dimension of
the corresponding self-similar measures. Recently, Kamalutdinov and Tetenov [9] studied
the so-called two-fold Cantor sets, which has similar structure to . Precisely, the
considered system {ax, fz,ax + 1 — «, Sz + 1 — $}. Based on a similar method to the
transversality, Kamalutdinov and Tetenov [9] showed that for Lebesgue typical parameters
in (0,1/16)? the cylinders satisfy certain separation properties.

By adapting the method of Kamalutdinov and Tetenov [9] with a direct application of
the result of Feng and Hu [5], we prove the following.

Theorem 1.2. Let S, 3, be the IFS defined in (1.2) and let vy, be the self-similar

measure with probability vector (p1,p2,ps) and p; > 0 for i = 1,2,3. Then for every
0 < 8,7 <1/9 and Lebesque almost every o € (0, )

—(p11og(p1) + p2log(p2) + p3log(ps)) + (p1, P2, ps)
—(p1log(a) + p2 log(B) + pslog(v))

, (1.3)

dimpy (Ve p) =

where
X E k-1 m
O(p1,p2,ps) = Y (m B 1)293 log (E) (p7'p5 ™™ + Py "Dy,

The structure of the paper is as follows: in Section [2| we define a certain separation
condition (forward separation), and state some geometric lemmas. In Section , we apply
Feng and Hu’s formula [5, Theorem 2.8| directly to calculate the dimension of the invariant
measures under forward separation. Finally, using the General Positioning Theorem of
Kamalutdinov and Tetenov [9, Theorem 14|, we show that almost every parameters verify
the forward separation property in Section [4]
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2. PRELIMINARIES

First, let us state some basic properties of the IFS &, 3, and the attractor A,g ..
For that, we adapt the Section 1.2 of [9] to our case and coin the property (i) of [9]
Proposition 2| by a term forward separation. Let Lop, = S1(Aapgy) U S2(Aa ) and
Ro g~ = 53(Aapy). It is easy to see that Ay g, = Lo g U Ra -

Lemma 2.1. For 0 < a, 8,7 < —, we have

(1) for alli € {1,2} and every m,n € N with m # n, S/*(Rap) N SH( Rapy) =0,
(2) for allm,n €N, 57"55(Aap) © ST"(Aapy) 055 (Masr),

(3) Map N0} = | 7S5 (Raps) -

n,m=0

Proof. (1) We prove only for i = 1, the case ¢ = 2 is similar. Let m,n € N m > n.
Since v < 1/2, Ra gy C (3,1), and thus SJ*(Ras,) C (30™, &™) and SP(Ras,,) C
(%a", a™). One can see that the right endpoint of one interval is smaller than the
left endpoint of the other interval, that is, o™ = a-a™ ! < 10/”_1 < %oz”.

(2) Let m,n € N, then S7*(An,) € Ao py and S3(Aq ) C Aa B~ S0, we conclude
that S757"(Aagy) € S5 (Aap) and S7PS5(Aap~) € ST (Anp). Using commuta-
tivity we can get the statements.

(3) It is easy to see that

,Bv U ST Sy (Rap~)) = {1 € X : there exists k > 1 such that i, = 3}. (2.1)

m,n=0

For those i € ¥ such that there is no k& for which ¢;, = 3, then the image of i is 0.
O

Now, we introduce a separation property, which allows us to calculate the dimension of
invariant measures.

Definition 2.2. We call the system S, s~ forward separated, if o, B,y € (0, %) and

for everym,n € N m,n>0 S7"(Rsp~) NSy (Rap~) =0. (2.2)
Notation 1. We denote the disjoint union with L.
Lemma 2.3. The system S, is forward separated if and only if

o0

Mg MO} =[] 5755 (Rasa)- (2.3)

n,m=0
Proof. First, we assume that S, g, is forward separated. Let (mq,n1) # (mg, n2), then
SPSE (Rapy) = Syimmed grntmnd (g ghi(R,, 5.))
72552 (Ra p) = Spmmed grintmnzd (gha gk (R, 5.)

hold. At least one of kq, ko is zero and one of [y,ls is zero. Thus, by the definition the
forward separated property, we get that (2.3) holds.
On the other hand, assume that Aag,\{0} = ||;,,— S7"S5 (Ra,s,). Then we can get

that S, s, is forward separated by using the conditon for the indeces (m,0) and (0,n). O

(2.4)

3. FENG AND HU’S FORMULA UNDER FORWARD SEPARATION

In this section, we describe Feng and Hu’s formula [5, Theorem 2.8] in details. First,
we need some basic properties of the conditional measures and conditional expectations.
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3.1. Conditional measures and expectations. Let Z be a compact metric space. We
consider the probability space (Z, B, i), where B is the Borel o-algebra of Z and p is a
probability measure on Z.

Definition 3.1. Let (Z, B, i) be a probability space as above and let G C B be an arbitrary
sub-o-algebra. If ¢ € L'(Z B, ), then the function v € L'(Z B, u) is the conditional
expectation of @ with respect to the o-algebra G, if

(1) v is G-measurable,
(2) for every G € G

[e@nes / ¥(@) 16 (2) di(e). (3.1)
Z
Theorem 3.2. Let G C B be an arbitrary o-algebra. If ¢ and ¢ are conditional expec-

tations of the function ¢ € L*(Z, B, i) with respect to G, then ¥(z) = ¥ (z) for u-almost
every z € 4.

We denote the conditional expectation of ¢ € L'(Z,B,u) with respect to G with

E.(#lG).
For a collection B of subsets of Z, denote o(B) the generated o-algebra by the set B.

If A; C B are o-algebras for all i = 1,2, ..., then denote \/Ai the common refinement

i=1
of the o-algebras, that is \/ Ai=0 (U AZ»).

=1 =1
We call P C B a partition of Z, if for every Py # P, € P, PN Py=0and | J P=2Z.

PeP
For z € Z, the set P(z) denotes the unique P(z) € P such that z € P(z).

Let F be a o-algebra such that there exists some F4, Es, ... € B for which
F = v{ﬁ,Ei,Z/Ei,Z}. (3.2)
i=1
For every n =1,2,... let P, be a partition of Z such that
= \n/{@, E;,Z|E;, Z}, (3.3)
i=1

Definition 3.3. The set {.}.ez of Borel probability measures on Z is a system of con-
ditional measures of p with respect to the o-algebra F, if

(1) forevery E € F, z€ E pn,(F) =1 holds for u-almost every z € Z,
(2) for every bounded measurable function ¢ : Z — R the function z — /4,0(1:) dp,(z)

Z
1s F-measurable and

/ / / ) dp(z) dp(2). (3.4)

Theorem 3.4. If {i1.}.cz and {v.}.cz are two systems of condtional measures of p with
respect to F, then p, = v, for p-almost every z € Z.

The proof is in [13].
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Theorem 3.5. The limit of the measures

Foo Mg
p, = lim ————==
n=o0 f1(Pn(2))

where the limit is meant in the weak-star topology.
Moreover, the set {ul }.cz is a system of conditional measures of yu with respect to the
o-algebra F.

exists for p-almost every z € Z, (3.5)

The proof can be found in [14].

Theorem 3.6. Let {11, }.cz be a system of conditional measures of u with respect to F.
Let ¢ : Z — R is bounded and measurable, then the function

v Z — R for which

W(z) = /go(x)duz(x) for p-almost every z € Z (3.6)
7z

is the conditional expectation of ¢ with respect to F, thus E,(p|F) =1
The proof is in [14].

3.2. Dimension of self-similar measures. First, we introduce some notations in gen-
eral, which will be used later for our specific case.

Let (Z,B, 1) be as in the previous section. Let & C B be a countable partition of Z.
Let A C B be an arbitrary o-algebra. Then ,,(£{].A) denotes the conditional information
of the partition £ given by A, which is

L(€lA)(x) = =Y 1p (x) log[ E, (1gA) () ]. (3.7)
Eeg

The conditional entropy of £ given A is defined by the following formula

H(14) = [ 106l Ae (33)

Z

Now, we consider a self-similar IFS S = {5}, ..., S, } on the interval [0, 1]. The symbolic
space is ¥ = {1,... ,m}N+ and the attractor of S is A. We denote the natural projection
of § with 7. We study the probability space (X, C, 1), where C is the o-algera generated
by the cylinder sets, and p is a o-invariant probability measure. We define the measure
von A with v =mu=por . Theset P ={[1],...,[m]} is a Borel partition of ¥ and
~ denotes the Borel g-algebra on [0, 1]. We define the projection entropy of p under 7 to
the IFS S as

he(o, 1) = Hu(Plo™'n™'y) — H,(P|n~1y). (3.9)
We state here a special case of |5, Theorem 2.8] for self-similar systems.

Theorem 3.7 (Feng-Hu). Let 1 be a o-invariant, ergodic Borel probabilty measure on X,
and let S and 7 be as above and let v = mu = ppon . Then

hr (o, 1)
— >y u([i]) log |l

In order to calculate h.(o, i), we need the following two lemma.

d,(z) = for v-almost every x € A. (3.10)
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Lemma 3.8. Let S = {S1,...,Sn} be an IFS on [0,1]. If i is a Bernoulli measure on
¥ for the probability vector p = (p1,...,Pm), then

Hy(Plo™' 7" y) = = > pilog(ps). (3.11)
k=1

Proof. Let [k] € P, then the generated o-algebra by the function 1Ly is
o(ly) = {0,[k],X/[k], X} C o(P), where o(P) is the generated o-algebra by P. We
can easily check that o(P) and o~ '7r~!v are independent o-algebras. We know that if
¢ € L*(2,C, pn), o(p) and G are independent o-algebras, then E,(¢]|G) = E,(p) = [ ¢dpu.
Thus E, (1o~ 'n~y) = p([k]) = pe. So by using and we can conclude that

m

H,(Plo'n1y) = — Zpk log(py)- O
=1

It is well known that the g-algebra v is generated by countable many finite partitions,
that is, let forn =1,2,...

1
Qn:{[zﬁn,k;):ongZ”—l}, (3.12)

then v = \/ 0(Q;) is the Borel o-algebra on [0, 1].
i=1

Lemma 3.9. Let S = {S1,...,Sn} be an IFS on [0,1]. If i is a Bernoulli measure on
¥ for the probability vector p = (p1,...,Pm), then

H(Plr1) = = [ log(uu(i))duci). (313)
)
where
-1 . .
oo pu(mH(Qn(w(i))))
Proof. Using Theorem and Theorem we get that a system of conditional measures
{11 }iex with respect to the o-algebra 7~ 17 exists and unique up to a set of zero measure.

Then by using Theorem

B, (L 7~ y) (1) = /ﬂm (3) dps(3) = ps([k])- (3.15)

s
Thus, by the definition of the conditional entropy (3.7)) and (3.8]), we get

for p-a.e. i. (3.14)

(Pl ) = = 3 [ 1y log ()t
ey (3.16)
— [ tog(u((i))dn(i

lr=1(0p (x(i)))

By Theorem , the weak-star limit of the sequence T () exists for p-a.e. i and

equals to p;. Since [k] C 3 is open and closed,

o (Qulm () N i)
pillil) =l = TG )
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3.3. Entropy under forward separation. Now, we calculate the integral in Lemma (3.9
under forward separation.

Proposition 3.10. Let S, 5, = {51,52, 53} be a forward separated system. (See Defi-

nition ) Let 11 = (pr,p2, p3)Y be a Bernoulli measure on Y for the probability vector
p = (p1,p2,p3), and let {ps}ies be the family of conditional measures of pu with respect to

7Ta_7167,y’)/. Then
- (k-1 m
[rossiausy = 33" (57 Joton () G+t
> k= =1

1m

Proof. We use simpler notation for the mathematical objects which belongs to the IFS
Sa,3,- We denote the attractor of S, g, with A. The natural projection is 7.
We define for all m,n =0,1,... the set

E(m,n) ={(i1, ., tmins1) : tmint1 =3, {k:ix =1} =m, |{k:ix =2} =n}
and
H(m,n) ={i= (i1,i2,...) €X :ilpyms1 € E(m,n)}. (3.17)

It is easy to see that m(H(m,n)) = S7"S5S3(A) C [a(m,n), 1], where a(m,n) = (1 —

7)(min{a, B})™ .
Let i € H(m,n) be arbitrary but fixed. Then 7(i) # 0 thus, there exists N > 1 such

that 0 ¢ Qu(7(i)) for every £ > N. So if p,q € N are such that (max{a, 8})PT7 < 2-N+1),
then S7S3S53(A) N Qu(w(i)) = O for every £ > N.
Let

H = {SFS495(A) : (max{a, B} > 2=V K 1=0,1,...}. (3.18)

Note that S"S7S5(A) € H. By Lemma 2.3 the set H is a finite collection of disjoint
compact sets, thus there exists €; > 0 such that

for every Hy # Hy € H B.,(Hy) N B, (Hs) = 0, (3.19)

where B.(H) means the ¢ neighbourhood of the set H.
Thus, by choosing N’ = max{N, —log 5}, Q/(m(i)) N A C ST'SF(S5(A)) for every
¢ > N, and hence 771 (Q,(n(i)) C H(m,n). More precisely,
7 HQu(r(A))) = E(m,n) X Ty(imins2, iments, - -.) = E(m,n) x Tp.

Indeed, if j € o™ x=1(Q,(7(i))), then for any k € E(m,n), k xj € 71 (Q,(n(i))).
Since p is a Bernoulli measure

pE(m,n) x Ten[0]) _ p(H(mn) N0 [a)u(Ty) _ p(H(m,n) N [0])

W(Emn) T p(Hmm)a(T) () (3.20)
On the other hand,
p((mm)) = P 321
W(H (m,n) 1 [1]) = %mgpg and (3.22)
w(H(mm) 1 [2)) = T D (3.23)

ml(n —1)!
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Thus, for every i € H(m,n) and every sufficiently large ¢

pr Q@) N ) _ [ =1
1(m=1(Qu(m(3)))) —{ n ' (3.24)

If i € H(0,0) = [3] then for large enough ¢ we get 7' (Q,(w(i))) C [3], and thus
pE Q@) A [a]) |

1 =2

il = Jn O a0 52
Since p1(UU,, .—o H(m,n)) = 1, the integral that we want to calculate is
/log(ui([il]))du(i) = ; ZZl (Z__ng log (%) (P75~ + i ph).
0

Summarizing the above.

Theorem 3.11. Let S, 5, = {S1,52,53} be a forward separated system. (See Definition

) Let 1 = (p1,p2,p3)Y be a Bernoulli measure on S for the probability vector p=
D1, D2, D3), and let Vo g~ = To gy, b Then

— > pilogpi + Y ey Yomey () pslog () (P54 pi~ "py)
—p1loga —pylog f — pslogy

Proof. The statement follows by the combination of Theorem [3.7, Lemma[3.8 Lemma 3.9

and Proposition O

Remark 3.12. An alternative proof of Theorem [3.11] would be an application the re-

sults of Mihailescu and Urbariski [11]. Namely, one can show that if the IFS S, 5, =

{S1, 89,55} in (1.2) is forward separated then the self-similar measure V' of the infi-
k ¢

~
nite IF'S &' = {Si}iec, where C = {(1---12---23) : 0 < k,{} with probability vector
p = ((k+z)p1p2p3)0<w is equivalent to the self-similar measure v of the IFS S, 5. with

probabilities p = (p1,pa, p3). Then the Theorem follows by simple algebraic manipu-
lations and by [11, Theorem 2.5(b), Theorem 3.11| on infinite IFS.

dimp va,s, =

4. EXISTENCE OF FORWARD SEPARATED SYSTEMS

In this section, we follow the argument of Kamalutdinov and Tetenov [9]. The proof of
the following theorem can be found in [9, Theorem 14].

Theorem 4.1 (General Position Theorem). Let (D,dp),(L1,dy,), (L2, dr,) be compact
metric spaces and let p;(&,x) : D x L; — R™ for i € {1,2} be continuous functions.
Suppose that

(1) there exists a > 0 and C > 0 such that for alli € {1,2},£ € D and for all x,y € L;
||Q02(€,Q§') - @l(é-?y)H < C’dLi(xay>aa

where ||-|| is the Euclidean norm in R".
(2) Let ®: D X Ly X Ly = R™  ®(&, 21, 29) = p1(&, 1) — @2(&, x2) such that

there exist M > 0 for all £,& € D for all x1 € Ly for all xo € Ly

1D(E, 21, 20) — B(E, 21, 1) || > Mdp(E,€). (4.1)
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Then the set A ={& € D : p1(&, L) Npa(§, La) # O} is compact in D and

dlmH(L1 X Lg)
o .

dimy (A) < (4.2)

Lemma 4.2 (Displacement lemma). Let S = {Sy,...,Sn} and S = {S1,...,5,} be two
iterated function systems on R™. We denote the natural projection of S with w: % — R"
and the natural projection ofg with 7 : X — R"™, where ¥ = {1, ... ,m}NJr 15 the symbolic
space. Let V- C R™ be a compact set such that for every i € {1,...,m}, S;(V) CV and
Si(V)C V. Then

foralli= (iy,ia,...) € X ||r(i) —7(Q)|] < —, (4.3)

where

§= a:)H:iE{l,...,m}, r eV} and

p = max {maX{Llp( 1), Lip(S;)}}.

The proof of Lemma [4.2 can be found in [9, Theorem 15].

Let us equip the symbolic space ¥ = {1,...,m}N" with the metric p, such that p,(i, j) =
a*3) where 0 < a < 1 and s(i,j) = inf{k > 0 : ixy1 # jrs1}. It is a well known fact that
the metric space (X, p,) is compact, moreover

(4.4)

1 1
ogm 2 (4.5)
—loga 2

The symbolic space of S, 5 is ¥ = {1,2,3}". By the above consideration dimg(¥) <
% in the metric p, if and only if 0 < a < %.
In the rest of this section we investigate the family of the systems S, .-

Lemma 4.3. Let a € (O7 %) and o, 8,7 < a. Then the natural projection mop~: 2 — R
of the system S, ts 1-Lipschitz with respect to the metric p, and the usual Fuclidean
norm on R.

Proof. Let i,j € ¥ with s(i,j) = k. Then p,(i,j) = a* and i1 = j1,...,9, = Jjk, thus
Tapry(1); Tas~J) € Siy.i(Aag~). The diameter of S;, 4, (An~) s Lip(S;,) -+ -+ Lip(S;,),
which is strictly smaller than a*. So |7a5-(1) — Tas~()| < a = pa(i, ]). O

Lemma 4.4. Let m,n € N be arbitrary. Let a,ﬁ v E (O, é) and consider the system

Sopoy If ST (Rapy) NS5 (Rapy) # 0, then § < 4 < 3.

Proof. If o, 3,7 € (0,3), then Ry g C [5,1]. Thus Sm(Raﬁv) C [fa™, o] and S5 (Ras.4)

[8 p", 5"]. The intersectlon can not happen if o™ < & §8" or " < g . Thus we do not

have intersection 1f a_ < S or B_" > 2 So 8 g < O‘ﬂn < 9 U
Lemma 4.5. Let m,n € N* and 8,7~ € (0, %) be fixed. Denote
1 8§ a™ 9

D,n(B,7) = 0,-): =< —<—->. 4.6

s ={ae(og) i< <t (46)

Let us define for o € Dy, n(B,7) and i€ X

p1(a, i) = ma5,((1)™ * (3) *1) = ST"S3(ma,p4(1)),
Pa(a, i) = Tap,((2)" % (3) 1) = 55'53(Ta,8,(1))-

N
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Then for every o, o/ € Dy, (58,7) and for everyi,j € ¥
p1(er, 1) = pa(e,j) = p1(a/,1) + pa(,j)| = M| — o], (4.7)
where M (m,n, 3,v) > 0 constant.

Proof. Let o,/ € Dy, ,(B,7) and i,j € ¥ be arbitrary. We introduce the notation
S = Saﬂ;y = {51,82,53}, S = Sa’,ﬁ,y = {Si,Sé,Sé}, let 7 = T, B,y and 7' = T By
Observe S5 = 53 and S5 = S5.

Let o < o/ and 0 = |@/ — a/, then using Lagrange mean value theorem

O/m _am B |a/m _a/m|

ma™ ! <

R 5 < ma™ . (4.8)

We defined 6 = |&/ — o] and using Lemma [4.2| for S and &', then we get
9
foreveryie X |n(i) — 7'(i)] < §(5. (4.9)

Counsider the difference that we have to estimate

901(057 i) - 901(0/7 i) + 902(0/7j> - 902(a7j) =

= 57Sy(n (i) — S Sy (1)) + Sy (' () — S5 Sa(m (i) =
= 57Sy(m (1)) — Si"Sa(w' (1)) + S3Sa(x'(5)) — S5 Sa(m (i) =
= S7'Sa(m(3)) = S7Sal () + ST Sl () = 51" Sa(w'(§)) + SFSu(x' () = S Sal()).

A B C

We will use the estimate
| A+ B+C|>|B|-]A+C|>|B|—|A|—|C|. (4.10)
Consider |A| part of the above calculation
. m . m . . 9 .
Al = [S7"55(m (1)) = S7"Ss(n' (1)) = @™y [n (i) — 7'(1)] < ga™d,
where in the inequation we use (4.9). The next part is
. m . m m . 8 e
|Bl = 157" S5(w' () — S1"Ss(w'(1))] = @™ — ™[ [S3(w'(1))| = Gma™""4,

where in the inequation we use (4.8)). Finally,

C1 = ISE85(x'() = S38s(x )] = " 17(3) — 7'()| < 56",

where we used again (4.9)).
Now estimate

|B| — |A| > (E;—ZL — %7) a™e > (8 - 2) a™e > (8 - g) 26”5 > 64", (4.11)

where in the second inequation we use y <1, m > 1, a < %.
The following

9
|IC| < §75"5 < " (4.12)
is true, beacuse 7 < %. Thus

[p1(a,1) = pa(e,j) — @i, 1) + pa(d,j)| = 58" [a' — af, (4.13)
so M = 54" U
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Theorem 4.6. Let 3,7 € (0,3). Then
L((0,8)\{a € (0,8) : Sap~ is a forward separated system}) = 0. (4.14)

Proof. Let m,n € N* and 3,7 € (0,1/9) be arbitrary but fixed. First, we show that for
the set

BonlB7) = {a€ (0,5) 5 S (Ras) V82 (Fu) 20} (015)

L(Amn(8,7)) =0.

Let ¢ > 0 be such that § —e > £,7. Then E,,(8,7) = Dna(B,7) Nle, 5 — ¢l is
a closed interval in R, so it is compact. We consider the compact metric space (X, p,),
where ¥ = {1,2,3}V anda—g—g

Let ¢; : mn(ﬁ v) XX —= R fori=1,2asin Lemma“ Let

Ei@,n(ﬁﬂ) = Am,n(ﬁ77) N |:57 é - 5:| :

For an « the S7*(Ra,5,,) N SY (R4 p~) # 0 holds if and only if there exist i, j € ¥ such that
g01(0é7 i) = ¢2(a7j)7 thus

Ern(B,7) ={a € Enn(B,7) : 01(a, X) Npa(a, X) # 0}. (4.16)
Using Lemma [£.3] one can see that ¢; is Holder continuous with respect to the second

variable for ¢ = 1,2. Applying Lemma [£.5 we get that the conditions of the General
Position Theorem [£.1] holds. Using General Position Theorem [4.1], then get

dimg (25, ,(8,7)) < dimg (X x E) < 2dimg(¥) < 1, (4.17)
the last inequality holds because of (4.5). So £L(Z5,,,(8,7)) = 0. Moreover,

Amn(B,7) U Eh(8,7), (4.18)
k=1

thus the continuity of measure yields that £(A,,,(8,7)) = 0.
Finally,

(0,8) \ {a € (0,5) : Sa 5.4 is a forward separated system} = U Apn(B,7),  (4.19)

m,n=1
and thus, the statement follows. O

Finally, Theorem [1.2] follows by Theorem [3.11] and Theorem [4.6]
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