ITERATED FUNCTION SYSTEMS WITH NON-DISTINCT
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ABSTRACT. The dimension theory of self-similar sets is quite well understood
in the cases when some separation conditions (open set condition or weak sep-
aration condition) or the so-called transversality condition hold. Otherwise the
study of the Hausdorff dimension is far from well understood. We investigate
the properties of the Hausdorff dimension of self-similar sets such that some
functions in the corresponding iterated function system share the same fixed
point. Then it is not possible to apply directly known techniques. In this paper
we are going to calculate the Hausdorff dimension for almost every contract-
ing parameters and calculate the proper dimensional Hausdorff measure of the
attractor.

1. INTRODUCTION AND STATEMENTS

Let us denote the Hausdorff dimension of a compact subset A of R by dimg A,
and respectively denote the Box dimension by dimp A. For the definition and basic
properties of Hausdorff and Box dimension we refer the reader to [3] or [4].

Let {fo,..., fm—1} be a family of contracting similarity map such that
|fi(x) — fi(y)| = |Ni]|z —y] for all z,y and for some —1 < A; < 1. Then there exists
a unique, nonempty compact subset A of R which satisfies

m—1
A= HiA)
=0

We call this set A the attractor of the iterated function system (IFS) { fo(z), ..., fm—1(z)}.
In this case we say that the attractor A (or the IFS itself) is self-similar.

It is well known that the Hausdorfl dimension and the Box dimension of the
attractor is the unique solution of

m—1
Sl =1, (1.1)
=0

if the open set condition (OSC) holds, for precise details see for example [5]. Even if
the OSC does not hold, the solution of equation (1.1) is called similarity dimension
of the IFS. The similarity dimension is always an upper bound for the Hausdorff
dimension of the attractor, see [3]. In the case when the IFS has overlapping
structure, i.e. the open set condition does not hold, the Hausdorff dimension of the
attractor A of IFS {fi(z) = Nz + di}7"," is

dimp A = dimy A = min{s, 1} for a.e. (dp,...,dp—1) € R™
where s is the unique solution of (1.1), see [10].
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FiGURE 1. The simplest example of IF'S with some of the functions
share the same fixed point, considered in [2].
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FIGURE 2. a9 = Fix(fy) = Fix(g0), a2 = Fix(f2) = Fix(g2),
ag = Fix(f3) = Fix(g3)

In [2] we considered the IFS {yz, Az, \x + 1}, v < A on the real line. Let I be the
convex hull of the attractor A. See Figure 1 for the image of I by the functions of
this IF'S. The problem of the computation of the dimension of this IFS was raised
by Pablo Shmerkin at the conference in Greifswald in 2008. The novelty of the
result obtained in [2] about the dimension of A was to tackle the difficulty which
comes from the fact that the first two maps have the same fixed point.

In this paper we consider an IFS § which does not satisfy the OSC, but we
can partition § into two disjoint subfamilies F,G such that the first ”cylinders”
of F are disjoint and for every g € G there exists exactly one f € F such that
Fix(g) = Fix(f). For an example see Figure 2. More precisely,

Principal Assumptions:

(A1) S=FUgG

(A2) F ={fi(z) = Nz + a;i(1 — Ai)}i]i_ol where 0 < \; < 1 and the fixed points
satisfy: ag < a1 < --- < an_1.

(A3) Let I = [ap,an—1] (the convex hull of the attractor). We require that
fi—l(I) < fZ(I) that is

fi—i(an—1) < fi(ap) for every i =1,..., N — 1. (1.2)

(A4) WewriteZ = {0,...,N —1}andlet J C Zand G = {gi(z) = vix + ai(1 — 7i) }ic 7
such that 0 < v; < \; for every 7 € J.

Observe that for every i € J, Fix(f;) = Fix(¢;) = a;.

Denote v € (0,1)%7 the vector of contraction ratios of G and A € (0,1)" the
vector of contraction ratios of F. Moreover, let ¢ € RY be the vector of fixed
points and denote the attractor of S by A.

The main theorem of this paper is an almost all type result about the dimension
of the attractor A, assuming that the contractions ~; are sufficiently small compare
to the contraction ratios and the gaps of the first cylinders of the functions from

F.
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Theorem 1.1. Let S as in (A1)-(A4) then the attractor A of S satisfies that
dimp A = dimy A = min{1, s}, (1.3)
where s is the unique solution of

N—1
SN D> Xy =1, (1.4)
=0

=N eJ

for Lebesgue almost every v in

. 2
{1 :0 <7 < min {)\i, 0+ V) (@ 1 2) }} , (1.5)

where Apax = max; {\;} and

max{aN_1 —ai,ai—ao} .
o = —; for every i € T.
min {fi+1 (a0) — @i, a; — fi—1 (an-1)}
Moreover L (A) > 0 for Lebesgue almost every v such that v satisfies (1.5) and
s> 1.

In the proof of Theorem 1.1 we are going to show that s is always an upper
bound for the Hausdorff and Box dimension. Moreover we will prove that the s
dimensional Hausdorff measure of the attractor is zero.

Theorem 1.2. Assume that S satisfies (A1)-(A4) and let s be the unique solution
of (1.4) then
HP(A) = 0.

To prove the main result of this paper, Theorem 1.1, we are going to use the so-
called transversality method. Note, that our original system does not satisfy the
transversality condition (see later the precise arguments), but some well-chosen
subsystems of the sufficiently high iterations of S do so. To verify this we use two
methods of checking the transversality condition. One of them was introduced by
Simon, Solomyak and Urbaniski [11], [12] and the other one is due to [8], [9]. For
the convenience of the reader in Section 2 we summarize these methods.

In Section 3 we prove Theorem 1.1. This Section is decomposed into three
parts. In 3.1 we introduce some notations about the natural projections. In 3.2
we prove the transversality condition for the approximating subsystems and in 3.3
the Hausdorff dimension is calculated.

In Section 4 we prove our Theorem 1.2 about the Hausdorff measure of A. The
method of the proof is similar to that of [7, Theorem 1.1] obtained by a modification
of the Brandt, Graf method [1].

In Section 5 we show a higher dimensional application of Theorem 1.1. We
will calculate the Hausdorff and Box dimension of some overlapping diagonally
self-affine sets, for almost every contraction coefficients.

2. TRANSVERSALITY METHODS

First let us introduce the transversality condition for self-similar IFS on the
real line with d dimensional parameter-space. The definition corresponds to the
definition in [11],[12] which was introduced for much more general IFS.



4 BALAZS BARANY

Let U be an open, bounded subset of R? with smooth boundary and Z a finite

set of symbols. Let U, = {wf(:v) = \(t)r + di(ﬁ)} . where \;,d; € C1(U) and
- ~Jie
0<a< )i <B<1foreveryieZandte U and for some o, € (0,1). Let
AL be the attractor of U; and 7 is the natural projection from the symbolic space
¥ = I to AL. More precisely, for i = (igiy...) € ¥ we write
m(i) = lim ¢f o4f o+ ot (0). (2.1)

- n—oo

It is well-known that the limit exists and independent of the base point 0. Moreover,
7 is a continuous, surjective function from X onto Af. Denote o the left-shift
operator on X. That is o : (igiy ... ) — (i1i2...). It is easy to see that

mili) = v (my(ord)).

Definition 2.1. We say that V; satisfies the transversality condition on an

open, bounded set U C RY, if for any i,j € ¥ with ig # jo there exists a constant
C = C(ig, jo) such that

Lyt €U :|m(i) —m(j)| <r) < Cr for every r > 0,
where Ly 1s the d dimenstonal Lebesque measure.

In short, we say that there is transversality if the transversality condition holds.
This definition is equivalent to the ones given in e.g. [11], [12]. As a special case
of [11, Theorem 3.1] we obtain:

Theorem 2.2 (Simon, Solomyak, Urbaiiski). Suppose that W, satisfies the trans-
versality condition on an open, bounded set U C R®. Then
(1) dimgy AL = min {s(¢), 1} for Lebesque-a.e. t € U,
(2) L1(AY) > 0 for Lebesque-a.e. t € U such that s(t) > 1,
where s(t) is the similarity dimension of V. More precisely, s(t) satisfies the
equation
S A0 -1 22)
i€l

We can use the following Lemma to prove transversality which follows from [11,
Lemma 7.3].

Lemma 2.3. Let U C R? be an open, bounded set with smooth boundary and
fiz(t) = m (i) — m(§). If for every i,j € ¥ with ig # jo and for every ty € U

fislto) = 0 = llgrad,fig,_, I >0 (2.3)
then there is transversality on any open subset V whose closure is contained in U.

There is an other Lemma which is useful to prove transversality by controlling
the double roots of infinite series. The proof of the Lemma below depends on
the so-called (x)-functions which were introduced by Solomyak [13] and further
developed by Peres and Solomyak [8] and [9]. Although, the following Lemma was
not proved explicitly in [9] but one can easily see that a simple modification of the
proofs [9, Lemma 5.1], [9, Corollary 5.2] yields:
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Lemma 2.4. Let the function g : [0,1) — R be given in the following form:
o0
glx) =1+ Zakxk.
k=1

Let us suppose that a1 € (—d,d) and for every k > 2, ap, € (—b,b), where d,b > 0.
Then

1
20) =0 = ¢ (x¢) < 0 for every x €<0,7>.
g(wo) g (z0) <0 f Y To 70

3. PROOF OF THEOREM 1.1

3.1. Natural Projection. Because of the special nature of the IFS § = F U
G under consideration, it is reasonable to modify the way as the elements of S
are labeled. Namely, we label the functions of S by pairs of integers like (i, ),
where k = 1 if the function is from F and x = 2 when the function is from
G. In both cases i € {0,...,N — 1}, where we recall that N was defined in our
Principal Assumptions as the cardinality of F. From now on we always write
Z=1{(0,1),(1,1),...,(N —1,1)} for N > 2. According to this new notation the
contraction ratio and the fixed point of the functions from F are 0 < A1) < 1,
and a1y € R, (i,1) € Z. That is

fay(@) = Aanz+aen(1—=Agn), (6,1) €. (3.1)
Let J € {(0,2),...,(N —1,2)} and denote N' = {i: (¢,2) € J}. Like above, the
contraction ratio and the fixed point of the functions from G are 0 < A; 9y < 1 and
a(i72) S R, (Z, 2) eJ. That is
f(i,Q) (.’E) = )\(i’g).’E + (1(@2)(1 — )\(172)) for ¢ € N (32)
So
— Wl andg= {7,
F={fantiZo adG={fu2}icn-

According to our principal assumptions (A1)-(A4) in between the fixed points and
contraction ratios we have the following relations:

a; 1= ag1) = A(,2) and 0 < >‘(i,2) < >‘(i,1) < 1 for every i € N.
Moreover, by definition ag < a1 < --- < ay—_1 and we also assumed that satisfies
fi—1,n(anv-1) < fu,1(ao), (3.3)

see (1.2). For simplicity denote \; the vector of contraction ratios of F and similarly
Ay the vector of contraction ratios of G. We denote the attractor of S by A(A,a),
where A = \; X A, and the vector of the distinct fixed points of the functions of &
is a = (ag,...,an—1). As usual we write

E=T] k=(k,... k) EN™, yER™ (3.4)
=1

The symbolic space is
= ZuJg)N.

The the natural projection ), from the symbolic space X to the attractor A is
defined exactly as in (2.1).
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For an i = ((ig, ko) (i1, k1)(i2, ko) ---) € 3 we write i(k) for the sequence of the
first k& elements of i. In particular, i(0) is empty sequence. We denote the number
of (i,r) € TUJ in i(k) by #(.)i(k). We form the vector #i(k) € {0,..., &k}

ﬁi(k) = (ﬁ(o,l)i(k)a ﬁ(1,1)i(k)7 ce aﬁ(N—1,1)i(k3)a ﬁ(minj,Q)i(k)7 ce 7ﬁ(maxj,2)i(k)) .
Using the notation introduced in (3.4), clearly,

mra(i) = Z iy, (1 = Njy ) ) AFE). (3.5)
k=0
Equivalently,
o0
WA,Q(i) = Q4 + Z (aik+1 - aik) Aﬁi(k—’—l)- (36)
k=0

In this way only those elements of the some above have non-zero contribution for
which a;, , # a;,. Now we partition the elements of i into blocks to rewrite the
natural projection. The block which consists the element (i, x;) is the maximal
subsequence of i satisfying (iy, &y ) -+ (i, K1) - - - (iy, Ky) such that v < [ < v and
iy =+ =14 = --- = 14,. Therefore all functions which correspond to any symbols
in a block share the same fixed point.

We write b} for the [-th block and kl‘ for the length of the I-th block. The length
of the first [ blocks is denoted by p}, that is p} = Zé’:o k:;
In this way the decomposition of i into blocks is as follows:

i = (o, o) =~ (g s mogg 1) - (s i) - (it 1 Fpigrg, —1) )

i i
bO bl+1

or simply i = bibibl ... . Let y; be the common fixed point of all the functions
fiim)» where (i, k) € bj. That is

Qpi 1= Qg ; = ay . = =Q; P
1 1 1 1
l Pl_1 pp_y 1 pp_y Rt

For a block b = ((iy, ky), - - -, (iy, £v)) We define

Jo = Jliumn) © 7 © Sl i) (3.7)
By the notations above we have
Maa(l) = lim fy o0 f3(0) = ayy + > (g, — X0, (3.8)
!

We define both the empty sum, and for every 0 < a < 1, a* as 0. Let us
assume about the first element (i, ko) of i that ig € N. To find the exponent of
Aig,2 we introduce a set Q' as follows: First for every [ > 0 we assign an integer
m(l) which is the total number of the appearances of (ig,2) in the union of the first
[ blocks. Observe we always assign the same m(l) to more than one consecutive /.
Among these, the smallest one is called 71 and the biggest one is o}, > 1+ T‘;n The
collection of the distinct integers m(l) assigned in this way to some [ > 0 is the set
Q. That is

Q' = {m >0:3 >0, m= ﬁ(i0,2)(p})} . (3.9)

and

Ojn = sup {l . ﬁ(’6072)(p;) = m} , r;n = inf {l . ﬁ(2072)(p;) = m} . (310)
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It is possible that o]* = co. Now we partition the sum in (3.8) according to the
exponent of (ig, 2):

o0
(i) = ap + Z(ab}+1 — ab%)Aﬁl(pl)

SN S LTI

meQ! l=ri,
= ay+ ) AN, (3.11)
meQi
where
ol L o .
- NFfi(pr) . i)
= — P e -
di" = Z(%;H ab;) ﬁ(io,g)i(pé) = Z(ab;+1 z))\m . (3.12)
I=rm )\(i072) l=rs, (i0,2)

gi (Pl)
1, the ratio %m
(ig,2)

Note that for [ = is independent of A, 2y, by the

1
Ty oo

definition of m.

Lemma 3.1. Let i = ((ig,ko)(i1,k1) ) € X such that ig € N. Then for every
m € Q' we have

ﬁi(Pii )

A
|| < = max {an_1 — @y, @i, — ao} - (3.13)
(i072)
Moreover if 0 € Qi then
|d| > Atio O ) min { flig+1.1)(a0) — @iy, @iy — fiig—1,1)(aN—1)} - (3.14)
Proof. The statement of the lemma follows easily from the following observation:
)\ﬁi(PiTi )
d;ﬂ = A\ (fi(aio) - aio) ) (3'15)
(ZO7 )
where i := (b‘Tl 41 bf?im ) and using the notation of (3.7) we define
fi=fp oo fy .
rin+1 oh,
To verify (3.15) we fix an i = ((ig, %0)(i1,%1)---) € ¥ and m € Q!. Using that
Qi = = by definition we have
oh,+1 ™
S ()40, ) S0, )0, )
i(py)—ti(p'; i(p'; )—ti(p',
fila) =ay,  + Y (o — @A (g —a AT e
i1 - + l ol +1 ol
l=rl,+1
and

ol . Hi(pt. )
. m A\i(p) Xt
di = Z (a’b;_,'_1 - l)/\m = A <f£(a’lo) - a’bkﬂ) .

(i0,2) (i0,2)
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Which completes the proof of (3.15). Therefore

‘d:n‘ S = peos max {GN_l — Qg Qjg — a’O} .

(i0’2)

Now let us suppose that 0 € Q' then 7} = 0. Moreover b} contains only (ig, 1).
Then by |by| = k{ we have

m k¢
di = )‘(%,1) (fg"(aio) - aio) )
where s’ = (b} - - bioi ). By definition, b} does not contain elements from {(ig, 1), (39, 2)}.
0
Then by (3.3) and A 9) < A(;,1) we have

‘fg”(aio) — @jy| > min {f(i0+1,1)(a0) — G4, Qg — f(i0—1,1)(aN71)}
which completes the proof. O

3.2. Proof of transversality condition. Since, for every i € A/ and every i,j €
{(3,1), (4,2)}" with (i, ko) # (i, 70) we have Ty 4(i) = Tx4(j) = @i, the TFS S does
not satisfy transversality condition. The main tool of the paper is to prove that we
can find a series of suitable subsystems of S which satisfy the transversality and
well approximates the attractor of S (in terms of Hausdorff dimension). For k > 2
let

k—2 N-1
u=zJUU U U {iw2en}]. (3.16)

1=0 je J! ueN v=0,u#v

For a k > 2 we define

U = {fi},eu, - (3.17)
We prove in Lemma 3.2 below that for every k& > 2 the IFS W, satisfies transvers-
ality on a certain parameter domain R.. Using this, in Proposition 3.4, we verify
that the transversality holds on a domain which approximates the parameter do-
main that appears in Theorem 1.1. First we introduce the corresponding notation.
Let us denote the attractor of Uy by A% and the natural projection from ¥ := U}S’

onto A% by w%. Denote the elements of Xy, by i’ = (4yi; ).

Lemma 3.2. Let 0 <&; < A1) for every i =0,...,N — 1. Then for every k > 2
and every ' = (igiy -+ ),J' = (o4, -+ ) € Xy such that iy # j, € Uy,

by o/ By o/ 0 Ayst Ayt
(i) =72() = |=—=—— (77({) — 7 (§") > 0, (3.18)
k k Nia) ( k k ) 3
for some i and for every
— ) 1
Xy € Re =[] | &imin{ gy, , (3.19)
ieN 1+ \/)\maxai (1 + j—)

if it exists, where Amax = Max;—o, . N—1 {)\(i,l)} and
max {aN_1 — Q4, Q5 — a()}

min {f(i+1,1)(ao) — G, Q5 — f(ifl,l)(aNfl)}.

oy =
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To prove Lemma 3.2 we need the following Sublemma:
Sublemma 3.3. Let i, j finite length word of symbols such that
k1
i=(i,1)- (i,1) (I, k1)

J = (’L, 2) e (’L, 2)(l2> ’%2)
where 1y, 1y # 4. If fi([ao,an—1]) N l-([ao,aN_l]) # () then
ko
(1,2)
B2
W = %
A

Proof. Since for every (i,2) € J, Aj2) < Aq,1), we have that fi([ag,an—1]) N
fi(lao,an—1]) # 0 implies
)\](Cil,l)/\(llv’{l)ao + )\](Cil,l)all(l - /\(ll,rﬂ)) + (11(1 - )\](21’1)) <
A’gig)A(b,maN_l - )\’(?2)%(1 = Nioma)) T ai(1 — A’g;Q)),

k k k
Ale2) Mi2r2) 80 + A9yl (1= Aty ny)) + @il = AiZy)) <
k k k
)‘(z‘l,l))‘(ll,m)aNfl + )‘(2‘1,1)0’11(1 — )\(117,{1)) + ai(l — )\(21’1))
Using the fact that F satisfies (3.3), we have ly,ly > i or l1,ls < i. One can finish
the proof by some obvious algebraic manipulations. O
Proof of Lemma 3.2. Let 0 < &; < A(; 1) and suppose that &; < A(;2) for every
i € N. Let i',j € ¥ such that iy # j, and m (i) = m(j'). Divide iy and j,
into blocks such that i; = (béO - b%o) and j = (b(]‘)o e b%o). By definition, a block
consists of such pairs which share the same first component. If u is the common

first element in the case of the block béo and v for b%o then applying (3.3) we obtain
that u = v. That is the first elements of all of the pairs that are contained either

in b%o or in b(]‘)O are the same. First let us assume that both of i3 and j, begin with
(7,2). Then by the definition ‘of Uy, (see (3.16)), b(%o, b%o contain only (7,2). Since S
satisfies (3.3) we have that |b’| = \b%°| = n. This implies that

As A Ao A sr
0= mp(i) = (i) = Ny (mRG) = 7))
where the first element of i is (bilO . b%o) € X and the first element of j™ is

(b%o e b%o) € Y. Since A(;9) > &;, without loss of generality we can assume that

iy = (4,1) and b%o contains only (i,2) for an i € N. Let us write i, j for the elements
of & = (ZU J)N that correspond to i’,j’ respectively. Then W%(i,) = ) 4(i) and
Ass .
T (0) = Taa()- _
If j:t(i72)i(k(i)) > f;,2)J (k) then by (3.3), my4(i) # 7 4(j) therefore without loss of

generality we assume that ﬁ(@g)i(k’(i)) < #(i,2§(K}). Then

. . il N y
maa() — maa(@) = A2 (12 0(0) — a0 () -
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where
fi,1)i(kd) 85,2306 —t(s,2) i (k)
i = ((i,1) (0,100 ) and j* = ( (5,2)-+(,2) bth--).
Since A(; 2) > €; > 0 it is enough to prove that
fQ) =0 = [[gradf(Q)[| >0, (3.20)
where f(A) = myo(i*) — Ty 4(j*). Let m = min Q" then by (3.11) we have
0 df ), d.]ig* k
fRO=d. 1+ > d_g*)‘(i,Q) -y d_g*)‘(i,Z) =
ke@i"\{0} ! ke@i® !
k
dj A Ai2) \kems
(4,2)

i \k
> Mo 2 BV
keQi*\{0} ! reqit (1 7(02)

di. | 1+
Now we give upper bound for the absolute value of the coefficients. It is easy to

see by Lemma 3.1 and Sublemma 3.3 that
for every k € Q1'\ {0}

dk,
db < /\maxai
i \m
dE AT 2
3* 7 (1,2) o
T | == and
dk N\ 2 -
* (4,2 i
71;9*)\&1- 2; < Amaxz-  forevery k € QI \{m}.
a?
-+ and the
2
LIf

Therefore absolute value of the coefficient of /\(@2) is at most Apmaxy +
for k > 2 is at most A\paxo; + )‘maXa_:

absolute value of the coefficient of )\](“Z. 2)

F(A) = 0 then
k \ym
of 0 i h dj- A ) k-
O\ (A) = d;- Z di)‘(i,Q) - Z O N\ (k —m + 1))\(i,27)n
(172) kte*\{O} i* ker* i* (7’72)
dk 2
3*7(02) \k—m+1
B kEZQ:J (m=1) d?* /\(Zﬂ) 7

L the following

€y i
1+\/>\maxai (1+%

and by Lemma 2.4 we obtain that for A(; o) €

dE AT
T (DA < 0, (3:21)

di g
Wi~ 2 dixAi.2)

inequality holds:

PO
keQi"\{o} ! keQi”
On the other hand, (3.15) yields that for suitable @', j* we have
e )
m A (f”(ai) - ai)
dj* _ Y J ‘

)\](?1) (fg"(ai) - ai)

&0,
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Let ig and jj be the first element of the first component of #’, j'. Then by (3.3),

m

d *
I- > 0. Therefore by Lemma 3.1 we have

i(, Jo > 1 or i), ji < @ which implies that

d?,
for )\(i,Q) < m that
dk )\m—Q am dk
3702 yk—ma1 _ J* ym—1 k—m
> (m— 1)7& Mg = (m— )dO Mg [1+ > d—/\(Z =
keQi” ! keQi*\{m} I
dm
(m — )df) Aoy ( Z/\maxaz 22) >0. (3.22)
Observe that L holds for every 0 < ¢; < 1. Using this

<
1+ )‘maxai(l—f—:—Z) 1+>‘maxai

(3.21) and (3.22) we have

which was to be proved. ]

Proposition 3.4. For every k > 2, the IFS Vy, satisfies the transversality condition
on

2
Ay €T; = ,min < Ag 1), — 3.23
Xy € T (€) i];\[/(é { 6T ﬁ)(a%mm} £) (3.23)
where & > 0 is arbitrary small and

max {anN_1 — a;,a; — a
;= {ay i i — o} forieN.

min { fi+1 (ao) — ai,a; — fi—1 (an—1)}

Proof. Let
1

1+ \//\maxai (1+ )
We can extend g; onto [0,00) as g;(0) = 0, which is a fixed point of g;. It is easy to
see by simple calculations that g; is strictly monotone increasing and has a unique
positive fixed point &}

Hence, we can cover the rectangle ], (0, min {/\ (i,1)> }) by countable many

rectangles in the type R, see (3.19).
It follows from Lemma 3.2 that for every k > 2 and i,j’ € 3, with iy # j the

gi(z) =

function W%(i/) - W%(j/) satisfies (2.3) on the rectangle [T;c (0, min {X; 1)} }).
Now we are going to prove that

2 *
VIt D12~ (324

To verify this, observe that
2
V(02 Amas + 2% + 40 Amax — 1) + 0 A + 2

If the second term under the square root is non-positive, that is if a;Apax < 1 then
clearly (3.24) holds. Otherwise, c;Amax > 1. Then «; > 1. A simple calculation
yields: 4(ajAmax — 1) < (0 Amax +2)? which follows that (3.24) holds. To complete

*
HES
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the proof we apply Lemma 2.3 for the rectangle on the right hand side of (3.23)
with £ = 0. O

3.3. Hausdorff dimension. Before we prove the theorems we have to introduce
a sequence of functions. For every k > 2 we introduce the function hy ,(s) which
is defined as the sum of the s-power of the contraction ratios of the IFS W;. That
is

a9 = 3 +z(m) S N 629

ieN ieN §=0,j#i

Let s;(A) be the unique solution of hy 1 (s) = 1. Therefore dimpy A% < min {1, s;(A)},

where A% is the attractor of Wy.
Since the sequence si(A) is monotone increasing and bounded, it is convergent.
It is easy to see by some algebraic manipulation that the limit of sx(A) is the unique

solution of
N-1
Z)\ +Z)\(22 ( ’Ll))zl'
i=0

ieEN

This equation corresponds to (1.4).
Moreover, we need to introduce a sequence of subsets of %*. Let

Ci=Z={(0,1),....,(N-1,1)} (3.26)
and by induction let

N—
Ch1 = U U pipulJ U {623 (3.27)
IO TN oG

Then we can look at the elements of Cj either as certain sequences of length &k of
symbols from Z U J or juxtapositions of at most &k elements of Uj.

Lemma 3.5. Let 5i(\) be the unique solution of

DX =

1€Cy,
and let s(A\) = supy, Sk(A) then
dimpg Ay o < min {1,5(})}.

Moreover
H P (Aya) < (an-1 —ag)™™

Note that 5,(A) is bounded since C; C (ZU J)F.
Proof. Using that for every i € N

f(i,l) ° f(i,Z) = f(i,Z) ° f(i,l)a
and 0 < A 2) < A1) < 1 we have that the set of closed intervals

{fé([aOv aN—l])}g‘eCk



IFS WITH NON-DISTINCT FIXED POINTS 13

gives a cover of Ay, with diameter at most A« Then
(A = ~
AAa Z ‘fz ([ao, an—1]) | &) (an—1 — ao)s@) Z fi’(o)s(ﬁ) <
1€Ck 1€Cy
(aN—l - aO Z f sk()\ aN 1— ao) (A)
1€Cy

1

This proves the upper bound of the dimension and the measure claim of the Lemma.
O

Proof of Theorem 1.1. Let & > 0. By the definition of C; we have that for every
k>1

k
¢ cJuy. (3.28)

=1
As it was mentioned above, every i € Cr can be decomposed as a juxtaposition
it =j,-J,, where each j is in Uy and 1 < r < k. By using this fact and

Propos1t10n 3.4 we have that the system \Ilk = { fi }Z cc, satisfies transversality on
Tn(€). By Theorem 2.2 we have i

dimgy Ak = min {1,355 (A)} for L-a.e. Ay € Ty (E), (3.29)
~ _
where A} denotes the attractor of { fi }z e, Using (3.28)
dimpg K% < dimpg A%.

Moreover by Proposition 3.4 and Theorem 2.2 we have

dimy A% =min {1, sg(A)} for L-a.e. Ay € Tn(§).
Since INX%, A% C Ay 4 for every k > 2 by Lemma 3.5 we have

min {1, 5(A)} <min{1,s,(A\)} < min{1,5())}.
Since sk(A) is strictly monotone increasing limg o Sk(A) = supy, sp(A). This im-
plies that min {1, s(A)} = min {1, 5()\)}, moreover

dimpg Ay o = min {1,s(})}.

To complete the proof of the last assertion of Theorem 1.1 first observe that
whenever s(A) > 1 then there exists a k > 2 such that si(A) > 1. Therefore,
by Theorem 2.2 and Proposition 3.4, E(AA&) > L (A%) > 0 for a.e. A, €
Tn(€) N{Ag : s(A) > 1}. Since £ was arbitrary, this completes the proof. O
3.4. Example. To visualize the behavior of the vector of contracting ratios we

consider an easy example, where the functions of F are uniformly distributed with
uniform contracting ratio, that is

F={fil) = ha +i1 =N}
where 0 < A < % Let us add to the system the following N functions:

G = {g:(x) = yaw +i(1 — )} 5L
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Yo:Y4 Y173 Y2
P .

1+V2)(1e3+2)

0.2

01

A A
0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20

F1GURE 3. Transversality region for N =5 fixed points

Note that the fixed point of both f; and g; is i, ¢ =0,..., N — 1. It is easy to see
that for every i =1,..., N — 2
max {N —1—14,i} N -1

d = = —
min{l — (i + DM\ L— (N — A} 00T aN=1= 570

QO = AN-1—§ =

where «; is as in Theorem 1.1. To satisfy the assumptions of Theorem 1.1 it is
enough to require that

. 2
0 < < min {)\, V2 (A1 2) } (3.30)

holds for + = 0,..., N — 1. For example, when N = 5 then we can choose ; from
the appropriate shaded region of Figure 3. In general, first we observe that
N —2

o; < aq ZaN—2=m,

holds for every i = 0,..., N —1. So by (3.30) the assumptions of Theorem 1.1 hold

if we assume that

2
(1+V2) <(%)2A+2)

We know that 0 < A must be smaller than 1/N. By (3.31) we obtain that whenever
A < 0.4764/N holds then the assumptions of Theorem 1.1 are satisfied for v; < A.

0 <7y <ming A,

, 0<i<N-1. (3.31)

4. HAUSDORFF MEASURE

To prove Theorem 1.2 we use the method of Bandt and Graf [1] in the line as it
was used by Peres, Simon and Solomyak, [7] with some modifications.

Without loss of generality we may assume that s(A) < 1. (Otherwise H*(A) =0
holds obviously.) Let us denote the local inverse of the left-shift operator o on
YX=(ZuJg W by a(_i’lﬁ). More precisely, for every i € X let cr&}mi = (i,k)i. Denote
o= a(;.l o---o0 ! for an 7 € ¥*. Let

0,K0) (in,kn)

s-U U {=}

k=04e(ZuJ)*
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which is the subset of ¥ such that every i € S contains only finitely many symbols

of Z. Then R R
ALQ - WA,Q (Z) UWA@ (Z\Z) .
Let
00 N-1
1=04e g i€EN j=0,5#1
Cf. to (3.16) the definition of Uj,.

Lemma 4.1.

T a (Z\i) C g (Z/lé\]o) :

Proof. For every i € E\i there are at most two possibilities, it contains finitely or
infinitely many blocks. If i contains an infinite length block (which is equivalent to
i contains finitely many blocks) then we can change in the last block every element
to a suitable ¢ € Z without change the image by the natural projection.

The fact f(; 1) 0 fu2) = fi2) © fi,1) completes the proof. U

Since Hausdorff dimension of 7y , (i) is equal to the Hausdorff dimension of

the attractor of G, which is the unique solution of ) .\, /\fl. 5 = 1, we have

HV(Ay,) = HW (WM (uﬁ)) . (4.1)

We say that 7 and j elements of U% (the set of finite length symbols of Us,) are
incomparable if there are no 7j € ¥% such that i = 577 or j = i7 holds.
We define an outer measure. Let

p(K) = inf{z |Uk|* : open, K € [ J Uk}.
kel kel

Lemma 4.2. For measurable K C ), (UY), H N (K) coincides with the outer
measure (1Y (K). Moreover,

(1 (0 (42)) ., (s (02))) =0

Jor every i,j € Uy, such that i and j are incomparable.
The proof of this Lemma coincides with the proof of [1, Proposition 3].
Proof of Theorem 1.2. Without loss of generality we can assume that for every

. . log A¢; 2)
1 € N the quotient g A

Let 1 = (i, 1) L (’i, 1)(], ﬁl) and l = (’i, 2) S (i, 2)(], fig) such that ﬁ(i,l) (1) =k,
fi,2)(j) = k2 and j # 4. Then

f_1 o f ( ) )\](2272) 4 (1 )\](22,2)) < (1 1 ) n a; )
; (1) = —x - a;(1— :
L X Nin/ N7 Aan” Aew

Therefore for every § > 0 there exists i, j € UZ, incomparable words such that

sup {‘x — f{l o fl(m)‘} < 0. (4.2)

r€[a(o,1),0(n-1,1)]

is irrational. Otherwise dimgy Ay, < s(A) trivially.




16 BALAZS BARANY

Indirectly, let us suppose that H*®) (Arq) > 0 and let € € (1, %) Since Ay 4 is

compact, there exists Uy, ..., U; finite cover of Ay , such that
l

> IGEY < e D (M) = €D (mya (UEL,)) (4.3)

m=1
by (4.1). Let

l l
(5:inf{\a—x\ ta €Ny g, ¢ U Um} Sinf{|a—x\ 10 E Ty, (Z/{i) o U Un
m=1 m=1
(4.4)

Let 7,7 € U3, such that

sup {‘x - f{l o fl(x)‘} <9

x€lag,an—1]

A2
and )\1(512) > 2 — £. Therefore by (4.4) we have
(4,1)

7t 8 (maa (W) € U Un

m=1

5 (raa () U (raa () € 5 (U o).

So, we have by Lemma 4.2 that

2450 (fi (WM (uoo>)) + AR (fJ <7T)\a (Uéi))) =
75 (fg (Q,g (Ui)) Ut (”M (uﬁo»)

and

which is less than or equal to

l
S = S < e ()

In the last inequality we have used (4.3) and (4.1).
However, by the definition of Hausdorff measure,

8 (1 m (2))) 0% (1 (. () -
NEVHD (myg (U)) + AV HD (maa (U2))
Since we assumed that #5?) (Aé,g) > 0 and by Lemma 3.5 #*() (Aé,g) is finite,
by (4.1) we have 2 — £ < £ — 1 which is a contradiction. O
5. APPLICATIONS FOR HIGHER DIMENSIONAL SELF-AFFINE SETS

In this section we are going to show an application of the results for two dimen-
sional, diagonally self-affine iterated function systems.
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FIGURE 4. Diagonally self-affine fractals with fixed point correspondence

5.1. Overlapping self-affine sets. Let M ={0,...,N —1}and N C{0,...,n —1}.
Define the following diagonal matrices

A ( Niy 0 > for i € M
A= ’ 2 or 1

AL 0
A :< (i,2) ) for i € N.

and
A 2
= (1,2) 0 )‘(i,2)
Let us suppose that
0 < AGy S Apyy < 1forieM

5.1
0< )‘%m) < )‘%Lg) < )‘%Ll) <lforieN. (5-1)

Let a; € R? vectors for i € M such that the IFS {/\%Z l)ar—i-a}(l - /\b 1))}‘ “
’ ’ S

satisfies the strong separation condition. Let

G = {f(i,l)@) =dpzt (-2 (ivl))gi}ie/\/l 52

and

Go={fun(@) =2 o+ L~ (5.3)

1>~

(z:2>)@i}ie/v ’
see Figure 4.
Theorem 5.1. Let Gy and Gy as in (5.2) and (5.3). Let us assume that (5.1)
holds. Moreover the IFS {hz(x) = )\%i HT + at(l— )\%i 1))}' ™ satisfies

’ ’ 1€

hi_l(aN) < hi(ao). (5.4)
If G1 U G4 satisfies

n—1

DA T Ay~ D MMy <1 (5.5)

i=0 ieEN ieN



18 BALAZS BARANY

then
2

(V24 D)@ +2) |
(5.6)

dimpg A = s Lebesgue-a.e. 0 < )‘%i,Q) < min )\%Z-’l)

where A denotes the attractor of G1 U Ga, AL, = max;c {)\Zl} and

max {ay_; —aj,af —ag}
min {hi+1(aé) — azl, azl - hi—l(a}vfl)}

and s is the unique solution of

S () ) E )

1=
Proof. First, we prove the upper bound. Let C; as in (3.26) and (3.27). Let
fei,1)i f(i,2)1
i = [Liem ()\%Z 1)> oy [Licy ()\%Z 2)> “ for every finite length word 7 of symbols
from ZU J. Using (5.1) and the fact that i € N, f;1) 0 fi2) = fu2) © fi1), it is
easy to see that the attractor A can be covered by cubes with side length r;, 7 € X*.
The proof of the claim that
dimg A <s

can be carried out in the same way as it was done in the proof of Lemma 3.5.
Further, it immediately follows from (5.5) that s < 1.

Denote proj, the projection onto the x axis. Then dimpg proj, A < dimHA
However, by using Theorem 1.1 we have dimp proj, A = s for Lebesgue-a.e. )\(Z 9 €

(0, min {/\( 1)

(\/‘4_1)(0(2%“ )}) This completes the proof. 0
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