DIMENSION OF SELF-AFFINE SETS FOR FIXED TRANSLATION
VECTORS
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ABSTRACT. An affine iterated function system is a finite collection of affine invertible contractions
and the invariant set associated to the mappings is called self-affine. In 1988, Falconer proved
that, for given matrices, the Hausdorff dimension of the self-affine set is the affinity dimension for
Lebesgue almost every translation vectors. Similar statement was proven by Jordan, Pollicott, and
Simon in 2007 for the dimension of self-affine measures. In this article, we have an orthogonal
approach. We introduce a class of self-affine systems in which, given translation vectors, we get the
same results for Lebesgue almost all matrices.

1. INTRODUCTION

For a non-singular d x d matrix A € GL4(R) and a translation vector v € R?, let us denote the
affine map = — Az +v by f = f(A,v). Let A = (Ay,...,An) € GLg(R)" be a tuple of contractive
non-singular d x d matrices and let v = (v1,...,vy) € (RY)Y be a tuple of translation vectors. Here
and throughout we assume that N > 2 is an integer. The tuple ®a v = (fi,..., fn) obtained from
the affine mappings f; = f(A;, v;) is called the affine iterated function system (IFS). Hutchinson
[15] showed that for each ® 4 v there exists a unique non-empty compact set £ = Ea y such that

N
E=] fi(B).
=1

The set E'a v associated to an affine IFS @4  is called self-affine. In the special case where each of
the linear maps A; is a scalar multiple of an isometry, we call ®4 , a similitude iterated function
system and the set Fa  self-similar.

The dimension theory of self-similar sets satisfying a sufficient separation condition was completely
resolved by Hutchinson [15]. Without separation, i.e. when the images f;(E) and f;(E) can have
severe overlapping, the problem is more difficult. The most recent progress in this direction is by
Hochman [13, 14]. Among other things, he managed to calculate the Hausdorff dimension of a
self-similar set on the real line under very mild assumptions. The dimension theory of self-affine sets
and measures is far from being fully understood. Hence, while working on the topic, it is common
to focus on specific subclasses of self-affine sets, for which more methods are available, even though
recently the general case is becoming more accessible as well; see [2, 3, 8]. One very popular subclass
being studied is that of self-affine carpets. In this class the structure of self-affine set has been made
more tractable by imposing special relations between the affine maps. For recent results in this
direction, see [11, 12, 21]. Another standard subclass of self-affine sets being considered is introduced
by Falconer [6]. He proved that for a fixed matrix tuple A = (A1, ..., Ay) € GLq(R)”, in which
the operator norms || A4;|| are strictly less than 1/2, the Hausdorff dimension of the self-affine set
EA v, dimy(E4 v), is the affinity dimension of A, dim,g(A), for LN _almost all v € (Rd)N. Here
£ is the d-dimensional Lebesgue measure and the affinity dimension is a number depending only

Date: November 27, 2016.
2010 Mathematics Subject Classification. Primary 37C45; Secondary 28A80.
Key words and phrases. Self-affine set, self-affine measure, Hausdorff dimension.
BB acknowledges the support from the grant OTKA K104745 and the Janos Bolyai Research Scholarship of the
Hungarian Academy of Sciences, and HK from EPSRC EP/L001462 and Osk. Huttunen foundation.
1



2 BALAZS BARANY, ANTTI KAENMAKI, AND HENNA KOIVUSALO

A\

FicURE 1. The picture illustrates three example cases where some other covering is
more optimal than the one obtained from (1.1). From left to right: ellipses have
severe overlapping, the ellipsis does not contain E all the way, and ellipses are badly
aligned.

on A defined below. A similar result also holds for self-affine measures, due to Jordan, Pollicott
and Simon [16].
Let us next give an intuitive explanation for Falconer’s result. It is easy to see that

E=() U fir o0 f;,(B(0, R)), (1.1)

n=1liy,...in€{1,..,N}

where B(0, R) is the closed ball centered at the origin with radius R = max;eqy,. w3 [vil /(1 —
max;e(y,... N} | Ail]) > 0. Since we are interested in the dimension of E' we may, by rescaling if
necessary, assume that R = 1. We immediately see from (1.1) that for each fixed n the sets
fiyo---0o fi, (B(0,1)) form a cover for the self-affine set. For any A € GL4(R), let 1 > a1(A4) >
-+ > ag(A) > 0 be the lengths of the principal semiaxes of the ellipse A(B(0,1)). Observe that
fiyo---0fi (B(0,1)) is a translated copy of A4;, --- A;,, (B(0,1)). To find the Hausdorff dimension of
FE, it is necessary to find optimal covers for E. Natural candidates for such covers come immediately
from (1.1). In R?, we need approximately aq(A;, --- A, )/aa(A;, -+ A;)) many balls of radius
ag(A; -+ A;,) to cover f;y o---0o f; (B(0,R)). By the definition of the s-dimensional Hausdorff
measure H?, it follows that

H(E) < lim >

Oél(Ail...AZ ) S
n—00 i1,0in €{1,...,N'} OCQ(A“ e A)

= lim E Oél(Ail
n— 00
i17"'7in6{17"'7N}

3

in)aa(Ag - A )L

in

The singular value pressure Pa of A in this case is

PA(S) = nh—{go % log Z al(Ail e Ain)ag(Ail cee Ain)s_l.
i1yeeyin€{1,...,N}

For the complete definition, see (2.3). The function s — Pa(s) is strictly decreasing and it has
a unique zero. If Pa(s) < 0, then the sum above is strictly less than one for all large enough
n. Therefore, defining dim,g(A) to be the minimum of 2 and s for which Pa(s) = 0, we have
dimg(Eav) < dimug(A) for all v € (R?)Y. The question then becomes, when are the covers
obtained in this way optimal. It is easy to find situations in which some other cover is more efficient;
see Figure 1. Intuitively, since the role of the translation vector is to determine the placement of
the ellipses, Falconer’s result asserts that one never encounters these situations with a random
choice of translation vectors.

Our approach is opposite to that of Falconer’s. We fix the tuple of translation vectors and study
what can be said about the dimension for different choices of matrix tuples. We remark that the
first result in this direction is given by Bérédny and Rams [4]. Their proof relies on the dimension of
the Furstenberg measure and on the exceptional sets of the dimension of orthogonal projections. In
the same vein as with the intuitive explanation of Falconer’s result, one expects that, keeping the
centers of the ellipses fixed, a small random change in the shape of the ellipses guarantees that the
covers obtained from (1.1) are optimal. Indeed, in the main results of the paper, Theorems A and B,
we fix the tuple of distinct translation vectors v € (RY)", and show that dimpy(Ea v) = dimag(A)
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for £4N_almost all A in a large open set of matrix tuples. An interesting feature of our results
is that the planar case is different from the higher dimensional case. The planar case is stated in
Theorem A and the higher dimensional case in Theorem B. This reflects the fact that the proofs in
these cases have major differencies; see Remark 2.1.

The remainder of the paper is organized as follows. In §2, we give a detailed explanation of the
setting and state our main results. We explore in §3 how the Hausdorff dimension of an ergodic
measure satisfying the Ledrappier-Young formula can be calculated under a modified self-affine
transversality condition. In §4, we prove an analogous result for self-affine sets. Finally, the proof
of Theorem A is given in §5 and Theorem B is proved in §6.

2. PRELIMINARIES AND STATEMENTS OF MAIN RESULTS

Let ¥ be the set of one-sided words of symbols {1,..., N} with infinite length, i.e. ¥ =
{1,...,N }N . Let us denote the left-shift operator on 3 by o. Let the set of words with finite length
be ¥, = U, 2o {1,..., N}" with the convention that the only word of length 0 is the empty word @.
The set ¥, = {1,..., N}" is the collection of words of length n. Denote the length of i € ¥ UX, by
|i|, and for finite or infinite words i and j, let i A j be their common beginning. The concatenation
of two words i and j is denoted by ij. We define the cylinder sets of X in the usual way, that is, by
setting

i|={jeX:inj=i}={ijjeX:jeX}
for all i € ¥,. For a word i = (i1,...,4,) with finite length let f; be the composition f;; o---o f;,
and A; be the product A4;, --- 4, . Forie€ X UX, and n < [i|, let i|,, be the first n symbols of i.
Let ijp = @, Az be the identity matrix, and fz be the identity function. Finally, we define the
natural projection m = A v: X — Ea v by setting

m(i) =Y Ay, v, (2.1)
k=1

for all i € ¥. Note that £ = [J;cy, m(i).

Denote by «;(A) the i-th largest (counting with multiplicity) singular value of a matrix A €
GL4(R), i.e. the positive square root of the i-th eigenvalue of AA”, where AT is the transpose
of A. We note that a;(A) is the usual operator norm ||A|| induced by the Euclidean norm on
R? and ag4(A) is the mininorm m(A) = [|A7!||~!. We say that A is contractive if ||A| < 1.
For a given tuple A = (A1,...,Ay) € GLg(R)Y we also set ||A]| = max;eq;,  ny [|Aill and
m(A) = min;eg; vy m(4;). Following Falconer [6], we define the singular value function ¢° of a
matrix A by setting

5(4) = { A ) (Aapg (A, ifo<s<d,
| det AJ5/4, if s > d.
The singular value function satisfies
¢*(AB) < ¢*(A)¢*(B)
for all A, B € GL4(R). Moreover, if (Ay,...,Ay) € GLg(R)Y, then

o (A)m(A)T < o (A)) < o*(4y) 1A (2.2)
forallie X, and s,6 > 0.
For a tuple A = (Aj,..., Ay) € GLg(R)" of contractive non-singular d x d matrices the function
Pa: [0,00) — R defined by
Pa(s) = lim 1 log > et (4) (2.3)
iex,

is called the singular value pressure. It is well-defined, continuous, strictly decreasing on [0, c0),
and convex between any two integers. Moreover, Pa (0) = log N and limgs_,o Pa(s) = —o0. Let us
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denote by dim,g A the minimum of d and the unique root of the singular value pressure function
and call it the affinity dimension.

If 1 is a Radon measure on RY, then the upper and lower local dimensions of y at x are defined
by

dim log u(B log ju( B
dimyee (p, ) = lim sup log pu(B(@,1)) and  dimy,.(y, 2) = lim inf log u(B(z,7))
rl0 log r 710 logr
respectively. The measure p is exact-dimensional if

essinfy., dimy, . (p, ) = esssup,,., dimioe (1, ).

In this case, the common value is denoted by dim u. The above quantities are naturally linked to
set dimensions. For example, the lower Hausdorff dimension of the measure y is

dimy p = essinf,, dimy, (p, ) = inf{dimp A : A is a Borel set with p(A) > 0}.

Here dimy A is the Hausdorff dimension of the set A. For more detailed information, the reader is
referred to [7].

Fix a probability vector p = (p1,...,pn) € (0,1)"V and denote the product p;, - - - p;, by p; for
all finite words i = (i1,...,4,). Let vp be the corresponding Bernoulli measure on . It is uniquely
defined by setting vy ([i]) = p; for all i € ¥,. It is easy to see that vy, is o-invariant and ergodic.
We say that v on ¥ is a step-n Bernoulli measure if it is a Bernoulli measure on (3,,)Y for some
probability vector from (0,1)V". Furthermore, we say that a measure v on ¥ is quasi-Bernoulli if
there is a constant C' > 1 such that

C (v (i) < v(li) < Cv(i)v((i)

for all i,j € X,. The entropy of a o-invariant measure v on ¥ is

hy == lim £ > u([i]) log v([i]). (2.4)

n—00
ieX,

Note that the entropy of a Bernoulli measure v, is given by hp = — Zf\il pi log p;.

If vp is a Bernoulli measure and @4 , is an affine iterated function system, then the push-down
measure fia yp = TAvVp = Up 0 (Tay) © is called self-affine. It is well known that the self-affine
measure i = [LA v,p Satisfies

N
p=">Y pifip.
i=1

We say that A € GLq(R)" satisfies the totally dominated splitting condition if there exist constants

C >1and 0 <7 <1 such that for every i € {1,...,d — 1} either
@i+1(Ai) il

— < C 2.5

aildy) =T (2.5)

for every i € X, or
i1 (A)
Oéi(Ai)
for every i € ¥,. By Bochi and Gourmelon [5, Theorem B], the set
D ={A € GLy(R)" : (2.5) holds for every i € {1,...,d}}. (2.6)

is an open subset of GLg(R)".
If v is an ergodic measure on X, then, by Oseledets’ theorem, there exist constants 0 < x1(A,v) <
-+ < xa(A,v) < oo such that

Xi(A,v) =— li_>m Llog o (Ai, -+ Ai) (2.7)

>0t
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for v-almost every i € ¥. The numbers x;(A, ) are called the Lyapunov exponents of A with
respect to v. The Lyapunov exponents of A with respect to a Bernoulli measure v, are denoted by
Xi(A, p). Furthermore, let us define the Lyapunov dimension of v by

{k n hy — Z?:l Xj(Av V),d}.

Xk+1(A,v)
The Lyapunov dimension of the projected measure v on E4 v is defined by setting dimy, 7 = dimy, v.
Kéenmiki [17, Theorems 2.6 and 4.1] proved the existence of ergodic equilibrium states. If
s = dimug A < d, then an ergodic s-equilibrium state u of A on ¥ is defined by the equality
s

hp=—1m 2 > u(fi]) logp®(Ai) = > x;(A, 1) + (s — |s])x7s1 (A, ). (2.8)
ies, j=1

dimp, v = min
ke{0,...,d}

Here the second equality follows from Kingman’s ergodic theorem. It is easy to see that such an
s-equilibrium state is a measure of maximal Lyapunov dimension.

Barany and Kéenméki recently proved in [3, Theorem 2.3] that the self-affine measure pia v p
is exact-dimensional regardless of the choices of A, v, and p provided that all the corresponding
Lyapunov exponents are distinct. Furthermore, they showed that if A satisfies the totally dominated
splitting condition, then the image of any quasi-Bernoulli measure under 74 v is exact-dimensional
regardless of the choice of v; see [3, Theorem 2.6].

Let us next state the main results of the article. Let £% be the d-dimensional Lebesgue measure
and dimy; be the upper Minkowski dimension. We define ||v|| = max;cq1 . ny |vi| and recall that
[A[l = maxjeqr, . Ny [|Adl]-

Theorem A. Suppose that v = (v1,...,vn) € (R%)Y is such that v; # v; fori# j and

LA+ [[ A1 vl <\/§}_

Ay = {A € GLy(R)Y : 0 < max (2.9)

i#i |-l 1A 2
Then L
dimyg Fp v = dimy Ea v = dimag A

for L*N -almost all A € Ay. Moreover, for every probability vector p € (0,1)V the corresponding
self-affine measure 1 = A vp Satisfies

. . . hp hp — X1 (Av p)
= = 1
dim i = dimy, p mm{Xl(Aap), * X2(A>p)

for L*N -almost all A € Ay.
Note that matrix tuples in A, are contractive. In higher dimensions, our result is the following.
Theorem B. Suppose that d € N is such that d >3, v = (vy,...,vx) € (RN is such that v; # N
fori+#j, and
A; A; 2
A;:{AEGL@Z(R)NIO<H1&X [Adll + 114, : vl <—1}.
X vl 1-TA] < V3

Then for every probability vector p € (0,1)N the corresponding self-affine measure p = HAv.p
satisfies

(2.10)

dim ¢ = dim = min
K LA ke{0,...,d}

for LEN _almost all A € A',. Moreover,

hy — 5% vi(A,
{k—f— P Zj_IX]( p),d}
Xk+1(A, P)

dimpy pa = dimyg Ea v = dimyg Eav = dimag A

for LN _glmost all A € Al "D, where D is as in (2.6) and pa is an ergodic s-equilibrium state of
A for s = dim,g A.
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FIGURE 2. The condition (2.9) requires that the images of the unit ball under f; are
separated away from each other as in the picture: if the ellipses are rotated around
their centers, they still stay inside a cone having an angle at most /2.

Remark 2.1. We emphasize that the methods used to prove Theorems A and B are significantly
different. At first, the higher dimensional exact dimensionality result (the Ledrappier-Young
formula to be more precise) of Bardny and Kédenmiki [3] requires the totally dominated splitting
condition, which is why we restrict our matrix tuples to the set D. Very recently, Feng [personal
communication] has informed the authors that the Ledrappier-Young formula holds also without
totally dominated splitting. By relying on this, one could improve Theorem B by replacing A, N D
by A.,. Secondly, the transversality argument used in the higher dimensional case is different from
the two-dimensional case. Curiously, the higher dimensional transversality argument requires the
dimension to be at least three, so it cannot be used in the two-dimensional case. This difference is
also the reason why we use different upper bounds in the definitions of A, and A’,. Currently we
do not know if the upper bound 2/v/3 — 1 used in (2.10) can be replaced by the upper bound v/2/2
used in (2.9). The sharpness of the methods used in our proofs is discussed in Remark 3.6.

Remark 2.2. Many of the recent works on dimensions of self-affine sets and measures (see e.g.
[3, 22, 24]) rely on properties of the Furstenberg measure (for definitions, see §3). However, Theorem
A covers situations that cannot be addressed by using this approach. Even though the condition
(2.9) is rather resctrictive (for example, we will see in Lemma 2.4 that it implies that the images f;(E)
are disjoint, i.e. ®4 , satisfies the strong separation condition) Theorem A introduces a checkable
condition for an affine iterated function system to satisfy the desired dimension result. This is in
contrast to, for example, [3, Corollaries 2.7 and 2.8] where the claim for the self-affine measure p in
Theorem A holds provided that the strong separation condition holds and the dimension of u does
not drop when projected to orthogonal complements of Furstenberg typical lines. The condition
(2.9) can be illustrated via Lemma 3.7 as in Figure 2.

We will next exhibit an open set of matrices that satisfy the assumptions of Theorem A, but do
not satisfy the projection condition of [3]. Consider an affine iterated function system consisting of
three mappings © — A;x + v;. Let the translation vectors v; be equidistributed on the unit circle,
that is, [v;| = 1 and |v; — v;| = /3 for all i # j. It is easy to see that if | 4;]| < v6/(4 +V6) =9
for all 4, then A € A,. Since n > 1/3 we find an open set of three matrices such that all elements
are strictly positive, the Furstenberg measure is supported on a Cantor set having dimension less
than 1/2, and the affinity dimension is between 1 and 3/2. Recalling [3, Corollary 2.9], we see that
this case does not satisfy the projection condition.

We record a small lemma showing that the equilibrium states in Theorem B are quasi-Bernoulli.

Lemma 2.3. For £&N _almost every A € A, N D the unique s-equilibrium state of A is quasi-
Bernoulli for s = dim,g(A).
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Proof. By [19, Propositions 3.4 and 3.6], for LEN _almost every A € GLd(]R)N , the s-equilibrium
state of A for s = dim,g A is unique and satisfies the following Gibbs property: there exists a
constant C' > 1 such that
C™e°(4s) < p(li]) < Cp®(4s)
for all i € ¥,. By [5, Theorem B] and [10, Lemma 2.1], for each A € D, there exists a constant
C’ > 0 such that
C'o*(A)p™(4)) < °(Ay)

for all i,j € X,. The statement of the lemma follows. O

In the next lemma, we note that the strong separation condition follows from the conditions
(2.9) and (2.10). Denote by O(d) the orthogonal group of matrices G € GLg4(R) with GTG = I.
For G € O(d), we denote the vector (Guy,...,Gvg) by G(v).

Lemma 2.4. Let v = (v1,...,on5) € (RN be such that v; # v; fori#j and A = (Ay,...,An) €
Ay UAL. The affine iterated function system DA q(v) satisfies the strong separation condition for
all G € O(d).

Proof. By definition, it is easy to see that

N < VI
|7TA,G(V)(1)| =1_ ||AH

for every i € ¥ and G € O(d). If i,j € ¥ are such that i|; # j|1, then, by either (2.9) or (2.10),
[macev) (1) = Tacw) G| = |Guiy = Gujy | = [AuTa g (0(1) — Ajima,cry (0())]

vl
1—[lA]]

This shows that the strong separation condition holds in both cases, proving the claim. O

> Jviy = vy | = ([ Ai | + 1 45.1) > 0.

3. MODIFIED SELF-AFFINE TRANSVERSALITY

This section is devoted to proving that for measures, which satisfy the Ledrappier-Young formula,
the dimension of the measure is equal to the Lyapunov dimension for almost every matrix tuple
whenever the modified self-affine transversality condition, defined below, holds.

Let us denote the Grassmannian of k-planes in R? by G(d, k). If V € G(d, k), then V* € G(d,d—k)
is the subspace orthogonal to V. For A € GL4(R) let ||A|V|| be the operator norm of A restricted
to V defined by ||A|V|| = sup,cy |Av|/|v| and m(A|V) the mininorm of A restricted to V' defined
by m(A|V) = inf,cy |Av|/|v].

Let v be an ergodic o-invariant measure on ¥ and let A = (Aj,...,Ay) € GLg(R)N. We

k

say that ,u?,’k is the (d, k)-Furstenberg-measure with respect to v and A if ;fé X v is an ergodic

T-invariant measure, where
T:G(d,k) x £ — G(d, k) x %,  (V,i) ~ (A;'V,0(i)),
and furthermore,
nl;ngo 1 logt’n(Al-_n1 . --A,;)l\V) = Xd—k+1(A, V) (3.1)
for u%" x v-almost all (Vi) € G(d, k) x 2.

Lemma 3.1. Let v be an ergodic measure on ¥ and let A = (Ay, ..., An) € GLa(R)N be a tuple

of contractive matrices. Assume that the (d,d — k)-Furstenberg measure ,u‘édfk with respect to v
and A exists for some k € {1,...,d —1}. Then

1s)
— lim 1 log¢®(projys Ay, ) =D x;(A,v) + (s — [s))xrs (A, v)
J=1

for all 0 < s < k and for ,u‘fp_k x v-almost all (V,i) € G(d,d — k) x X.
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Proof. Notice that if A € GL4(R) and £ < s < £+ 1, then ¢3(A) = ||AMN||F1=5]| ANEHD |57 and
©*(A) = p*(AT); for example, see [20, §3.4]. Thus, it is enough to show that

14
~ lim L VT projy )M = ,
Jim 7 log [|((Aj),)" projys)™|| E X (A, v)

and the corresponding limit for £ + 1 hold for u%h™" x v-almost all (V,i) € G(d,d — k) x X. It is
easy to see that (projy.)"* = proj,eyr and [|((4s),)") N projueyo || = 1((4z,,) ") A€ V||, Since
k > ¢+ 1, it suffices to show that

k
-l F1og (45, )MV = 3 Av0) (3.2
j=
for u % x v-almost all (V,i) € G(d,d — k) x . By the Oseledets’ decomposition, this implies that
the corresponding limit holds for all values in {1,...,k}.

We denote the Hodge star operator between /\k]Rd and A“"FR? by . Let {e1,...,eq} be the

standard orthonormal basis of R?. The operator # is the bijective linear map satisfying

®(eiy Ao ANegy) =sgnlin, ... da)eq,, A Ney

forall 1 < i < -+ < i < d, where 1 < i < -+ < ig < d are such that {igxi1,...,iq} =
{1,...,d}\ {i1,...,ix}, and sgn(iy,...,iq) = 1 if (i1,...,44) is an even permutation of {1,...,d}
and sgn(iy,...,iq) = —1 otherwise. Recall that the inner product on AFR? is defined by setting
(v,w) = *(v A *w) for all v,w € AFRY. Tt is straightforward to see that *(xv) = (—1)*@=*)y and
v Asw = (—=1)FE=F) A for all v,w € AFR? and hence, ||v]| = || *v|| for all v € AFR?. For a more
detailed treatment, the reader is referred e.g. to [20, §3.2].

Observe first that if A € GLg(R) and the vectors v,w € R? are perpendicular, then also the
vectors ATv, A= w € R are perpendicular. Let v1,...,v4_; be an orthonormal basis of V and
Vd—k+1,---,Vq be an orthonormal basis of V. Moreover, let g1, ..., gq_ and dis---, 95 be the
vectors obtained from the Gram-Schmidt orthogonalization of (A;), ) 'v1,..., (4, ) 'vs—r and
(Ai|n)Tvd,k+1, e (Ai|n)Tvd, respectively. This means that

g1 = (Ay,) "o,
g2 = (4),) o1 — er1g1,

9d—k = (Ai|n)_lvd—k — Cd—k191 — *** — Cd—k,d—k—19d—k—1
and
91 = (Ay,) Va1,
g5 = (Aip, ) Wa—rs2 — €110,
92 = (Ai|n)TUd - 02 191 — = Ck kflg;c—l

with appropriate choices of the constants ¢; ; and c . Hence,
(Aip,) s A A (Ailn)_lvdfk =g A AN Gk

and
and {g1,...,9d—k:91,---,9)} is an orthogonal basis of R?. Therefore,

0# (1A Aga—r) ANGL A Agp) = (g1 A Aga—i*(gy A Agp)er A+ Aea.
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Since any g, is perpendicular to any g;, we must have
*(g A Ag) =Coi A Agai,
for some constant C' > 0. Since
det(As, ) w1 A Avg = ((Ai)Tvr A A (As) Tvamr) A (Aip) T vamign A A (Ay,) va)

= <(Ai‘n)TU1 VANGEIWAN (Ai\n)TUd—ka *((Ai\n)TUd—k-&-l VANIERIVAY (Ai|n)TUd)>61 N+ Neg
= C((Ai|n)TU1 VANCERWAN (Ai|n)T'l}d,k, (Ai|n)_1’l)1 VANEEIIAN (Ai|n)_17}dfk>€1 N Neq
:C<1)1/\---/\Ud,k,vl/\---/\’Ud,k>61/\-~-/\€d
=Cer N+ Ney

)T

we have |C| = ]det(Ai‘n)T\. Therefore, by (3.1) and the Oseledets’ decomposition,

d
Z Xj(A,u) = lim %logn((Ai'n)—l)/\(d—k” /\d—k VH
j=k+1 nmreo

= Jlim o | (Ay,) " or Ao A (Ag, ) v

1 ((Ay) T va—rr Ao A (Ay,) T oa) |

= lim 7 log det(4y )T
d
= lim Jlog 1(Asp,) " 0arar A= A (Ag, ) Tvall + Y xi(A,v)
d "~
= lim Tlog [[((4y,) )™ A* V] + z; X (A, v)
iz

for p4* x v-almost every (V,i) € G(d,d — k) x . This completes the proof of the lemma. O

Let A € GLq(R)N be a tuple of contractive matrices and v = (vq,...,vx) € (RN, Let U be a
parameter space equipped with a measure m such that each v € U is a mapping u: RY — R%. We
will use this parametrised family of mappings to modify the self-affine iterated function system
A v by replacing it with ®4 ,(v), where u(v) = (u(v1),...,u(vy)). We say that the pair (U, m)
satisfies the modified self-affine transversality condition for A, if there exists a constant C' > 0 such
that for every proper subspace V of R? and ¢ > 0 it holds that

dim V
t
m({u €U : | projy A w+v)(1) — projy ma ww ()| < t}) < C min{l,,}
({ | projy 7 u(v) (i) v Tau) ()] <t}) g s Projy Ang)

for all i,j € ¥ with i # j. We note that if V' = R?, then this condition is the self-affine transversality
condition of Jordan, Pollicott and Simon [16].

Lemma 3.2. Let v € (RN and A = (Ay,...,Ay) € GLg(R)N be a tuple of contractive matrices.
If (U, m) satisfies the modified transversality condition for A, then there exists a constant C' > 0
such that

/ dm(u) < C
| prOjV(ﬂ-A,u(v) (1)) - projV(ﬂ-A,u(v) (J))‘S PP (prOjV Ai/\j)

for every proper subspace V' of R and for all 0 < s < dim V.
Proof. The proof is a slight modification of the proof of [16, Lemma 4.5] and hence omitted. [

We will use the above lemma in the proof of the following proposition which is a key observation
related to the modified self-affine transversality condition.
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Proposition 3.3. Let v € (RH)N, A = (A;,..., Ay) € GLg(R)N be a tuple of contractive matrices,

and v be an ergodic measure on ¥.. Assume that the (d,d — k)-Furstenberg measure ,u%d R with

respect to v and A exists for all k € {1,...,d — 1}. If (U, m) satisfies the modified self-affine
transversality condition for A, then

dimy projy L TA u(v)¥ = min{k, dimg, v}
for u%d_k—almost alV e G(d,d—k), for all k € {1,...,d — 1}, and for m-almost all u € U.
Proof. To simplify notation, we denote x;(A,v) by x; and 7a y(v) by mu. Let s < min{dimy, v, k}.
By standard methods, it suffices to show that for v-almost every i € ¥ it holds that

/|pr0t]VL (1) — projyo mu,(§)| 7 dv(j) < oo

for ujéldik—almost all V€ G(d,d — k) and m-almost all v € Y. For this to hold, it is enough
to prove that for every ¢ > 0 small enough there exist sets E; C ¥ with v(FE;) > 1 — ¢ and
Ey C G(d,d — k) x & with p%™% x v(Ey) > 1 — ¢ such that

/// W, () A(uE™™" x )|, (V. ) dm(u) _
pI"OJVJ— WU( ) — projyr mu(j)|®
Fix 0 < e < X7y (dimy, v — s)/2. By Egorov’s Theorem, Shannon-McMillan-Breiman Theorem,

and Lemma 3.1, there exist C' > 1, £} C ¥ with v(FEy) > 1 —¢, and Ey C G(d,d — k) x ¥ with
pE " x v(Ey) > 1 — ¢ such that

Clem ) < y([if,]) < Ce e,

O~ Lt +x (s +(s—Ls)xrs +¢) < ¢*(projy L Aj\n) < Cexat+xs)+(s—Ls))xrs1—¢)

for every i € Fy and (V,j) € E2. By Fubini’s Theorem and Lemma 3.2, we have

///durEl RSO AUS) dm ///dm u) dv|g, (1) (g™ x v)|g, (V)
|pI"OJVJ_ 7ru() projy 1 myu(j | projy o my (1) — projy o mu(j)|°
<C,// u‘}d * x V)|, (V) vl ()

prOJV Al/\_])

for some constant C’ > 0. By decomposing the space X x G(d, d — k) into {i} x G(d,d — k) and
Urlo{i: injl=n} x G(d,d — k), we get

// (g™ x )5, (V3) dv]s, ()

(projy Ainj)

< CC/Z/en(X1+--~+stJ+(s—LSJ)XM+s) (M%d*k X )|, (G(d, d — k) x [i,]) dv|g, (i)

= 00" enlbatetxis s+ S™ (R o) g (G(d, d — k) x K], ([K])
n=0 k|=n

< 2’ Z et +x s H(s=Ls)xrs+¢) g —n(hv —€) Z ('utjpd ¥ x V)|, (G(d, d — k) x [K])

n=0 |k|=n
< Oy bt X DX 4 )
n=0
Since sx (5] < X[ dimy, v — 2 = [s]x[5] + I — E]@l X;j — 2¢ we have finished the proof. O
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We say that an ergodic measure v on ¥ satisfies the Ledrappier-Young formula for a tuple
A = (A1,...,An) € GL4(R) of contractive matrices if

d—1
. Xk—i-l(A?l/)_Xk(AaV) hV_HAVI/
dim7p vV = v ANV
- kzl Xa(A,v) Xa(A, )

for all v € (RN and for pk x - - - x u%t-almost all (Vi,...,Vy_1) € G(d,1) x - - x G(d,d—1). Here
Ha v, denotes the conditional entropy defined in [3, §2]. We omit its definition since Ha v, = 0 in
our considerations; see [3, Corollary 2.8].

dim pI'OijJ_ TA vV +

Lemma 3.4. If a Bernoulli measure v on % has simple Lyapunov spectrum, then v satisfies the
Ledrappier- Young formula. Moreover, every ergodic quasi-Bernoulli measure v on 3 satisfies the
Ledrappier-Young formula for every tuple A € GLq(R)YN of contractive matrices satisfying the
totally dominated splitting condition.

Proof. The claims follow immediately from [3, Theorems 2.3 and 2.6]. O

The next theorem shows that, under the strong separation condition, the Ledrappier-Young
formula and the modified self-affine transversality condition together guarantee the desired dimension
formula.

Theorem 3.5. Let v € (RO)YN and v be an ergodic measure on ¥ satisfying the Ledrappier-Young
formula for a tuple A € GLg(R) of contractive matrices. Assume that (U, m) satisfies the modified
self-affine transversality condition for A. If ®a () satisfies the strong separation condition for all
u €U ordimpv <d-—1, then

dim mp vV = dimy, v

for m-almost all u € U.

Proof. By the Ledrappier-Young formula and Proposition 3.3, we have

d—1
: Xk-i-l(A? V) - Xk:(A7 V) . . hy — HA u(v),v
dimmp vV = dim projy, 1 A vV + ———————
A = 2 TR ProJv: Tau¥ + )
d—1
Xe+1(A V) — xk(A,v) . hy, — HA,u(V),V
= min{k, dimp, v} + ————
2 A e dime v+ = A )
Hp u(v),v
= dimy, v — . .
. Xd(A7 V)

for gk x -+ x p%t-almost every (Vi,...,Vy_1) € G(d,1) x --- x G(d,d — 1) and for m-almost
every u € U. If @4 () satisfies the strong separation condition, then [3, Corollary 2.8] implies
that Ha u(v),, = 0 and the claim follows. Furthermore, if dimy, 4 < d — 1, then, by choosing
a typical V € G(d,1) in the sense of Proposition 3.3, we have dimp, v = dim projy 1 ma 4v)V <
dim 7 oy (vyv = dimy, v — Hp yy(v)/Xa(A, V). Therefore Hp 4 (v), = 0 also in this case.

Remark 3.6. We indicate that some assumptions on the matrix norms in the statement of Theorem
A are necessary, at least for our approach of proof. As we will see in §5, the strategy of the
proof for Theorem A relies heavily on Theorem 3.5. In order to apply Theorem 3.5 on a planar
self-affine system, we only need to check that the strong separation condition and the modified
self-affine transversality condition hold, because by Lemma 3.4 the Ledrappier-Young formula holds
for Bernoulli measures of planar self-affine systems.

We consider the example of Przytycki and Urbarniski [23, Theorem 8]. They investigate an IF'S

(I)A,v with A = (Al,AQ), where
A0
A= (0 ’Y)
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such that A > 1/2 > v and A~! is a Pisot number, and v = {(0,0), (1 — A\, 1 —7)}. They prove
that in this case, for the equidistributed Bernoulli measure p, dimy 7y < dimy, p. Notice that here,
the strong separation condition holds for ® A , and by varying A and v we can break the condition
(2.9).

We will see in Lemma 5.2 below that for any system satisfying the condition (2.9) the modified
self-affine transversality condition does hold for O(d) equipped with the Haar measure (recall that
O(d) C GLy(R) denotes the orthogonal group). However, this is not the case here. For G € O(d),
the Furstenberg measure for the system ® 5 ¢(y) is the Dirac measure supported on V' = span{(0,1)}
and dimy projy . mgp < 1. Therefore dimy mgu < dimy, p for all G € O(d). Observe that therefore
the claim of Theorem 3.5 does not hold, and consequently, the modified self-affine transversality
condition does not hold.

We say that two affine iterated function systems ® and W are equivalent if the self-affine set
of W is an isometric copy of the self-affine set of ®. This equivalence obviously preserves all the
dimensional and separation properties of the self-affine set.

Let n > 0 and m be a probability measure on a group U contained in {u € GL4(R) : n < ag(u) <
a1(u) < n~1}. Notice that all the eigenvalues of the matrices in I are one in modulus. We will
introduce a method which allows us to handle matrices as parameters when using the modified
self-affine transversality condition. If u € U and A = (Ay,..., An) € GLg(R)Y, then we define
u(A) = (u ' Aju, ... ,u" Ayu). Recall that u(v) = (uvy,...,uvy) for v = (vy,...,vy) € (RHV.

Lemma 3.7. If v € (RHN and A € GLy(R)Y, then the affine iterated function systems Dua)v
and P p vy are equivalent for all u € Y.

Proof. Recall that f(A,v) is the affine mapping = + Az +v. Let A = (Aj,...,Ay) € GLg(R)N

and v = (vy,...,vy) € (RN, Clearly, for each x € R? we have
Flu™ Agu, i) () = f(u™, 0)(f (A u(w:)) (f (u, 0)(2)))
and f(u™',0)(f(u,0)(z)) = z. Thus, ®,(a),v and P4 ,(y) are equivalent. O

We define a partition of GLg(R)" by setting an equivalence relation on G'Lg(R)" as follows: if
A, B € GL4(R)V, then we say that A ~ B if and only if there exists u € U such that B = u(A).
Since U is a group ~ defines an equivalence relation. Hence

P(A)={B e GLy(R)N : A ~B}.

is a partition of GLg(R)Y. Since GLy4(R)Y equipped with the distance d(A,B) = max; || 4; — B;||
is a separable metric space (matrix tuples with rational entries form a countable dense subset),
the o-algebra B of Borel sets of GLg(R)" is countably generated by {Xi, Xs, ...}, where X; is
open in GL4(R)Y. By defining X! = Uacx, P(A), the set {X], X5,...} generates the o-algebra
Bp={X €B: X =Upcy P(A)}. Indeed, we clearly have o({X{, X},...}) C Bp. On the other
hand, if X € Bp is open, then X = (J; X;;. But now X = Jpcx P(A) =, UAEX,-]. P(A) =U; X;
and thus o({X], X},...}) D Bp.

By Rokhlin’s disintegration theorem (see [25] and [26]), for any finite measure M on GLg4(R)%Y,
there exists a family of measures {MP(A)} such that MP®) is uniquely defined for M-almost
every A, MP®) is supported on P(A), and, moreover,

M= / MPAYAM(A).

The combination of Lemma 3.7 and the definition of P implies that we have the same Furstenberg
measures for all u on the partition elements. More precisely, for each B € P(A) there is u € U
such that ®p v is equivalent to ® 5 ,(v) whose Furstenberg measures are independent of u € U.

Theorem 3.8. Let v € (Rd)N, n > 0, and m be a probability measure on a group U contained
in {u € GLq(R) : n < ag(u) < a1(u) < n~t}. Furthermore, let M be a probability measure on
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GLyR)N and let Ea: U — GLg(R)Y, €a(u) = u(A), be such that MPA) = Exm for M-almost all
A. Assume that v is an ergodic measure on Y satisfying the Ledrappier-Young formula and (U, m)
satisfies the modified self-affine transversality condition for M-almost all tuples A of contractive
matrices. Then

dimpy 7a vV = dimp, v

for M-almost all tuples A € GLq(R)N of contractive matrices for which ® A v satisfies the strong
separation condition or dimp, v < d —1.

Proof. Observe that, by Theorem 3.5, if ® 5 () satisfies the strong separation condition for all
u € U and M-almost all tuples A of contractive matrices or dimy, v < d — 1, then

dim mp vV = dimg, v

for m-almost all u € U and M-almost all tuples A of contractive matrices. By Lemma 3.7, we have
dimpyg 7y (a),v¥ = dimpy A 4 (v)¥ for all u € U. Thus, by Rokhlin’s disintegration theorem,

M =/§AmdM(A),

and hence, dimy ma vv = dimy, v for M-almost all tuples A of contractive matrices. O

4. DIMENSION VIA SUB-SYSTEMS

Let A be the collection of all tuples A € GLq(R)™ of contractive matrices that satisfy x;(A, u) #
X;(A, ) for i # j where p is an ergodic s-equilibrium state of A and s = dim,g(A). We note
that the functions A — x;(A,v) and v — x;(A,v) are lower semi-continuous in the usual and
weak*-topology. Thus, by [19, Propositions 3.4 and 3.6] and [10, Proposition 5.2], the set A is Borel
measurable in GLg(R)V.

In this section, we show that equilibrium states can be approximated by step-n Bernoulli measure
arbitrarily well on A. Each affine iterated function system contains a well-approximating sub-system
in which the Ledrappier-Young formula holds. In our setting, this observation yields a dimension
formula for the self-affine set. Motivation for this section is purely technical: at the moment, we do
not know whether ergodic equilibrium states satisfy the Ledrappier-Young formula — Lemma 3.4
gathers the current knowledge on this problem.

Proposition 4.1. For every A € A and € > 0 there exist n € N and a step-n Bernoulli measure v
such that dimp, v > dim,g A — €.

Proof. Fix A = (A41,...,ANn) € A, define s = dim,g A, and let p be an ergodic s-equilibrium state
of A. By Feng and Shmerkin [10, Theorem 3.3], there exist 7 > 0 and an infinite set S C N such
that for every n € S there is ', C 5y, with Y ;i u([i]) > 1. Moreover, since all the Lyapunov
exponents are distinct it also follows that each (A;)iecr, satisfies the totally dominated splitting
condition and hence, via e.g. [10, Lemma 2.1], there exists a constant C' > 1 such that

©°(Ai)p’(4) < Cp°(4y) (4.1)
for all i,j € Up; I'* k€N, necS, and s > 0. For each n € S, let us choose s,, such that
et (A =1.
iel'y,

We will show that s,, — s as n — oo.
Applying Egorov’s Theorem, it follows from (2.8) and Shannon-McMillan-Breiman Theorem that
there exists a set F' C X with » ;. u([i] N E) > n/2 such that for every i € U;,cp [J]NE

lim Llog p([ifn])
n—oo ™ o8 ( Ay

jieln

=0



14 BALAZS BARANY, ANTTI KAENMAKI, AND HENNA KOIVUSALO

uniformly. This implies that there exists a sequence (¢, )nen of reals such that lim,_,« log cl/ "=0

and
0% (A1) < p(li]) < enp®(A4s)

for all i € Ujel"n [j]NE and n € S. Therefore, by (2.2), we have
e tn/2 <t Z w([i] N Z o*(A;) < ||A||n 5—5n) Z o _ ||AHn(s sn)
iel'y, iely, icl,,
and thus,
log c;;1n/2
§ = 8p < - 4.2
nlog [A] (42)

for all n € S. On the other hand, again by (2.2), we have

Z ©°(Ai) > Z ©*(4;) > m(A)™ =) Z 0 (A7) = m(A)"(s=5n)

iex, iel'n iel',
and hence,
s— s, > log ZieEn ©°(A;)
nlogm(A)
for all n € S. By the definition of the affinity dimension, (4.2) and (4.3) show that s, — s as
n — o0o.

Let vp, be the Bernoulli measure obtained from the probability vector p, = (¢**(4i))ier,, -
Observe that, by (4.1),

hpn == Z Vpn logSO (A )

(4.3)

iel,

=1 3" v, (1)) vp, (k) log 0% (Asy) - 9™ (A3,
i1,...,ix €0y

> =1 > v ([]) v, ([ik]) log CF 1o (45,4,
i1,...,ix€0p

and similarly,

> vp, ([i]) log ™" (4;)

IEFn
S—4 D0 (i) v, ([ie]) 1og 0™ (Aiy i)
i1,..,ig€ly
Letting & — oo this implies
ZL8"1 X; (A", pn) —logC log C
dimy, vp, = [sn —|— J > Sp 2> ———————— + Sn,
b = o) T R b XA T nlogm(A)
where A™ = (A;j)fjj=p- This is what we wanted to show. O

We will next transfer the previous proposition in the form we can use in our setting.

Theorem 4.2. Let v € (Rd)N, n > 0, and m be a probability measure on a group U contained
in {u € GLg(R) : n < ag(u) < ai(u) < n~'}. Furthermore, let M be a probability measure
on GLg(R)N such that M({A € GLy(R)N : |[A|| < 1} \ A) = 0 and let €a: U — GLg(R)Y,
Ea(u) = u(A), be such that MFPA) = Exm for M-almost all A. Assume that (U, m) satisfies the

modified self-affine transversality condition for M-almost all tuples A of contractive matrices. Then
dimyg Fa v = dimy Ea v = dimag A

for M-almost all tuples A € GLq(R)N of contractive matrices for which ® A v satisfies the strong
separation condition or dim,g A < d — 1.
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Proof. Let us first show that for every A € A for which ®4 , satisfies the strong separation condition
or dim,g A < d — 1, and for every £ > 0 it holds that

dimpg EA,u(v) > dimag A — € (4.4)

for m-almost every v € U. Fix such a tuple A € A and € > 0. Then, as in the proof of
Proposition 4.1, we find a finite set I' C ¥, and a Bernoulli measure v on I'N such that (A4;)ier
satisfies the totally dominated splitting condition and dimp, v > dim,g A — €. By Lemma 3.4,
v satisfies the Ledrappier-Young formula. Hence, by Theorem 3.5, dimmp ,(v)v = dimp v for
m-almost every u € U and we have finished the proof of (4.4).

By Lemma 3.7, we have dimy E'p (v) = dimp Ey(a),v for all u € Y. It is also easy to see that
dim,g A = dimug u(A) for every u € U. Since A has full measure with respect to M, by Rokhlin’s
disintegration theorem, we thus have dimy Fp v > dim,g A — ¢ for M-almost all tuples A of
contractive matrices for which ®4 , satisfies the strong separation condition or dim,g A < d — 1.
Since € > 0 was arbitrary, the proof is complete. O

5. THE PLANAR CASE

In this section, we prove Theorem A as an application of Theorems 3.8 and 4.2 by showing that
the modified self-affine transversality condition holds for some pair (U, m) for all A € A,. Recall
that if v = (v1,...,vy) € (R?)¥ is such that v; # v; for every i # j, then

Al + A0 vl <\/§}‘

Ay, =< A € GLy(R)Y : 0 < max
{ 2(R) oy o R . DV

Let SO(2) be the special orthogonal group of GL2(R). Note that SO(2) = {uq }acr, where
_ (cos(a) —sin(a)
to = sin(a)  cos(a)

is a rotation by an angle o € R. To simplify notation, we will denote 7, (v) by Ta. Furthermore,
we denote the differential with respect to «, evaluated at ag, by Ja=q,. The following is a
transversality lemma suitable for our purposes.

Lemma 5.1. Let v = (v1,...,oy) € (R®)Y be such that v; # v; fori # j and A = (Ay,...,AN) €
Ay. Then there exists § > 0 such that for every ag € [0,27], for every v € R? with |v| = 1, and for
every i,j € ¥ with i1 # j|

(Vs Tag (1) = Tag (1) = 6 07 [Oa=ao (v; Ta (i) = ma(i))] = 0.

Proof. Let us argue by contradiction. Suppose that for every § > 0 there exists ag € [0, 27], v € R?
with [v| =1 and i,j € ¥ with 41 # j; such that

[{0; Tag (1) = g (3))] <0 and  [Fa=aq (v, Ta (i) = Ta(i))] < 6.

Let (0n)nen be a sequence of positive reals such that 6, — 0 as n — co. By compactness, there
exist ag € [0,27], v € R? with |v| =1 and i,j € ¥ with i|; # j|; such that

(0, Moo (1) = Tag (1)) =0 and  [Oa=aq (v, Ta(i) — ma(j))] = 0.

Since Jyuy! = u we have 0a7a (1) = Taqr/2(i) for every i € X Thus,

;Jlrﬂ/2
0 = (v, Ty (i) — Ty ()
= (UqyV, Vi, — Ujl) + (v, Aj oy (0 (i) — Ajlﬂ-ao (@(d))
and
0 = Qaeag (v, Ta (i) — T (j))

- <ua0+7r/2vavi1 - vj1> + <Uv Ai17rao+7r/2(0(i)) - Ajlﬂao+7r/2(0(j))>'
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Hence,
2 . 2 . 2
|Ui1 - Uj1| = (<U’Ai17rao(o-(1)) - Ajlﬂ-ao ) ( U Al17rao+7r/2( ( )) AJ17TQO+W/2(U(J))>)
2 2
< (|Aimao (0 (1)) + |4j, 70y (0 (J))D + (|4 Tagar/2(@ ()] + |4y Tag4r/2(a (3))])
2
< 2(]| 4, | + 114; 2<”V” ) .
(14l + 1401)* (27
This contradicts the condition (2.9). O

The following proposition shows that (SO(2), £!) satisfies the modified self-affine transversality
condition for all A € A,.

Proposition 5.2. Let v = (v1,...,vy) € (R®))N be such that v; # vj for i # j and A =
(A1,...,AN) € Ay. Then there is a constant C' > 0 such that

t
L' {ae0,2 IOjg T TOjg T <t <C'min{1,,}.
({a € [0,27] : [projg ma (i) — projy ma(§)| < t}) < a1 (orody )

foralli,j € ¥ withi#j, t>0, and 0 € V(2,1).
Proof. Fix i,j € ¥ with i # j. Observe that for every § € V(2,1) and w € R? we have

| projo w| = [(v, w)l,

where v € 6 is so that |v| = 1. Thus, Writing n = [i A j| we have

| projg ma (i) — projp ma(j)| = (v, ma(i —Wa( NI = v, AingTa(0"1) = Ainjma(a"))]

/\ .
lMﬂ< () - wﬁﬁy
1/\J

On the other hand,

. ) | AT projd wl |AL . projg w| | proj, w
I projy Augll = 14T profh || = sup NP, Py POl Wl [projowl _y 4r o)
weR? |w| weR2 | Projyw| |w|
Hence, it suffices to prove that for any v € R? with |v| = 1
LY {a € [0,27] : [(v, 7o (i) — Ta(§))] < t}) < C't (5.1)

for all i,j € ¥ with iy # j|i.
Fix v € R? with [v| =1 and i,j € ¥ with i|; # j|;. Write
={a€[0,2a]: [(v,ma (i) = ma(i))| <t}
and let 6 > 0 be as in Lemma 5.1. Define
I'={ao €10,27] : [0, a0 (1) — 7o (§))| = 6},
J =A{ap €[0,27] : |Oa=ap (v, Ta(i) — Ta(j))| > 0}
Lemma 5.1 guarantees that I U J = [0, 27]. We trivially have
o < 2mé~ N, ift >4,
0, if t <.

LYHNI) < {

It remains to estimate the integral in the complement of I. Since [0,27] \ I C J is open, it can
be written in a unique way as a union of disjoint open intervals I; in which the function o —
(v, 7o (1)—7a(j)) is strictly monotone. If 81 and 5 are the end points of I}, then (v, wg, (i)—7g, (j)) = 0
and (v, g, (i) — ms,(j)) = —0 or vice versa. Since

aa:ao <'U7 Wa(i) - Wa(j)) = <’U, 7Tao+7r/2(i) - 7ro¢0+7r/2(j)>

. 2]
< ‘ﬂ-ao-‘rﬂ'/Q(l) - a0+7r/2( )| =1_ ||AH
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for all ag € [0, 27|, we have

26 = ‘ (v 7r52( i) — 7752(J)> <v7ﬂ-51 (i) - 7T51(j)>|
8> v
= | [ a7l = ) 4L 00)| < 2L

Thus there are only finitely many intervals I;. For each j, by the monotonicity and the mean value
theorem, there exists A; € I; such that
(v, ma (i) = ma(§))] = [(v; Ta(i) = Ta(j)) = (v, ™, (1) = mx, ()] = dla = Aj
for all o € I;. By this estimate, we have
LY(H N 1) < LYB(N,67')) < 20 't
Since
LY(H) < LYHNT)+ ) LY (H NI) < C',
J
we have shown (5.1) and therefore, finished the proof. O
Proof of Theorem A. Let N be the product of Haar measures on G'Lo(R)". This means that

- /Bilj_[l<detlAi)2 AL (A).

for all measurable B C GL4(R)V. Since £ < N it suffices to check that the assumptions
of Theorems 3.8 and 4.2 hold for the measure N'. By the Haar property, for any measurable
LY(N)-function f: GLy(R)Y — R and for every o € [0, 27], we have

/f(A) / /f (Ag,..., A H(detlA >2d£4(A1)...d£4(AN)

N

_ T T 1 2 4 4
_/.../f(uaAlua,...,uaANua)il:[l<detAi> ALY AL - dLY(Ay),

Thus, N' = [ HAL' dN(A), where Ha (o) = (ul Aju, . .., ul Anug). Therefore, by Proposition 5.2
and Lemma 3.4, the statement for Bernoulli measures in Theorem A follow from Theorem 3.8.

If x1(A, 1) = x2(A, ), where p is an ergodic equilibrium state of A, then by Lemma 2.4 and [9,
Theorem 2.13 and Corollary 4.16] we have dimy Ea v = dim,g A. Thus, without loss of generality,
we may restrict N to the set A = {A: x1(A,u) > x2(A, 1)}. Hence, the statement for self-affine
sets in Theorem A follows from Lemma 2.4, Proposition 5.2, and Theorem 4.2 with the measure

6. THE HIGHER DIMENSIONAL CASE

In this section, we prove Theorem B as a consequence of Theorem 3.8. At first, we show that the
modified self-affine transversality condition holds for some pair (U, m) for all A € A,. Secondly, we
show that Lebesgue typical matrix tuples have simple Lyapunov spectra for all Bernoulli measures,
and observe that D C A, where D is defined in (2.6) and A is as in §4.

Recall that if v = (vq,...,vx) € (RY)Y is such that v; # v; for every i # j, then
[Aill + 114501 vl 2 }

A:,:{AGGLd(R)N:O<max’ <—=-1
i# Jui—vl 1Al V3

Recall also that
O(d) = {G € GLy(R) : GTG = GGT =TI},
SO(d) ={G € O(d) : det(G) = 1}



18 BALAZS BARANY, ANTTI KAENMAKI, AND HENNA KOIVUSALO

are the orthogonal group and the special orthogonal group, respectively. We define U to be O(d)
and choose m to be the Haar measure © on O(d). The following proposition shows that (O(d), ©)
satisfies the modified self-affine transversality condition for all A € A’,.

Proposition 6.1. Let d € N be such that d >3, v = (vi,...,vn) € (RN be such that v; # v; for
i#£7j, and A =(Ay,...,Ax) € Al,. Then there is a constant C > 0 such that

' dimV ¢
O({G € O(d) : [projy (ma.cw)(i) = Tacm () <t}) <C }_[1 mm{ ai(projVAiAj)}’

for alli,j € ¥ withi#j, t > 0, and proper subspaces V' of R%.

Proof. Fix A € A, and t > 0, and let V C R? be a proper subspace. Fix n € N and let
i=(i1,%2,...),J = (j1,72,...) € X be such that i # j and i A j € X,,_1. Define

EiJ(G) = Vi, —Vj, T Z GTAgn(i|k)GUik+1 — Z GTAJn(j‘k)G’Uijrl
k=n-+1 k=n-+1

and write wiJ(G) = Ei7j(G)/|Ei’j(G)‘ for all G € O(d) Let Di/\j = AS\] proj%c projy Ai/\j~ The claim
is equivalent to

dim V'
t
O({G € 0(d) : |(GE;;(G), DinsGE; t C _— 6.1
(16 0 (GB(@), DGRy (@) < ) < T[ mind 1 sk 61
and therefore, our task is to show that (6.1) holds.
Defining
vl
R=_——-" and 7 =lvi, —vj| = (|4, + 45 R
1—[lA]] ’ ’
we have
0 <7 <[Ej(G)| < [vi, =g | + (A [| + 147, DR < 2R. (6-2)

Observe that we also have
1 1 Ei;(G) — Ey;(H
i,j(G)< _ > 4 7.]( ) 7.]( )
[Eij(G)] |Eij(H)| | Esj(H)) 63

<17 '2|E(G) — Eyy(H))| (63)

< 4 R(|J A I+ (145, DIG — H]|
for all G, H € O(d). Furthermore, write

c1 = 4r7 R(| Ai, || + (145,11

and note that, by the definition of A, we have ¢; < 1. Recalling that O(d) is compact, let
{B(Gy, 27 1%r *2 c; )} | be a finite maximal packing of O(d) and let By = B(Gy, t>r~2c; ).
Notice that {By}X | is a cover of O(d). Fix e € S9! such that (e,v;, —v;,) = 0 and write
wy, = wij(Gg). Let Hy € SO(d) be such that it is a rotation in the plane spanned by wj, and e and
satisfies

lwij(G) —wiy(H)| < | B

w = Hye.
Claim 1. It holds that
O({G € O(d) : (GEi§(G), DipjEij(G))] < £})

O({G € ByHy, : |(Ge, DipjGe)| < 2t2/r?}).

VAN
M=
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Proof. Note that without loss of generality, we may assume that ||Djxj|| < 1. Therefore,
(G, DinGx) — (Gy, DingGy)| < 2|z —yl. (6.4)

for every z,y € S471. Observe that if G € By, then (6.3) implies |w;;(G) — wy| < t2/r%. Thus, by
(6.4) and the invariance of © under the action of SO(d), we obtain

O({G € O(d) : |(GE:§(G), DinjGE5(G))| < £%})

< O({G € O(d) : (G 5(G), DinjGuwi5(G))| < £2/r%})
K

<Y O({G € By : |{Guwij(G), DipiGuij(G))] < £2/r°})
k=1
K

<> O({G € By : [{Guwy, DipgGuy)| < 22 /r*}) (6.5)
k=1
K

<> 6({G € By, : |(GHye, DipjGHye)| < 2t*/1%})
k=1
K

= O({G € BiH, : |(Ge, DipjGe)| < 2 /r*})
k=1

which is what we wanted. O

Claim 2. There exists a constant 0 < ¢ < 1 such that
[Hy — Hpll < 0l Gr — Gall-
Proof. If wy, = wy, then also Hp, = Hj, and there is nothing to prove. Furthermore, if wy = e, then
[Hie — Hpll = [[Id — Hp|| = 2[sin(8/2)],

where [ is the angle by which H}, rotates. Since Hp(e) = wy, and 2sin(5/2) = |wi, — wp|, the claim
follows from (6.3). Since the case wy, = e is similar, we may assume that wy,wy, and e are all
distinct. Define

W = span{wy, wy, e}.
We have Hpu = Hpu = u for all u € W+ since Hj, and Hj, are rotations on W. Observe that
|Hy, — Hy,|| = |HL — H || = sup{|(H{ — H )w| : w € W such that |w| = 1}
= sup{|(2 — 2(H} w, H w))"/?| : w € W such that |w| = 1}

- (6.6)
= (|2 — 2inf{(w, HyH} w)| : w € W such that |w| = 1})'/?
= (2—2cos B)"/? = 2| sin(8/2)],
where $ is the angle by which HyH] rotates. Observe that, by (6.2),
|Viy, — V| |Eii(G)] Vi, = vji| + (1 Ai | + [[ A5, [ R
Therefore, for every u € S~! with u L v;, — vj, we have
r
u—wi3(G)] = (6.7)

Vi, — Vi | + (1 Az, || + [ 45, DR
Notice that

ngk = H,?wh = e, Hngwh = Wk,
and further,

Hl'e = 2(e,wy) — wy, and Hl e = 2(e,wp,) — wy, so that (e, H HI e) = (wy,wp,).
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(a) (b)

FIGURE 3. Figure (a) displays the possible relative positions of the points wy,, wy
and e. The number §3 is the angle by which HyH/ rotates. Figure (b) represents
the triangle with vertices wy, wy and f in a plane invariant under H, ng

We see that, under the rotation H kHE, all of the vectors e, wy, wy, are rotated by the same angle.
Furthermore, wy and wy, are mapped to each other. This is only possible if all the points are within
the same distance from the equator of the unit sphere of span{wyg, wp, e}; see Figure 3(a). Therefore
the plane of rotation for HyH/ is either span{wy — e, w;, — e} or span{wy + e, wy, + e}, depending
on whether e is on the same hemisphere of the unit sphere with wy and wy, or not. Let f € {e, —e}
be such that span{wy — f,wy, — f} is the plane of rotation.

In the plane of rotation, consider the triangle having the points wg, wy, and f as its vertices, and
is of height m (from the vertex wy); see Figure 3(b). The area 2 of this triangle satisfies

sin(5/2)|wg — fl|lwy, — f| _

_ mlwn = f| _ Jwg — wp|jwg — f]

A
2 2 - 2

Therefore, we have

. |wi — w|

sin(8/2) < ———. 6.8

(/2 < (63)
Thus, by (6.6), (6.7), (6.3), and (6.8), we get
4R Aln + An Vi, — Vj,| + A,Ln + An R
Since, by the definition of A,
AR(1 A, | + 145, 1D (i, = viu | + ([ | + 145, DB) _
r2

we have finished the proof of Claim 2. U

We will now finish the proof of Proposition 6.1 by verifying (6.1) as a consequence of Claims 1
and 2. By Claim 2 and the fact that {B(Gy,27't?r~2¢; 1) }K | is a maximal packing of O(d), we
have

Gk Hy — GrHp|| = |Gy — Gull = [ Hy — Hy|l = (1 = )27 *r 2y

for k # h. Since the metric d(G, H) = |G — H|| is invariant with respect to the group action, the
Haar measure O is equivalent to the d(d — 1)/2-dimensional Hausdorff measure on O(d). Thus,
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there exists a constant C' independent of ¢ such that any H € O(d) is contained in at most C balls
from the family {B(GyHg, t>r~2c; 1) }E . Hence, by Claim 1,

O({G € 0(d) : {GE(G), Din Er5(G))| < t°})

K
<> O({G € ByH; : [(Ge, DipjGe)| < 2t*/r*})
k=1
< CO({G € 0(d) : |(Ge, DipjGe)| < 2% /r*})
= Co% '({z e St |(x, Dipgx)| < 2t2/1%}),
where o is the spherical measure on the unit sphere S !. Since dimV < d — 1, we have

aq(projy Ainj) = 0, and
Co ({z € S971 : |(x, Dipjz)| < 267 /1))

d—1

u

-1
< C’ﬁd_l({(ajl, ...,xq_1) € B(0,1) : a;(projy Ai/\j)21‘52 < 2t2/7‘2})
1

dim V'
t
< C'min{1,v2/r -1 min{l,,}.
- vz 11;[1 ai(projy Ainj)
This proves (6.1) and finishes the proof. O

~

Our next lemma shows that almost every matrix tuples have simple Lyapunov spectra with
respect to any Bernoulli measure. The proof of the lemma is similar to that of [27, Theorem 7.12].
We say that A = (Ay,...,Ay) € GLg(R)" is pinching if there exists i € ¥, such that A; has
only real eigenvalues with distinct absolute value. Furthermore, we say that A is twisting if there
exists j € ¥, such that A;£ N F = {0} for all invariant subspaces E and F' of A; with dimension
dim F + dim F' < d. Assuming A to be pinching and twisting guarantees the Lyapunov exponents
to be distinct; see [1, Theorem A]. In the study of self-affine sets, this is often a useful property; for
example, see [18, Theorem 3.1 and Remark 3.2].

Lemma 6.2. Let M be the product of Haar measures on GLg(R)Y, i.e.

M(B) :/B,lj_vll<de3Ai>dd£d2N(A)

for all measurable B C GLq(R)N. Then
MH{A € GLy(R)N : there exist p € (0,1)Y and i # j such that x;(A,p) = x;(A,p)}) = 0.

Proof. By [1, Theorem A], it is sufficient to show that the set of A without pinching and twisting
condition is contained in countably many d?N — 1 dimensional manifolds. It is easy to see that
without loss of generality, we may assume that N = 2.

We start by sketching the argument in the case d = 2. This follows from [1, Theorem A], where
the assumptions of the theorem are satisfied by the following argument: After perturbing one of
the maps by a small rotation, we see that the twisting condition holds. The pinching condition, in
the case where A; or As have only real eigenvalues, follows immediately by slightly perturbing the
matrix having real eigenvalues. Suppose then that both Ay and Ay have complex eigenvalues. Then
we may consit A; to be the composition of a rotation with a dilation. Up to perturbation, we may
suppose that the rotation is irrational. Up to another perturbation, we may suppose that Ao is not
conformal: there is a cone C' whose image Az(C) is strictly slimmer. Then we may find arbitrarily
large values of n such that B = A7 A3(C) is contained in C. This implies that the eigenvalues of B
are real and different in absolute value and hence, the pinching condition holds.

Henceforth we assume that d > 3. Curiously, this assumption is needed in our argument. Let
A(A), ..., Aq(A) be the eigenvalues of a matrix A written in a decreasing order by the absolute
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value, i.e. [A;j(A)] > [Aig1(A)] for all i. Let Ay, Ay € GLg(R). If X\j(A;) € R, then |A;(A4;)] # [Ae(4;)]
for k #£ 4. If )\Z(Aj) = )\i+1(z4j) € C, then ’)\Z(AJ)’ #* ‘)\k(AJ)’ for k §Z {i,i + 1}. Observe that in
this case, by an arbitrary small pertubation on the matrices A; and Ay, we may assume that the
argument of the eigenvalue \;(A;) is irrational. Similarly, we may also assume that the eigenvalues
are rationally independent, i.e. none of the eigenvalues is not rational multiple of each other.

Let us assume that A; has r; real and c¢; complex eigenvalues. Then r; 4 2s; = d and, moreover,
all eigenspaces of A; have dimension either 1 or 2. Let us denote the eigenspaces of A; by
Ee(1)(Aj); - -+ Ee(a)(Aj) corresponding to the eigenvalues A1(4;), ..., A¢(A;). This means that if
Ai(4;) € R, then dim&.;)(A2) = 1 and &.(;)(Az2) is the eigenspace of A\;(4;) € R. On the other
hand, if Ai(A;) = Ai(4;) € C, then & (;)(A2) = &e(i41)(A2), dim&(;)(A2) = 2, and & (;)(A2) is the
eigenspace of \;(A4;). By an arbitrary small perturbation, we may assume that the eigenspaces are
in general position: for every i € {1,...,d} there exist non-zero subspaces E1, Ey C {.(;)(A1) and
i, F C fe(iJrl)(AQ) such that

span{&.(1)(A1), ..., E1} Nspan{F1, ..., q)(A2)} = {0},
span{&.(1)(Az), ..., B2} Nspan{Fy, ..., q) (A1)} = {0}.
We define a flag of cones C; x Cy X --- x Cy—1 in G(1,d) x G(2,d) x --- x G(d — 1,d) by taking
sufficiently small neighbourhoods of the flag of invariant subspaces span{&.1)(41), ..., &) (41)}
and sufficiently small neighbourhoods of an i-dimensional subspace of span{&.), - .,&c@) (A1)},

which contains span{&.),...,&u—1)(A1)} if Ni(A1) = Xiy1(A41) € C such that it satisfies the

following six conditions:

(6.9)

(1) every C; is open and simply connected in G(i,d),

(2) for every E € C; there exists F' € Cj41 such that £ C F,

(3) if Xi(A1) = Ait1(A1) € C, then C; contains span{&e(1)(A1), ..., &ei—1)(A41), E}, where E is
as in (6.9), and C; is transversal to span{FE’, Ee(it2)(A1), -, &e(a) (A1)} for a subspace £’
with span{E, E'} = £.(;)(41),

(4) if X\j(A1) € R, then C; contains span{&.(1)(A1),... &) (A1)}, and Cj is transversal to
span{&c(i+1)(A1), - - - e(a) (A1)} -

(5) if Ai(A2) € R, then span{&.(1)(Az), ..., & (i)(A2)} is not contained in C; and C; is transversal
to span{&e(it1)(A2), - - -, Ee(a) (A2) },

(6) if Ai(A2) = Xiy1(A2) € C, then Cj is transversal to span{F, &, ;12)(A2), ..., Eq)(A2)} and
span{&.1)(Az2), ..., F'} ¢ C; for all proper subspaces F' C {.(;)(Az2), Ciy1 is transversal to
span{&.(i+2)(A2), - -, &e(a)(A2)}, and span{.1)(Az2), ..., & iv1)(A2)} ¢ Ci.

Here two collections of subspaces are transversal if they form a positive angle.
Observe that, by the properties of the eigenvalues, for both j € {1,2}, if A\;(4;) € R, then

A?(CZ) - Span{gl(Aj)a cee 7£e(i) (AJ)}
uniformly. Moreover, if \;(A;) = Ai+1(A4;) € C, then
A5(Cig1) = span{&1(A4;), ..., &) (A))}  and  d(A5(Ch),span{&i(A4;),. .., &) (45)) = 0

uniformly. Note that in this case, diam(A;?(Ci)) does not tend to zero. Thus, if 7 is an index such

that either )\z(Al) € R, or )\l(AQ) € R, or Ai—l(Al) = )\Z(Al) € C and )\Z'_]_(AQ) = )\Z(AZ) € C, then
there exist ny,ny € N such that

A?QA;“ (Cl) c G;. (6.10)

Let i1,...,7, be the indices for which A;; (A1) = Ai;11(41) € C and A\ (A2) = A\, 41(42) € C.
Let v{,..., v be a basis of R? such that v] € & ;)(A;). Observe that there exists a subsequence
(mg)qen such that (A1(Ax)--- Ai;—1(Ar)| A, (Ag)]) ™™ (Agij )™ — Py, where Py is the projection
Nij

onto Vj = span{vf A- - - /\vfj_1 /\vi-'“j,v{C A-- -/\vfj_1 /\vfjH} along the invariant subspace Wy, of A,
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transversal to Vj, so that dim V;, + dim W}, = (Z) Note that if v € AURY, then ||Pyv|| < ||v]|, and
if v ¢ Vi, then ||Pyv|| < ||v||. Since by a sufficiently small perturbation, we may assume that the
subspaces Vi, W and Vs, W; are in general position, there exists a unique ay € Vi, with [jag|| =1
such that sup,ey, [[P3—xv||/||v|| = || P3—xax||. Thus, there exist cones C} in Vj with arbitrary large
diameter such that diam(Ps;_;(C})) < ¢ diam C}, and a;, € C}, for some 0 < ¢’ < 1. Let us denote
the rotation on Vi, which maps Pyaz_x to ag, by Og. Therefore, OkPkOg,kPg,k(CT’C) C C},.. By the
irrationality of the argument of the eigenvalues, one can choose ¢ sufficiently large and ny,ns € N
such that (AMJ ) (A7) (A )2(A5")™a (Cr)  Cy. Using the natural correspondence between
G(d,i;) and AUR? the set C} corresponds to a cone Cy in span{&e(1)(Ak), - - -+ &e(i;) (Ax) } and
hence, by choosing the cone C;, in G(d, ;) sufficiently close to CY, we get

A AT A2 AT(C) C (6.11)

for all j € {1,...,p}. Thus, by irrationality and rational independence of the arguments of the
complex eigenvalues of A; and Ag, (6.10) and (6.11) imply that there exist n),n,, € N such that

A2 AT € O

for all i € {1,...,d}. Therefore, A; = A?QA;“ has only real eigenvalues with distinct absolute
value. This shows that (Aj, A2) is pinching. By a similar argument, there exist m/, m5 € N such

that A; = ASIIQAT,1 has only real eigenvalues with distinct absolute value and £ N F = {0} for
all invariant subspaces E of A; and F of A; with dim F 4 dim F' < d. This proves the twisting
property. Il

Recall that A is the collection of all contractive matrix tuples having distinct Lyapunov exponents
with respect to an ergodic equilibrium state, see §4, and D is defined in (2.6).

Proof of Theorem B. Let M be as in Lemma 6.2. Since LEN <« M it suffices to check that the
assumptions of Theorem 3.8 hold for the measure M. By the Haar property, for any measurable
L' (M)-function f: GLg(R)N — R and for every G € O(d), we have

/f )dM(A / /fAl,..., <det )dd£d2A1 -dL™ (An)

N
:/-~-/f(GTA1G, ,GTANG) g(detA> AL (Ay)---dLt (Ay).

Thus, M = [ HA© dM(A), where Hp(G) = (GTALG,...,GTANG).

By Lemma 6.2, for M-almost every A, all the Bernoulli measures have simple Lyapunov
spectra and thus, by applying Lemma 3.4, any Bernoulli measure satisfies the Ledrappier-Young
formula. Hence, the first statement follows by the combination of Lemma 2.4, Proposition 6.1, and
Theorem 3.8.

To turn to the set dimension statement, observe that by (2.5), for every A € D, the s-equilibrium
state pa has simple Lyapunov spectrum for s = dim,g A. Moreover, by Lemma 2.3 the pa is
quasi-Bernoulli. Thus, by Lemma 3.4, pua satisfies the Ledrappier-Young formula. Therefore, by
the combination of Lemma 2.4, Proposition 6.1, Theorem 4.2, and the fact that

dimy, ua = dimug A,

the second assertion follows. O

7. OPEN QUESTIONS

We finish the article by posing couple of questions. An affirmative answer for any of the questions
would immediately improve Theorem B.
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Question 7.1. Recall that A is the collection of all tuples A € GLg(R)" of contractive matrices
that satisfy x;(A,u) # x;(A,pn) for i # j where p is an ergodic s-equilibrium state of A and
s = dim,g(A). Since D defined in (2.6) is open, the set A contains interior points; see §6. Is A an
open and dense subset of GLg(R)" with full Lebesgue measure.

Question 7.2. Is the s-equilibrium state of A for s = dim,g A quasi-Bernoulli for LEN _almost

all A € GLy(R)N? Recall that, by [19, Propositions 3.4 and 3.6], it is unique and satisfies certain
Gibbs property in a set of full Lebesgue measure.

Question 7.3. Can every s-equilibrium state of A for s = dim,g A be approximated by step-n
Bernoulli measures? More precisely, does there, for every € > 0, exist n € N and a step-n Bernoulli
measure p such that dimy, g < dim,g A — €7 Observe that, by [22, §3.2], this cannot be done with
fully supported step-n Bernoulli measures.

Acknowledgement. The authors thank Marcelo Viana for helpful discussions related to Lyapunov
exponents.
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