SUPER-EXPONENTIAL CONDENSATION WITHOUT EXACT OVERLAPS

BALAZS BARANY AND ANTTI KAENMAKI

ABSTRACT. We exhibit self-similar sets on the line which are not exponentially separated and do
not generate any exact overlaps. Our result shows that the exponential separation, introduced
by Hochman in his groundbreaking theorem on the dimension of self-similar sets, is too weak to
describe the full theory.

1. INTRODUCTION

A self-similar set consists of similar copies of itself. A classical result of Hutchinson [9] shows
that if these copies are separated enough, then the Hausdorff dimension of the self-similar set equals
the similarity dimension, a natural upper bound for the dimension. In order to handle overlaps,
Simon and Pollicott [11] introduced the transversality condition. Simon and Solomyak [17] used
this condition to show that in the line, for almost every choice of translations, the dimension of the
self-similar set equals the similarity dimension.

In his seminal paper, Hochman [6] strengthened the estimates on the exceptional parameters for
which the dimension drops below the similarity dimension. He showed that exponential separation
suffices for the equality of the Hausdorff and similarity dimensions. While the transversality
argument can only estimate the measure of the parameters, Hochman proved that the packing
dimension of the exceptional set is zero. Furthermore, Shmerkin and Solomyak [15] used similar
techniques and conditions to study the absolute continuity of self-similar measures, and Shmerkin [14]
applied this approach to study the L9-spectrum of self-similar measures.

A folklore conjecture proposes that the only possibility for the Hausdorff dimension to be strictly
less than the similarity dimension is the existence of exact overlaps. Varju [18] studied the dimension
of Bernoulli convolutions, which is a certain class of self-similar measures. He proved that there is
no dimension drop if the contraction parameter is transcendental. In particular, this means that the
conjecture holds for Bernoulli convolutions. Hochman [6] showed that the dimension drop implies
the super-exponential condensation. In [7, p. 1948|, he remarked that it is not known if there exists
a super-exponentially condensated self-similar set without exact overlaps. He also speculated that
such self-similar sets simply do not exist, which would then prove the conjecture. We answer this
in negative by constructing uncountably many parametrized homogeneous self-similar sets having
super-exponential condensation but no exact overlaps. Very recently, independently of us, Baker [1]
showed the existence of such a self-similar set. In fact, after his result appeared online, we decided
to make our considerations public as well. While Baker applied the theory of continued fractions,
our proof relies on non-linear projections and the transversality condition.

The observation that the super-exponential condensation does not imply the exact overlapping
means that, in order to verify or disprove the conjecture, one has to study the overlaps in a more
sophisticated way. By applying Hochman [6], we characterize the dimension drop of the natural
measure on a homogeneous self-similar set by means of the average exponential separation. Our
results, therefore, introduce a possible roadmap to disprove the conjecture.
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2. PRELIMINARIES AND MAIN RESULTS

We consider a tuple ® = (¢;);cr, where I is a finite index set, of contracting similitudes acting
on RY. Each of the map ¢; has the form o;(z) = \;O;x + t;, where 0 < \; < 1 is the contraction,
O; the orthogonal part, and t; € R? the translation of ;. We say that ® is homogeneous if there
exists 0 < A < 1 such that \; = A for all i € I. A self-similar set associated to ® is the unique
non-empty compact set X C R? for which

x = Jai(x). (2.1)
i€l

The existence and uniqueness of such sets was proved by Hutchinson [9]. The self-similar set
X is homogeneous if it is given by a homogeneous tuple. Writing ¢; = ¢;, o --- 0 ¢; and
Ai = Ajy -+ Ag,, we have diam(p;(B)) = A; diam(B) < (max;er A;)" diam(B) for all sequences
i=1dy---iy, € I" and sets B C R%. Therefore, defining i, =i1...10y, for all i =dyiy--- € N, we
see that diam(ep;|,(B)) — 0 as n — oo for all i € IN and bounded sets B C R%. Each i € IV
corresponds to one point in X via the canonical projection m defined by the relation

{r(0)} = {1y, (0)} = () ¢4, (BO, R)),
n=1

where R = max;es |p;i(0)]/(1 — max;er A;) and ¢;(B(0, R)) C B(0, R) for every ¢ € I. In fact, it is
easy to see that 7(IN) = X and hence, the canonical projection introduces an alternative way to
define the self-similar set. By iterating (2.1), we see that X = (J;n ¢i(X) for all n € N. Therefore,
the family {yi(B(0, R))}icm consisting of balls as small as we wish is a natural cover for X. It is
easy to see that dimy(X) < dimgiy, (P), where dimy is the Hausdorff dimension and the similarity
dimension dimgm(®) is the unique number s > 0 for which limy, oo (3 cpn ARV =30, A8 = 1.

It is well known that if the strong separation condition is satisfied, which means that ¢;(X) N
©;i(X) = 0 whenever i # j, then dimp(X) = dimgm,(P). The strong separation condition can be
relaxed to a slightly weaker assumption, called the open set condition, which, roughly speaking,
means that the overlapping of the sets ¢;(X) of essentially the same diameter has bounded
multiplicity. It has to be emphasized that the open set condition only allows “slight overlaps”. For
example, if X has ezact overlaps, meaning that there are finite sequences i # j such that ¢; = ;,
then dimpy(X) < dimgy, (P). Indeed, by denoting the length of i by |i| and the concatenation of i
and j by ij, we may, by replacing i and j by ij and ji, assume that the finite sequences i and j
have the same length |i| = |j| = n. Therefore, dimy (X ) < dimgim(P") < dimgim (P), where " is
the tuple consisting of (#1)" — 1 many n-length compositions of the maps ¢; — all of them but ¢j.
Currently, for self-similar sets in the real line with dimg, (®) < 1, no other mechanism is known
which drops the dimension of X below the similarity dimension. Trivially, if dimgy,(®) > 1, then
dimp (X) < 1. The following folklore conjecture has probably first time been stated by Simon [16].

Dimension drop conjecture. If ® is a tuple of contractive similitudes acting on the real line
and X C R is the associated self-similar set such that dimp(X) < min{1, dimgm (P)}, then X has
exact overlaps.

There exist a version of the conjecture also in higher dimensions, see Hochman [8, Conjecture
1.3], but from now on, unless otherwise stated, we work only on the real line. In this case, the
orthogonal part of the maps is just a multiplication by 1 or —1 and therefore, we include it in the
contraction. The quantity

A, = min{|p; (0) — ¢3(0)] : 1,j € I" such that i # j and A\; = A5}

is zero for arbitrary large n if and only if there is an exact overlap. It is also easy to see that
A, — 0 at least exponentially for every ®. We say that ® is exponentially separated if there is
¢ > 0 such that A, > ¢" for arbitrary large n. Hochman [6, Corollary 1.2] has shown that if
dimp(X) < min{1, dimgm (P)}, then there is super-exponential condensation, which means that
A, — 0 super-exponentially, limnﬁooilog A, = —oo. In other words, if ® is exponentially
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separated, then there is no dimension drop. In particular, if ® is defined by using algebraic
parameters and there are no exact overlaps, then ® is exponentially separated; see Hochman [6, proof
of Theorem 1.5]. Therefore, the dimension drop conjecture holds for all ® defined by using algebraic
parameters. Recently, Rapaport [12] strengthened this result to hold with the assumption that
only the contraction ratios are algebraic.

In our main result, we show that Hochman’s theorem, as stated, is still too weak to address the
full conjecture. Let us define parametrized maps gof"t: R — R for i € {1,2,3} by

eV'@) = e, @t @)=+t @y (@) = A+l

for all 0 < A < Land 0 <t < A/(1—A). Write @y, = (¢}, 95", ¢3") and let X, be the

associated self-similar set. Note that the restriction t < A/(1 — A) < (1 —2X)/(1 — \) guarantees
that cpi\’t(conv(XAyt)) N Lpg"t(conv(XAyt)) # () and (p;\’t(conv(XA7t)) N (pg\’t(conv(X)\7t)) = (), where
conv(A) is the convex hull of a given set A. Let us define three planar sets specific to this setting.
The exact overlapping set is

E={(\t): o}t = gog"t for some finite sequences i # j},
the dimension drop set is

D = {(\t): dimp (X)) < dimgim(Pr+) = —log3/log A},
and the super-exponential condensation set is

C={(\t): lim Llog AM = —o0},

where Ay = min{|¢}(0) — wg\’t(O)] :1,j € {1,2,3}" such that i # j}. Occasionally, we are
interested in specifying the convergence speed in the super-exponential condensation set. Therefore,
we define the n-condensation set to be

Cp=1{(\t): A)' < m, for all n € N} C C,

where 17 = (n,)nen is a given monotone decreasing sequence of positive real numbers such that
lim,, o0 % log n, = —o0.

As discussed above, we trivially have £& C D and, by Hochman [6, Theorem 1.2], D C C.
Furthermore, by Hochman [8, Theorem 1.10], we have dimy(£) = dim,,(C) = 1, where dim,, is the
packing dimension. For the parametrized tuple @) ;, the dimension drop conjecture is equivalent to
D\ € = (). Very recently, by developing new techniques, Rapaport and Varja [13, Corollary 1.4]
showed that if D\ € # 0, then dimy (D \ ) = 0.

The following result shows that there exist self-similar sets having super-exponential condensation
without exact overlaps.

Theorem 2.1. If n = (Ny)nen S a monotone decreasing sequence of positive real numbers such
that lim,,_, % log n, = —o0, then for the parametrized tuple ®y; defined above, the set Cy, \ & is
uncountable.

Independent of our work, Baker [1] has recently introduced a similar result; see also [2]. In [1], he
showed the existence of a self-similar set on the line, with at least 6 defining maps having rational
contracting ratios, such that there is super-exponential condensation with arbitrary fast convergence
speed but no exact overlaps. Chen [3], by adapting the method of Baker, obtained further examples
of this type by using only 4 maps. Baker used continued fraction expansion and the Diophantine
approximation of the translation parameters. This allowed Rapaport [12] to show that there exists
a super-exponentially condensated self-similar set on the line having no dimension drop. Our result
uses 3 maps and the proof relies on non-linear projections and the transversality method. We note
that it is still unknown whether it is possible to achieve super-exponential condensation without
exact overlaps by using only 2 maps. For instance, in the case of Bernoulli convolution, this problem
is strongly related to determining the distance of roots of polynomials with integer coefficients;
see [7, Question 3.8].
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Finally, we characterize the dimension drop of the natural measure on homogeneous self-similar
sets X C R by means of the average exponential condensation defined by

el 1 .o n
A(v)Zlggggfn;l oI € 1" [0s(0) — 3 (0) <)

for all v > 0. The natural measure is the Borel probability measure p on X satisfying

1 -1
M:gZMO% :

el
Recall that the (lower) Hausdorff dimension of u is
dimg(p) = inf{dimg(A) : A is a Borel set such that u(A) > 0}.

If A is the common contraction ratio of the maps ¢;, then dimpg(u) < dimpg(X) < dimgy, (P) =
—log #1/log |\| regardless of the translations.

Proposition 2.2. If ® = (y;)ier is a homogeneous tuple of contractive similitudes acting on the
real line such that A with 0 < |\| < 1/#I is the common contraction ratio of the maps p;, X C R
is the associated self-similar set, and p is the natural measure on X, then

Al
log [A|7?

for all 0 < v < |A|. Furthermore, the limit inferior in the definition of A(vy) is a limit and the value
of A(7y) does not depend on the choice of 0 <y < |A|.

dimp (p) = dimgiy, (P)

Finally, Theorem 2.1 and Proposition 2.2 introduce a possible way to disprove the dimension
drop conjecture: If there exist (A,¢) € C\ € and 0 < v < A such that

S 1 1 . n n
AM(y) =liminf — 3 S log#{j e 1" 231 (0) — 3 (0)| < 4"} > 0,
ieln

then the dimension of the natural measure drops even though there are no exact overlaps.

3. SUPER-EXPONENTIAL CONDENSATION
In this section, we prove Theorem 2.1. Let us first observe that, for the parametrized tuple ®, 4,
the canonical projection my;: {1,2, RY A X+ satisfies

oo

m() =D (63, + o7 )
k=1

for all i = iyip--- € {1,2,3}Y, where
5? _ 1, ifi :Zj,
! 0, ifi#j.

Note that " (0) = A (11%°) = Zzzl((sf’k + t52~2k))\’“_1 for all i € {1,2,3}" and n € N, where 1% is
the infinite sequence containing only 1’s.

Lemma 3.1. Letn € N, i =iy -ip,j =j1-jn € {1,2,3}" be such that i1 # j1, and 0 < e < %
Then
ST (6, — 68 )N
0310 — @' (0) <& = |- S| < 2
) D i1 (07 — 83 )AR!
and

ko (05, — )N

l— n

<e = |eM(0) - (p;\’tﬂ))’ < 2.
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FIiGURE 1. Illustration for the self-similar set K and the convex hull Pj.

Proof. Since

©3"(0) — ¢}(0) = 2(53 — 83 )Rt +tz (62 — 62 )AL,
k=1
we see that both claims follow if we can show that
TG - )N <2,
k=1

The lower bound is needed in the first claim and the upper bound in the second claim. To show
the lower bound, we may thus assume that |goi"t(0) - gp?"t(O)| < 1. Since 0 < A < %, this is

possible only if |67 — (52 | = 1. Indeed, the distance of ¢1([0, (1 — A\)7!]) and ¢3([0, (1 — X\)71]) is

(1-2X)/1-X) >3 and so at least one of the first symbols must be a 2. Therefore, | Ezzl(égk -
6j2~k)/\k*1] >1-37 A = (1-2))/(1—A\) > 3 as claimed. The upper bound is trivial since
DY G AR ED DNPLE S (EPIEES 1 O

Lemma 3.1 tells us that in order to achieve super-exponential condensation, the parameter ¢
must be contained in a super-exponential neighbourhood of a ratio of the form

D1 (03 — a7 )
2 >
Zk:l(dik - 5jk))‘k v
We shall show that such ratios are certain non-linear projections of an induced self-similar set in

the plane.
{(07 0)7 (_17 0)7 (_17 _1)7 (17 0)7 (17 1)7 (07

Let J =
setting
St (@, y) = Az +1i, Ay + j)
for all (z,y) € R? and (i,5) € J. Write ¥ = (S(/\Z j))(m-)eJ and let Ky C R? be the associated
self-similar set; see Figure 1 for an illustration. The map S: {1,2,3} x {1,2,3} — J defined by

—1),(0,1)} and define S(/\ij): R? — R? by



6 BALAZS BARANY AND ANTTI KAENMAKI

setting (5(i,7) = (5]3 — 83,62 — 6]2) is clearly one-to-one outside the diagonal. We extend the map
B to {1,2,3}" x {1,2,3}* — J" for all n € N and to {1,2,3} x {1,2,3}N — JY in a natural
way: for example, if i = i;---i, and j = j;---j, for some n € N, then (1, j) is defined to be
B(i1,71) - - B(in, jn). Finally, we define a non-linear projection proj: {(x,y) € R?:y # 0} — R by
setting

. T
projr,y) = —
(2, y) ;

for all x € R and y € R\ {0}. The following lemma basically restates Lemma 3.1 in terms of
the projection. If i =4;---4, and j are finite sequences, then we write i A j for their common
beginning and (i) =iy~ - ip.

Lemma 3.2. Letn e N, i,j € {1,2,3}" be such that i # j, and 0 < & < %)\|i/\j|. Then
03(0) =@ () <& = |t —proj(Sj 5 (0,0)] < 2A7FNle

and

[t = proj(Sh;.5(0,0) < AHMle = 1p2'(0) — ©(0)] < 2¢.

i,3)
Proof. Note that proj(Sg,‘(i’j)(0,0)) = proj(Sg,‘(JhAj‘(i)jo_‘iAj‘(j))(O,O)) whenever i # j. Therefore, as

2t (0) — @?’t(0)| = AliAdl| M )(0) - goi’itm- (j)(0)|, the proof follows from Lemma 3.1. O

oM (i

We have thus transformed the problem to a study of non-linear projections. Note that, for every
finite sequence k containing a symbol with non-zero second coordinate, we have

proj($7(0,0)) = A™

where m is the difference of the positions of the appearance of the first non-zero first coordinate
and first non-zero second coordinate and «; ; € {—1,0,1}. Hence,

)\m
AG(1 = 2)0) < [ proj(52°(0,0))] < —%—, (3.1)
1—2)\
. 2)m| At
|5 proi(S2(0,0))],_,, | < 0 (3.2)

(1—=20)(1—2X0)

foralli<)\<%.
Our first concrete goal now is to find finite words k for which proj(Sp (Ky)) is an interval for a
range of \’s. After some preliminary lemmas we will achieve this in Lemma 3.5. Let

i J
neon({( 50 5)) )
].-)\ ].—>\ (i,j)GJ

Since each extremal point of Py is the fixed point of some map S()‘Z. i) and all the maps S(’\i ;) are
direction preserving homotethies with S()‘i j)(PA) C Py, we see that K C Py. See again Figure 1 for
an illustration.

Lemma 3.3. If (a,b) € S ,,(P) N (0,00) x R and (0,0)" = (0,0)---(0,0) € J" for all n € N,
then

)\TL )\’VL

: a— 1=y a+1i=x

proj(Siy gy (Pa) + (a,b)) = [ =2 1A

b b

for all n € N with a > -
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Proof. Observe first that S(/\o,l)<P/\) lies strictly above the z-axis: if (a,b) € S(>E),1)(P>\)’ then
1-2) A™

b > 22 > 1 Since the line segment connecting (a — £-5,b) and (a + £5,b) is contained in
S(’\O o)n(P/\) + (a,b), the projection contains the claimed interval. Let us show that
g A
=X < T
b y

for all (z,y) € S()\o,o)n(P/\) + (a,b). The assumption a > % guarantees that x > 0 for all

(z,y) € S(/\o o)n(P/\> + (a,b). Thus, by decreasing x and increasing y, we see that there exists
s € [0,1] such that

)\TL

a — Sm x
b+(1—s)py ¢
By differentiating, the function
)\n
a — Sm

can easily be seen to be monotone on [0,1]. It is therefore enough to check that the endpoints
satisfy

a— 71X a

<2
b b+ 1

Since 0 < A < %, a simple calculation shows that this holds for every n € N.
Let us then show that

z < a—+ 1)‘_773\
Y b
for all (z,y) € S()\o,o)n (P\) + (a,b). Similarly, by increasing = and decreasing y, we see that there
exists s € [0,1] such that
T a+ s%

y o b—(1-8)7y
Since the right-hand side is monotone on [0, 1], it suffices to check that
>\7L
a—+
I S

oS
b—1=x b

A simple calculation shows that this holds if and only if % <b—a. Clearly, b > a + % for
(a,b) € S(,1)(Pr) N[0,00) x R, and since 0 < A < §, we have

A" A 1 1-2)
< <b-—a.

T AST-xS2571T-2x

The proof is finished. O
Lemma 3.4. If (a,b) € S(/\o 1 (Pa) N (0,00) xR and N € N is such that
1—3X 2 1—A
N < _ _
A \mln{2a A "1-2x 1—2/\a}’

then
proj((a,b) + St gn () = | proj((a + A", b+ A\"5) + S gyner (P2))
(3,9)€J
for all n > N with a > %
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Proof. Fix (a,b) € S(AO 1)(P>\) N
PUBNSUNIE s
1-X

U

ATL
a— {5 a+ Py
b S
(i,9)ed

b

(0,00) x R and let n >
. By Lemma 3.3, it is thus enough to show that

N be such that a >

A"+1

. n+1
(Z+’L)\n—ﬁ +7z)\n Y

)

b+ jA" b+])\"

fn)\. Hence, a + iA\" >

In fact, it suffices to show that the consecutive intervals in the above union have non-empty
intersection. The order of the intervals corresponds to the following order in J:

("170)7(_‘17_'1)7(071)7(070)7(07__1)7(171)7(170)'
Hence, we have to check that the following inequalities hold:
An+1 An+1
a—A"— 49—~ < - A"+ 9=
b— A" = b ’
An+1 An+l
1= < AN
b+an = b— )\" ’
An+1 An+l
SR O N a+ 9
b S
An+1 An+1
@~ 7=x < o+ X 7
b—An b
a+ A" — )‘nj)\l < a+ )int\l
b+ An S obh—An
a+ A=A g AT
b h b+ An

The inequality (3.3) holds if and only if a
we see that this holds if ﬁ < 22(1-2))

< 20+ A2 Recalling that a <
=2 which is true since 0 < A < . The inequalities (3.4) and

—A and b >

(3.3)
(3.4)
(3.5)
(3.6)
(3.7)

(3.8)

1-2)\
1=

(3.7) hold if and only if 2a A" > 173>‘b, which is true by the assumption. The inequality (3.5)

holds if and only if a <

2,\ 2\ py ,\“+1

(3.3). Finally, the inequahty (3.6) holds if and only if a <
a < %b — An(ll_f)?)‘), which are true again by the assumption.

b + 2 1 )\ , which can be seen to hold similarly as with the inequality
and (3.8) if and only if

0

We are now ready to show that the projection of K, contains an interval for a range of \’s.

Lemma 3.5. If%
(0,1)(1,0)(0,1

o\ and at most 3N,

< A< % and k € |Jo2 5 J" satisfies k|3 = (0,1)(1,1)(0,—1) or k[z =
), then proj(Sp(Ky)) is an interval with center proj(Sy(0,0)) and with length at least

Proof. The claim follows if it holds that proj(Sp(Ky)) = proj(Sp(Py)). For that, it is enough to

show that
proj(sfz\j(PA)) =

U proj(sli\j(i,j)(P)\))'

(ij)ed
for every finite sequence j. Indeed, if (3.9) holds, then for every n € N we have

U proj SkJ P))) U

jeJn jeJn—1 (i,5)eJ

U proi(Sayu,(P) =

U proi(Sgy(Ry)

jejn—1

and therefore, by the definition of the self-similar set K,

proj(S)(K»)) = proj (s@(m U s,

n=0jeJn

() U proi(S(Py)) = proj(S(Py)).

>) )
n=0jeJ»

(3.9)
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To verify (3.9), it is enough to check whether the assumptions of Lemma 3 4 hold. Let (a b) be
the middle point of Sﬁ‘J (Py). It is easy to see that then \ — 1% <A+ 1 )\ and 1+ A2 — ’\—/\ <

b<1H+A—N24 2 1—x- Hence, the inequality
A3 1—3X\ A3
3 < i _ _ 2
)\\mln{2<)\ 1_)\) 1_)\(1+)\ )\_’_1—)\)7

2\ A3 1—A A3
1+ A2 - — A+ ——
1—2>\< * 1—)\> 1—2/\< +1—)\>}
clearly implies the assumptions of Lemma 3.4. Numerical calculations show that the above inequality

is valid for all + < A < %. Finally, by Lemma 3.3, the center of proj(Sp(Py)) = proj(Sp(Ky))

is proj(S(0,0)) and its length is 221 , where b is the y coordinate of proj(Sp(0,0 Since
b( A)

3 o\l o\ [kl o\l
14+ 22— 1 o SO 14+ A — A2+ 1 )\, we have 1_2/\’\2_2/\3 < b(1A N < /\JAZ 53+ One can show by
numerical computations that 2 < 1_2)\2_2)\3 and 1_/\+§2_2A3 3 for every A € [4, 3] O

We will next show that the projection is transversal in this region of \’s.

Lemma 3.6. There exists § > 0 such that for every i < A < % and k,1 € |Jo7 o J™ with
k|5 = (Oa 1)(1a 1)(Oa _1)(07 _1)(]—7 0) and 1|5 = (07 1)(17 0)(07 1)(0a 1)(_170) we have
5 < g5 (proj(S2(0,0)) — proj($7(0,0)))],_,, <"

Proof. The proof relies on numerical calculations. By our assumption on k and 1, we have
A+ M+ a(N) A= e
THA=A2 =X +b(N) 1+AX2+X34+d(N\)’

where the functions a()), b()), ¢()\), and d(\) have the form > 3 - 6, A%, where 0 € {—1,0,1}.
Therefore, we see that

proj(S¢ (0,0)) — proj(57.(0,0)) =

& (proj(Sp(0,0)) — proj(52(0,0))) = A(A) — B(N),

where
A = LFANFIONA A=A =X +b) — (A + X4 a(V)(1 =20 = 3)2 +V/(V))
(14X =22 = X34 b(N))? ’
B(\) = (1=aN 4+ ONA+ A2+ X +dN) = A= M +c\)@A+ 32+ d (V)
(14 X2+ A3 +d(N))? :
Since
5
max{[a(V)], OV, e I} < 2 (3.10)
4
max (| )L WO OV OV} < 275 .11

we have the estimates
A4 (5—4) 5 5 A4 (5—4)
A0y > (144X = 28 (14— 22— N — 25) — (v a0+ 25) (120 — 32 + 2555
- (1+>\—)\2—>\3+b(>\))

(1—4\3 4+ (1(5 S (L X2+ 2% 4 25) — (A= X — 2%) (20 +3)2 — E‘f’gg))

(14+ A2+ X3 4+d(N))? '
Numerical calculations show that both numerators appearing in the estimates above are strictly
larger than 0.8 for all A € (i, %) Thus, we may apply (3.10) for the denominator as well, and
therefore, numerical calculations show that A(X) — B(A) > 0.057 for all A € (4, %). Since the other
inequality follows by (3.2) in a straightforward way, we have finished the proof.

B(\) <
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From now on, we fix a monotone decreasing sequence 7 = (7, )nen of positive real numbers such
that lim,,— o0 %log N, = —oo. It follows that there exists a constant C' > 0 such that

>k < O (3.12)
k=n

for all n € N. Relying on transversality, we will construct a Cantor set of super-exponentially
condensated tuples. Observe that without loss of generality, we may assume that 4 > 0 in Lemma 3.6
is small, for instance § < %

Lemma 3.7. Let 0 < < % be as in Lemma 3.6. Let € > 0, % +36 e <A< % — 307, and let
k,1e U, J" with k|5 = (0,1)(1,1)(0,—1)(0,—1)(1,0) and 1|5 = (0,1)(1,0)(0,1)(0,1)(—1,0) or
vice versa. If ) < 0 e and
| proj(S¢ (0,0)) — proj(51(0,0))| <,
then there exist disjoint closed intervals I, 1' C [\ — 36 e, A + 357 1e] of length N such that
30 < | proj(Sy7(0,0)) — proj(Sy”(0,0))] < 36~ (3.13)
forall\X* e TUT.

Proof. By Lemma 3.6, the derivative of the map \ — proj(Sp(0,0)) — proj(S;(0,0)) lies in [§, 5]
for A € (1/4,1/3). Hence, there exists a unique A\; € [A — 6 'e, A + 6~'¢] such that

proj(Se*(0,0)) — proj(S1*(0,0)) = 0.

Choose I = [A\1 — %mll’)‘l — %77|1|] and I’ = [\ + %nm, A1+ %77|1|]. By the mean value theorem,
(3.13) holds for every \* € TUI'. Note that A =35 le < A= "1e — 20 < M- %nm and, similarly,
A1+ %nm <A+307 e, Il

Next we state our main technical lemma which will be used to construct the claimed uncountable
set in C, \ €. The idea is to model the construction by a binary tree. To that end, let Q, =
U2 {0, 1} and Q = {0, 1},

Lemma 3.8. There exists an injective map k: Q, — |J,—, J" and, for every w € Q,, there exists
a closed interval I, C (i, %) such that the following five conditions hold:

(1) ming,e o 13n+1 [k(w)| > max,cgo 1y [k(7)| for all n € N. Moreover, for every w € Q., k(w)
begins with either (0,1)(1,1)(0,—1)(0,—1)(1,0) or (0,1)(1,0)(0,1)(0,1)(—1,0) .
(2) For every w € S, we have

L,oUI, C 1, and I,oN I, =0.

() diam(ly) = N(w))-
(4) For every w € Qx, i € {0,1}, and X € 1,;, we have

\proj(Sﬁ‘(w)(O, 0)) — proj(Sﬁ‘(wi)(O, 0)l < %5_177\k(wi)\7
and

min{| proj(Siiu (0,0)) ~proi(SL(0.0)I: [l € max  [K(T)]} > 30mpon).

where § > 0 is as in Lemma 3.6.

(5) For every w € Q, and § <\ < 3,

0< proj(Sf{\(w)(O, 0)) < -
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Proof. Without loss of generality, we may assume that § < 1/144. Let k = (0,1)(1,1)(0,—1)(0,—1)(1,0)

and 1 = (0,1)(1,0)(0,1)(0,1)(—1,0). Algebraic calculations show that the unique solution of the
equation

proj(; (0, 0)) = proj(S7 (0, 0))
in the interval (4, 3) is \ = (/13 —3)/2 ~ 0.302. Choose K € N to be the smallest natural number
such that [N — $nx, X' + ink] C (3, 3) and 2(5)F > 3671, for every k > K. Let us define

w0 = % if k] > K
| k(0,005 if x| < K,

Iy =[N = Sm@), X + 57k

where (0,0)% is the sequence in JX containing only (0,0)’s. Observe that this does not affect the
value of proj(Sy (0,0)) = proj(Sﬁ‘(’O O)K(O, 0)). By the mean value theorem and Lemma 3.6,

| proj(57(0,0)) — proj(Sy g (0,0))| < 5 nqoy- (3.14)

for all A € Ij.

Let us now define the intervals [, and k(w) by induction. If I is an interval, then with notation
¢l we mean the interval having the same center and diam(cl) = cdiam([/). Furthermore, for w € Q,
let w™ be the finite sequence obtained by removing the last element of w. Let us introduce an
auxiliary function 1: Q, — |J;7; J" by setting 1(§)) = 1 and 1(w) = k(w™) whenever |w| > 1. Let
n > 0 and suppose that k(w) and I, are defined for all w € {0,1}" with the claimed properties.
Let N\’ € 61, be a transcendental number. Choose m € N such that

[L(w)[+m > max |k(r)]

7€{0,1}"
3
1= M@l+m < e%nll}" Mk(7)|s
50 1) 4m < min{| proj(S; (0,0)) — proj(S;” (0,0))| :
proj(S3” (0,0)) # proj(S3” (0,0)) (3.15)
and [4], 3] < max k(7 )}

By Lemma 3.5, prOJ(Si\(w)
length of proj(Sf‘(,:u) (K1) is at least 2\, By the induction assumption (or, if w = ), by (3.14))

and the fact that |k(w)| > K, we have

(K)) is an interval with center proj(Si\(L)(0,0)). Furthermore, the

AR > o)K@ > 35= 1y, 1 > | proj(S3,)(0,0)) — proj(Syy.,, (0,0))]
and proj(SY (w )(0 0)) is an interior point of proj(S/\( ) (Kx)). Since {proj(Si‘(/;)l, (0,0)) : [1/| = m}
is dense in proj(Sy” (Ky»)), there exist 14,15 with [1}],[15] > m such that 1} # 15 and
| proj( S k(w) (0,0)) — prOj(SlA(w)lg. (0,0))| < 6M2(w)|+m (3.16)

for both j € {1,2}. Now, applying Lemma 3.7 with & = 71 ()|4-m for both 1(w)1; and 1(w)lz, we
see that there exist disjoint closed intervals Iy ;, I3 ; such that diam(Iy ;) = 11 (w1

Trj C N = 30w ems A+ 300(0)) 4m) (3.17)
for all k,j € {1,2}, and
30T () < | Proj(S,(0,0)) — prOj(Sf(w)lg(O,O)N < 30 oy (3.18)

for all X € Iy, ;. Since I; jNI; = 0 for j € {1,2} there exist ki, ko € {1,2} such that I, 1 NIx, 2 = 0.
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To finish the induction, let us show that the choices I,o = Iy, 1, lu1 = i, 2, k(w0) = 1(w)1; and

k(wl) = 1(w)1g satisfy the claimed properties. The condition (1) follows by the definition. From
(1) it follows that

A 22 A— At A \
1—-A 1-)\ } : (319)

0< ro'S)‘ 0,0 max{ )

for all A € (%, %), which implies the condition (5). To show (2), it is enough to show that
[N = 301 4 A+ 301w 4m] C Lw- Since A € 1, and diam(I,) = ()|, the inclusion follows
from 3n1 () |+m + MMx(w)| < NMx(w)|> Which is our assumption on m. Condition (3) follows again
by the definition of the intervals. The first part of condition (4) follows by (3.18). Finally, we
prove the second part of (4). Let i be a finite sequence such that |i] < max ¢y [k(7)|. If
proj(S2”(0,0)) = prOJ(Sli‘(/:u)( 0)), then proj(57(0,0)) = proj(Sli‘(w)(0,0)). Indeed, since N\ is
transcendental and A ~ proj(S3(0,0)) — proj(Sﬁ(w)(O, 0)) is a ratio of polynomials with integer
coefficients, a transcendental \” cannot be a root of it unless the ratio is the constant zero function
of A. Thus, by (3.18),

| proj(57(0,0)) — proj(Sy: (0,0))| = | proj(Sg(,)(0,0)) — proj(Sp,:) (0,0))| > §0n(wn)
for all X € 1.
Now, let us consider the case when proj(S}”(0,0)) # prOJ(Sﬁ‘(L) (0,0)). Clearly, if i does not

contain any symbol with non-zero second coordinate, then |proj(S3”(0,0))] = oo and so there
is nothing to prove. Let m be the difference of the position of the first symbol with non-zero
first and the position of the first symbol with non-zero second coordinate. If m < =183 then

log?2
A (1 —2)) > 2 for all £ < A < %, and, by (3.1) and (3.19), clearly

. A
[proj(52(0,0)) = proj(S) (0, 0))| > 2 > Mg

Thus, we may assume that m > _lcl)oggg and so by (3.2), |4 proj(57(0,0))| is uniformly bounded

by 6=! on (%,%) as 61 > 144. Then, by the mean value theorem, (3.16), (3.15), (3.17), the
monotonicity of 7, and the choice of 9,

| proj(57(0,0))— proj(Sy.: (0,0))]

)
> | proj(S3”(0,0)) — proj(Sa,s (0,0))] — 5 1A = N
> [ proj(82" (0,0)) - <SA(” 0.0 = Bmagop s — 51— X
> 567 01 () 4m — 577|1( Jm — 0 A= N
> 58 () tm — S @) em — 30 () +m
> (207" = 8)M(w)4m = Mo
for all XA € 1. O

We are now ready to prove the main result.

Proof of Theorem 2.1. Let {I,}weq, be a collection of intervals given by Lemma 3.8 and define
F =N Uwego,13n lo- By the conditions (2) and (3) of Lemma 3.8, it is clear that F' is
compact, non-empty, and uncountable. Write © = {0,1}" and define a map \*: Q — F by
{N(w)} = {ﬂ;ozo w|n}, where w|,, is the finite sequence obtained by the first n symbols of w.

Clearly, A\*(w) is well defined by the conditions (2) and (3) of Lemma 3.8. By Lemma 3.8(4) and

(3.12), the sequence (proj(S X (‘ )) (0,0)))nen is a Cauchy sequence for every w € Q. Therefore, we
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can define t*:  — R by setting t*(w) = lim;, 00 proj(Sl:\(Zfﬁ))(O, 0)). Note that, by Lemma 3.8(5),

t*(w) < W(*()) Define

T = U ) € R2.
we

It is clear that T is uncountable (since F' is uncountable) and hence, to finish the proof, it suffices
to show that T C C;y \ €, where i/ = (1}, )nen is a sequence such that 7}, = 3671Cn, for all n € N,
J is as in Lemma 3.6, and C' as in (3.12).

Let us first show that (A*(w),t*(w)) € C,y for every w € . Recall that the function 8: {1,2,3}" x
{1,2,3}™ — J" defined before Lemma 3.2 is invertible outside the diagonal. Let us define
Bt J —{1,2,3} x {1,2,3} by 871(0,0) = (1,1) and extend it as before. Let m(n) be the unique
integer such that [k(w|,,my—1)| < 7 < [k(W[pm))| and define a pair of sequences in {1,2,3}" by
(in,jn) = 871 (k(w]m(n)_l)(O,0)”*‘}‘(“"”(")—1)') for all n € N. By Lemma 3.8(1), as for every m it
holds that k(w|,)|1 = (0, 1), we have (in|1, jn|1) = (2,1). Hence,

£°(w) = proj(S i (0.0)] = |¢*(w) — proj(Sy” (0,0))
< | Jim proj Sy 1(0.0)) — proj(Syc - (0.0))]

Wl (e)) m(n)—1
S SM @ .0 SX (0,0
< Z ’PTOJ( (w|)(a )) PTOJ( k(w|o— )(7 ))’
L=m(n)

By definition, \*(w) € I, for every £ > 0 and by Lemma 3.8(4), we obtain

le

> Nt (w w _ =
S 1proi(Sp ) (0,0) = proj(Sp e 10,0 < 3570 Yt
L=m(n) £=m(n)
<3070 ) m < 36T Ol < 3071 Cny

where in the last step we applied (3.12). Recalling Lemma 3.2, we have now shown that
(A*(w), t"(w)) € Cy.

Let us then show that (A*(w),t*(w)) ¢ €. Suppose to the contrary that (\*(w),t*(w)) € .
Then there exists a pair of finite words i, j such that goi‘*(w)’t*(w) (0) = cp?*(w)’t*(w)(O) but i|; # j|1
and in particular, (i|1,jl1) € {(1,2),(2,1)}. Without loss of generality, we may assume that
iy = 2 and j|; = 1, and, by possibly extending one of the words by 1’s, |i] = |j|. Thus,
we have t*(w) = proj(Sg(l( ))(0 0)). Choose n € N so that max, ¢ 13» [k(7)] > |B(4,j) and

n|k(w\n+1)|/77|k(w|n+2)\ > 36" 2C Then, by Lemma 3.8(4),

0 = |t*(w) — proj(Sy “)(0,0))]

B(i,3)
= | lim proj(sy)(0,0)) — proj (3,5} (0,0))
> | proj(s (;r;)(o 0)) — proj (S5 (0,0))]
=3 Iproi(s (0,0)) — proj(Sy ) 1(0,0))|
{=n+2

> 50l in)] — %flcmk(ww)l >0,

which is a contradiction. O
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4. AVERAGE EXPONENTIAL CONDENSATION

In this section, we prove Proposition 2.2. We remark that the proof strongly relies on exact
dimensionality proven by Feng and Hu [5] and the behavior of the Shannon entropy described
by Hochman [6]. More precisely, the proof is standard and essentially follows from Hochman [6,
Section 5.2] and Peres and Solomyak [10]. Nevertheless, we give the full details for the convenience
of the reader.

Recall that a Borel probability measure v on R is ezact-dimensional if the lower/upper Haus-
dorff/packing dimensions of v coincide. We refer to the book of Falconer [4] for more details on
dimensions of measures. Furthermore, the Shannon entropy of v with respect to the partition
Dy, ={[i27", (1 +1)27") }iez is

H(v,Dy) =— > v(D)logv(D)
DeD,
for all n € N.

Proof of Proposition 2.2. By Feng and Hu [5, Theorem 2.8], the natural measure p is exact-
dimensional. Therefore, by Young [19, Theorem 4.4}, it has dimension

dimg(p) = lim H(u,Dy).

n—oo n log 2

n 1
H= YD Z 05 (0)

ieln

Define

where d, is the Dirac measure at x, and let 7(n) be the unique integer such that |\|"(® diam(X) <
27" < |\"™~1diam(X). By Hochman [6, Theorem 1.3], we have

i o (O, 2y) — 1.2 ) =0

n—oo n log 2

for all ¢ € N.
Our goal is to show that a closer examination of the Shannon entropy with respect to the
partition D, leads us to the claimed formula. Indeed, we shall show that

H(Mr(n)v Dy) = lim H(Mr(n)a Dgn)

n—oo n log 2

_ log #1I — A(J\|)
r(n) qn r(n) _ g
/log,u (B(z,271)dp"\" (z) = Tog AL

for all ¢ € N. Note that the first and third equality follow from the above mentioned results.
Let us verify the remaining equalitites. Observe first that we have

H(i' ™, Dy) = — 3 5™ (D) log " ™(D) > — / log 1™ (B(z, 27™)) ™ ()
DEDy,

> = 3 WD) log(w (D~ 277 + (D) + D 4 27))
DEDy,,

r(n)(p — 9—an r(n)(D 4 2—an
_ Z ,U«T(n)(D) <10g Iur(n)(D) +log (1 4 p T)(n‘;‘ lll«) (D + )>>
DG’an prm (D)

> H(p" — > (D =27 4 (D 4 27
DeDyn
> H ('™, Dgn) - 2,
which proves the fourth equality. A similar reasoning shows that
[H (1, D) = H(p" ™, D) | <9

M) = 0 g2

Amnlin) = 0 S log2

= — lim
n—oo n log 2
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yielding the second equality. Indeed, this follows since

u(D) < #W I E ™ o (X)N D £ 0}

#Ir(n T tie ™ g0 e (D -2 UDUD +27)

= WD 27 + (D) + (D427
and ;"™ (D) < (D —27") + u(D) + p(D +27) for all D € D,,. Finally, we also have

1
- r(n) —am)) 4,7 () = — r()(B(ip;(0), 27"
/logu (B(z,277)) dp™ (2) EI()#F(n)log,u (B(p1(0),277))
16 r(n

Ly L #HEE a0 —p <2
ielr(n) #Ir(n) #1" ")
1
— r(n) _ - + r(n) . . A, < 90— qn
log #1 > v 08 #I € T < 1pa(0) — 5 (0)] < 2777
ielr(n)
which gives the fifth equality and finishes the proof. O
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