ON THE DIMENSION OF PLANAR SELF-AFFINE SETS WITH
NON-INVERTIBLE MAPS

BALAZS BARANY AND VIKTOR KORTVELYESI

ABSTRACT. In this paper, we study the dimension of planar self-affine sets, of which
generating iterated function system (IFS) contains non-invertible affine mappings. We
show that under a certain separation condition the dimension equals to the affinity
dimension for a typical choice of the linear-parts of the non-invertible mappings,
furthermore, we show that the dimension is strictly smaller than the affinity dimension
for certain choices of parameters.

1. INTRODUCTION

Let F = {fi(z) = Aiz + t,;}ics be a finite collection of affine self-maps of RY, where
A; is a d x d matrix and ¢; € R?, called iterated function system (IFS). Let us assume
throughout the paper that ||A;|| < 1 for every ¢ € I, where || - || denotes the usual matrix
norm induced by the Euclidean-norm on R%. The well-known theorem of Hutchinson [12]
states that there exists a unique non-empty compact set A such that it is invariant with
respect to the IFS F. That is,

A= fin).
i€l
We call the set A self-affine set or the attractor of the IFS F. In the special case, when
the affine mappings are similarity transformations, we call the set A self-similar.

The dimension theory of self-affine sets has been widely studied in the past decades.
Throughout the paper, we will denote the Haussdorff dimension of a set A C R¢ by
dimg(A) and the box-counting and the upper box-counting dimension by dimp(A) and
dimp(A) respectively. For the definition and basic properties, we direct the reader to
Falconer [6].

In the case, when the affine mappings are similarities and the IF'S satisfies the strong
separation condition, i.e.

Ji(A) N fj(A) = 0 for every i # j,
Hutchinson [12] showed that the Hausdorff and box dimension of A equals to the similarity
dimension. Determining the dimension becomes significantly harder when overlaps occur

between the cylinder sets f;(A), ¢ € I. This problem was studied in several papers, like
Béarany [1], Hochman [9,10], Simon and Solomyak [16], Solomyak [17], etc. for typical
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systems in some proper sense. In general, the similarity dimension serves always as an
upper bound of the box dimension.

Another challenging problem is, when there is a strict affinity between the maps
of the IFS F, that is, there exists a matrix with at least two different eigenvalues in
modulus. Falconer [5] generalized the similarity dimension for that case, called the affinity
dimension, and showed that if all the maps are invertible then it is an upper bound of
the box dimension of the attractor. Furthermore, Falconer [5] showed, which was later
extended by Solomyak [17], that if ||A;]] < 1/2 then for Lebesgue typical translation
parameters the affinity dimension equals to the Hausdorff dimension.

The dimension theory of self-affine sets has been widely studied in the recent years,
see Bérdny, Hochman and Rapaport [2], Barany, Kdenméki and Koivusalo [3], Falconer
and Kempton [4], Hochman and Rapaport [11], Rapaport [15]. All of these papers were
considering systems, where the affine mappings are invertible. The first steps in the
direction of considering non-invertible mappings has been made recently by Kaenméaki
and Nissinen [13]. They studied the relation between the dimension of the attractor
and the dimension of the self-affine set formed by the invertible mappings of the IFS for
typical and for separated systems.

This paper is devoted to generalise the result of Barany, Hochman and Rapaport [2]
for planar self-affine sets which defining IF'S contains non-invertible mappings. We will
show that for typical choice of parameters the Hausdorff dimension equals to the affinity
dimension, but there is a relatively large set of exceptions. Before we state our main
theorem in details, we need to introduce some notations and definitions.

Let us denote by S9! the unit sphere on R?, and let us denote by

d-times
e e
T¢=S!x... xS

the d-dimensional torus. Every planar, contracting matrix A with rank(A) =1 can be
represented as A = pvw’, where p € (0,1) and v,w € S'. In particular, v is the unit
vector generating the image space and w is the unit vector generating the kernel of the
matrix A. Note that this representation is not unique.

For a 2 x 2 matrix A, denote by a;(A4) > az(A) > 0 the singular values. For every
t >0, let ¢*(A) be the singular value function defined as

ai(A)t ifo<t
P'(A) = g (A)ag(A) if 1<t
(1 (A)ag (A2 if t > 2.

<1,
< 2,
Note that if A has rank one then ¢!(A4) = 0 for every ¢t > 1.

Let I and J be finite sets of indices and for every i € I U J let f;i(z) = Az +t; be

an affine map such that ||A;|| < 1 for every i € I U J, rank(A;) = 2 for every ¢ € I and

rank(A;) = 1 for every i € J. Let us consider the following parametrized family of affine
IFS

Fu={fi(z) = Aiz + t;}ier | J{fil2) = pivjw] 2 + t; ics, (1.1)

where w = (w;)jes € (Sl)#‘] = T#7 is considered as the parameters while all the other
quantities are fixed. We assume throughout the paper that #.J > 1 and #(/ U J) > 2
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to avoid trivial cases. Let us denote the attractor of F,, by A,,. We define the affinity
dimension s(F,) of the self-affine IF'S as

s(Fa) =minq2,inf Q¢ >0: )" > (A - Ay) <oop b (1.2)

n=141,....in€IUJ

The affinity dimension serves as a natural upper bound for the upper box-counting
dimension, and in particular for the Hausdorff dimension, of the attractor in the non-
invertible case too, see Kdenmiki and Nissinen [13].

Let us define the affinity dimension of the sub-system formed by the invertible mappings

]:reg = {fi}ie[ as

o0
Sreg 1= Min ¢ 2, inf 320:2 Z@S(Ai1-~-Ain)<oo

n=1141,....in €I

Let us observe that if s(F,) > 1 then s(Fy) = Spg. Furthermore, if s < 1
then s(Fy) < 1 as well. The following was shown by Ké&enmaki and Nissinen [13,
Theorem 1.1(1)]: suppose that s;eg > 1 and suppose that the IFS Free = { fi}icr satisfies
the strong separation condition and the matrices {A;};c; do not preserve any finite
collection of the proper subspaces of R? then dimg(Ay) = dimp(Ay) = s(Fy) = Sreg for
every w € T#/. Hence, in the remaining part of the paper we assume that Sreg < 1.

We say that satisfies the convex separation condition uniformly, if there exists a convex
compact set U C R? such that

U f:(U) C U for every w € T#7 and
i€Iug

U fi(U) ﬂ U [;(U) | =0 for every i # j.

weT#J weT#J

In the second part of the assumption, the image f;(U) depends on w € T# if and only
if 2 € J, and in this case only on the corresponding coordinate of w. In particular, if
i € J then f;(U) is a line-segment which is parallel to Im(A;), and (J,,cp#s fi(U) is the
smallest line segment parallel to Im(A4;) containing f;(U) for every w; € S'. Note that
because of non-invertibility, the convex separation condition does not imply that the
second and higher iterates do not contain overlaps. For an example of such system, see
Figure 1, which IFS consists of 3 invertible and 2 non-invertible mappings.
Furthermore, we say that the IFS Free = {fi(x) = Aiz +1;}icr is irreducible if there is
no proper subspace V' of R? such that V is preserved by the all matrices A; for i € I.
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FiGure 1. The first and second level cylinder sets of an IFS

F = {filz) = Az +L'}z'e{1,2,3}* U{fi(z) = PJ'QJMJTQ + Ej}je{4,5}* sat-
isfying the convex separation condition.

Theorem 1.1. Let F, be a family of affine IFSs as in (1.1) with attractor Ay, such
that Fw contains at least two maps and contains at least one non-invertible affine map.
Suppose that syeg < 1, Fy satisfies the convexr separation condition uniformly for every
w e T#7 and Freg 18 trreducible. Then

(1) there exists a set By C T#/ such that dimy By < #J — 1 and for every w €
T#7 \ Ey,
dimpy (Ay) = dimp(Ay) = s(Fw).
(2) If supy, s(Fw) < 1 then there exists a set By C T#7 such that dimy By = #J — 1
and for every w € Eo

dimH(AW) < MB(AW) < S(JTW).

Let us note that it is not known whether the box-counting dimension of self-affine sets
exists and equals to the Hausdorff dimension in general. Furthermore, if the matrices
{A;}ier do not preserve any finite collection of the proper subspaces of R? then by Bérany,
Hochman and Rapaport [2] the affinity dimension ez of the subsystem formed by the
invertible mappings serves as a lower bound for dimz(Ay) for every w € T#/, however,
it is not necessarily the case if {A;};es is only irreducible.

2. STUDY OF THE AFFINITY DIMENSION

Let us first introduce some notations used throughout the paper. For an index set K,
let K* ={J;2, K" be the set of every finite words formed by the symbols in K. For a
finite word 7 € K*, denote |7] the length of 2. For 7 =iy ... i, € K*, we denote by A;
the finite product 4;, - ... - 4;,, and by f; = f;, o---o f; the finite composition. We
also use the convention that ) € K* with || = 0, moreover, Ay and fy are the identity
matrix and identity map of R? respectively.
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Let A be a 2 x 2 matrix and let V be a proper subspace of R%. Then let us define the
conditional norm of A on V' by

p 1Azl
vl

For a 2 x 2 matrix A with rank(A) = 1, denote by Im(A) and by Ker(A) the image
space and the kernel of A respectively. Clearly, if A = pvw’ then Im(A4) = (v) and
Ker(A) = (z), where w is perpendicular to z and (v) denotes the subspace generated by
v. Let us also denote the usual Euclidean scalar product on R? by (v, w) = vTw.
Clearly, for every 2 x 2 matrices A, B with rank(B) = 1, and for every subspace V of

R?, we get

AV =

IAB| = [[Alm(B)]| - || B|| and [[AB[V[| = [[A[lm(B)|| - || B[] (2.1)
Note that if Ker(B) =V then ||B|V| = 0.

Lemma 2.1. Let F,, be a family of affine IFSs as in (1.1). Suppose that Freg = {fi(z) =
Az +t; }ier is irreducible. Then there exist constants C > 0, K > 0 such that for every
1€ I* and for every i,j € J, there exists 7 € I'* with |7] < K such that

[ Ai Az Az|Tm(Aj)|| = Cf Aqll.
In particular,
S AA (A | > S A4 A fim(A4) | > Ol 4.
7€Uio I* €Uk I
The proof is a slight modification of the proof of Feng [7, Proposition 2.8].

Proof. For every i € J, A; = piyiyf. Let us argue by contradiction. Suppose that for
every C, K > 0 there exist 7 € I* and 4,7 € J such that for every 7 € I* with |j| < K
| A A As Tm(Ay) | = pi{ATw;, Ago;) < ClLAd|

Z—'L’

Letting C — 0 and K — oo, and taking an accumulation point A’ of AL /||4;|| we get
that there exists 7', j' € J such that

<A/wi’7 Aj—yj/> =0

for every 7 € I*. Hence, V := <U]-€I* Aj—yj,> = (A'w;)* is a proper subspace of R?

invariant with respect to the matrices {A;};er, which is a contradiction. O

For every j € J, let us define

s;j(w) := inf Z | A; Az[Im(A;)]]° < oo
ce(IuJ)*

We note that a simple corollary of Feng and Kdenmaéki [8, Proposition 1.2] is that

hm > A = oo (2.2)

S S
" aerr
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Lemma 2.2. Let F,, be a family of affine IFSs as in (1.1). Suppose that syeg < 1 and
Freg = {fi(x) = Az + t; }ier is irreducible. Then

s(Fw) = min{l, s;(w)} > speq for every j € J,
where s(Fy) is defined in (1.2).

Let us note that the claim s(Fy) > sy follows also by [13, Lemma 2.9], however, for
the sake of completeness, we give an alternative proof here.

Proof. First, we show that s;(w) > s for every j € J. Observe that by (2.1) and
Lemma 2.1

DoIAAIA)IF =" D DA A Ay Ay - Ay Ay [Tm(4)) |

1e(IUJ)* k=0 j1,...,J €J 10,..., i, EI*

o) k
=3 53 X 114404, )

k=0 j1,....jk€J 10,.... 0 €* /=0
J0=Jk+1=]

00 k
>y Y IlI44, (4

k=07,.... €U i I £=0

=S (oz ||Az|s> -

k=0 wel*

By (2.2), there exists s > syeg such that > ... [[As]|* > C~! and so, 5j(w) = s > Speq.
Now, let us show that s;(w) = s;(w) for every 7,5 € J. Again by (2.1) and Lemma 2.1

D IAAImMA) P =D Y (1445 Ai Ay Ai Ay, [Tm(45) |1
e(IUJ)* 20,02€1* 71 €(TUJ)*

=3 1A A T (A |7 Ai Az, [Tm(Ay)]|*[| As Ag, [Tm (A;) |
10,02€1* 71 €(TUJ)*
> C?Y || AiAy [Tm(A)]°.

11e(IUJ)*

Hence, the claim follows by symmetrical reasons.
Finally, let us show that sj(w) = s(Fy). Clearly, by (2.1)

DolAE =Y 1A AAG 1 = A511° D A AddIm(A)|*

1e(JUJ)* 1e(JUJ)* 1e(JUJ)*

for every j € J, and so sj(w) < s(Fu).
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On the other hand, let us enumerate the elements of J by ji,..., jm. Then similarly
to previous calculations we have,

Do Al =) Al + D l1An Ay A |I* D l1An Ay Ay, Ay |°
1e(IUJ)* E€e(JUJ\{j1 H)* 11,02€(JUJ\{j1 })* 11,026 (JUJ\{j1 })* 76 (JUJ)*
2

2
<[4l + 1145010 dolAl ] + D1 12 P
Te(TU\{j1})* Te(TU\{j1})* Te(TU\{j1})*
1145 Azl Tm( A
JE(TUT)*
By induction, we get that for every n € [1,m — 1] NN

>4l = > N4l + D 1145 Ay, Al

e(TUI\{Jr}po1)* zG(IUJ\{]k}n+1 zl,zge(IUJ\{]k}n'H

+ Z Z HAfl Ajn+1AJ_Ajn+1A72 HS
71,02 €(TUI\ Gk Y1) FETUN G o)
2 2

<A + 114,017 Dol + Dol 4y

we(TUI\ G} t)* we(TU\ G i t)* we(TU\ G} ty)*

D A Aplm(4;, )1
J7E(TUT)*

Thus, we get that s(Fy) < max{s;eg, max;css;j(w)}, which implies the claim.

O
Let us observe that for every j € J, by Lemma 2.1
Yo IAimA)IE =) Y A4y AjAy Im(4))]°
e(JUJ)* k=070,..., 5, (TUJ\{j})*
- k
=y Yo 1Al m(Ay)]?
k=0 \ze(ITUJ\{j})*
Hence,
Z |A; A;]Im(A;)||° < oo if and only if Z | A; Az Im(A;)]]° < 1.
7e(IUJ)* Te(IUN\{7H)*
In other words,
sj(w) =inf ¢ s > 0: Z | A; Azl Im(A;)||° <1 5. (2.3)

re(TUJ\{j})*
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Lemma 2.3. Let F, be a family of affine IFSs as in (1.1). Suppose that syeg < 1 and
Freg = {fi(z) = Aiz + t;}ier is irreducible. Then for every j € J
D114 At (A ™) = 1,
E(TUN\{jH*

and s;j(w) is the unique solution of the equation above.

Proof. For any subset J' C J and for any j',j” € J\ J', let us define the following maps

HJ’]’]” = ZHA A ’Im )HS
e(IuJ’)*
By Lemma 2.1, the map Hj j/ j» is strlctly monotone decreasing on its support. Fur-
thermore, since H jr j j» is the hmlt of an increasing sequence of continuous maps, we
get that Hy i jn is lower semi-continuous, i.e. iminf,_,z) Hy v v (s) = Hyp jr in(sg) for
every sp € [0,00). In particular, for every sy € R such that HJ/ v i (s0) < o0,
SI{IHSIO HJ’,j’,j”(S) = HJ/J'/’]'//(SO). (24)

For any j', 7" € J,
Hp o jo(s) = Y | A7 Adlm(Apn)||* < Y [l 4q]*,
1el* wel*
and so by (2.2), Hy ;. -u(s) < oo for every s > s15. On the other hand, by Lemma 2.1

Hygo(s) = Y A Adlm(Azn) [P = Y 1Al > C Y | Adll°.

el* el* el*
=K

Hence, by (2.2), lims\s,., Hp ;7 j(s) = oo.

Let us recall the basic facts that for every x € R, e > 1 4+ = and for every ¢ > 0
there exists a ¢ = ¢(g) > 0 such that z°logz < ¢(e) for every x € [0, 1]. Thus, for every
81 > 82 > Sreg

0 < Hyjrjn(s2) = Hpj,jr(s1) = Z (| Ajr Az [Tm (A )[[%(1 — || Ajr Ag[Im( Az ) [ 752)
Ker (A, A)£1m(A, )
s3— 1) Y _ | Ay AslTm(A;0)|[* log || Ajs Asf Tm (Ao )|
Ker(A,s Ad)#1m(A;0)
< (81— s2)cHy jr jn(s2 — €),

where sy — speg > €. Thus the map Hp jr ji: (Sreg,00) + Ry is strictly monotone
decreasing and continuous, and so, there exists a unique dy ;i j» € (reg, 00) such that
Hy,j J”(d@ i) = 1.

Let j € J be arbitrary but fixed. Let us enumerate the elements of J by ji1,...,jim
such that j,, = j. Let Jx := {j1,...,Jx}. Let us argue by induction. Namely, suppose
that dj, ;s j» is well defined for every j', 7" ¢ Ji, and Hy, js jv(s): (dy._y jr.jr> ) — Ry
is strictly monotone decreasing and continuous, limg\ 4 T Lo Hy, i1 jn(s) = oo and

Hy, jr (dJk g ]”) = 1 for a unique dy, jr j» > dj,_, j; ji-
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Let j', 7" ¢ Jxy1 be arbitrary but fixed. By (2.1)

Hy, g (8) = Hy g (8) + Hy g s () Ha i 57 (5)

o0
+ H gt O Ho i (9) Y Ha s e (8)™

n=1
Since Hj, jr (), Hy, jr jur (8), Hyp joor g (8) < oo for every s > dyj,_, j, j, we get that
Hy, . j.(s) <ooif and only if s > dj, j 1 jpsrs

and

s\ lim Hy, oo (s) = oo.
Jkrdk4+1:9k+1

It is enough then to show that H,_ , ;s j»(s) is continuous, since the strict monotonicity
follows by Lemma 2.1. But similarly to the case Hy ;s j», we get that for any s; > s3 >

dJkaH,ij
0 <Hjp ., jr,j7(s2) — Hyp v g7 (51)

= > Ay A Im (A [[#2(1 — || Ay As[Tm(Ay) [ 52)

1€(JUJg41)*
Ker(Aj/AT)ZSIm(Aju)

< (s2—s1) Y | Ay AsfIm(A;n)|1*2 log || Ajr Az Tm (A0 ) |

TG(IUJk+1)*
Ker(A;r A7) PIm(A )

< (Sl — SQ)CHJk+17j/7j//(52 — 8),

where s2 —dj, ji 15wy > € Thus, the map Hy, | s r: (dy gy e 00) > Ry is strictly
monotone decreasing and continuous. In particular, there exists a unique dj, | j . 05410 >

dkajk-&-lajk-&-l such that HJk+17jk+27jk+2 (dJk+17jk+2»jk+2) =1
3. LOWER BOUND OF THE DIMENSION

Let us introduce the natural mapping w: R — S! as

_ (cos(w)
w(er) = <sin(a)> ’

This section is devoted to show the following proposition.
Proposition 3.1. Let I and J be finite collections of indices such that J is non-empty.
Let Freg = {fi(x) = Aiz + t;}icr be an irreducible IFS of invertible affine mappings such
that sreg < 1. Furthermore, let p; € (0,1), v; € St ¢j € R, L € R? and B; € Ry be
arbitrary but fived for every j € J. Finally, for a € R let

Fo = Freg U{fi(z) = pjvjwic; + o) z + t;}jes (3.1)

be an IFS of affine mappings. Suppose that F, satisfies the convex separation condition
uniformly for o € R. Then there exists a set E C R such that dimg(E) = 0 and for
every a € R\ E

dimH(Aa) = S(Fa),
where A, is the attractor of the IFS F,.
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First, let us show why Theorem 1.1(1) follows from Proposition 3.1.

Proof of Theorem 1.1(1). Let F, be an IFS satisfying the assumptions of Theorem 1.1.
By Kéenmaéki and Nissinen [13, Lemma 3.2], we have that

dimp(A) < s(Fy) for every w € T#7.

Thus, it is enough to verify the lower bound.
Let us argue by contradiction. That is, suppose that there exists a set £ C T#/ with
dimg E > #J — 1 such that

dimp (Aw) < s(Fw) for every w € E.
By using the map w: [0, 27]#/ s T#/ defined as
w(at,. .., agr) = (w(o),. .., wlazgr)),
we get that there exists a set £/ C [0, 27]#/ with dimy E' > #.J — 1 such that
dimzr (Aw(a)) < 5(Fuw(a)) for every a = (aa,...,ans) € E'.
For a z € S#/~1  let us denote the orthogonal projection from R#” to the #J — 1-

dimensional subspace (z)* by proj .- Let us denote the spherical measure on S#/=1 by
o4j—1. By Mattila’s slicing theorem, see [14, Theorem 10.10]

Lys-1({y € proj,(E') : dimy (E" Nproj; ' (y)) > 0}) > 0 for oy 1-ae. z.
Let z € S#/~1 and y € R#/ be such that dimy (E’ N proj;*(y)) > 0. Hence, there exists

a set E” C R with dimg(E") > 0 such that for every a € E”
dimH(Aw(g—&-ag)) < S(IW(g—i-ag))a

which contradicts to Proposition 3.1. U
3.1. Hochman’s theorem. Let us recall a theorem of Hochman [9, Corollary 1.2], which

will be used to prove Proposition 3.1. Let Z C R be a compact interval, and let K be
a finite set of indices. For every k € K, let \py: Z — (—1,1) \ {0} and ax: Z — R be

real analytic mappings, and let &, = {g,(ga) (x) = M (a)x + ag(a) }rex be a parametrized
family of IF'S of contracting similarities on the real line with parameters a € Z. For every
1= (’il,ig, .. .),j: (jl,jg, .. ) e KN let

00 k—1 0o k—1
Avgla) =t (@) [T Nie(@) = Yt () [T e @)-
k=1 /=1 k=1 /=1

Theorem 3.2 (Hochman). Let Z C R be a compact interval, and let K be a finite set
of indices. For every k € K, let \y: Z — (—1,1) \ {0} and ax: Z — R be real analytic
mappings, and let ®,, = {g,ia) (x) = Ap(@)x + ag(a) }rex be a parametrized family of IFS
of contracting similarities on the real line with parameters a € Z. Denote the attractor
of ®, by I'y. Suppose that

A;;=0 on T if and only if 1 = J.
Then there exists a set E with dimp E = 0 such that for every « € T\ E

dimp (Ty) = dimp(Ta) = min{1, so(a)}, where »  [Ag(a)[*) =1.
keK
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3.2. Verifying Hochman’s condition. Recall that for a z € S!, we denote the orthog-
onal projection from R? to the 1-dimensional subspace (z)* by proj .- The following is
our main geometric lemma.

Lemma 3.3. Let A and B convexr compact sets, such that AN B = (). If the Convex
Separation Condition holds, then there exists an open set O C S', such that

proj,(A) Nproj (B) =0 for every z € O.

Proof. Let AB = {a—b:a € Aandbe B} be the set of every vectors directing from A
to B. Then let us define cone

C:{U: UEA_B} and —C:{—v: UEA_B}.
2]l |2l

Then C and —C are closed and compact. It is enough to show that the open set S'\ (CU—C)
is non-empty. So proj,,(A4) N proj,,(B) = 0 for every w € O.

If there is no such w, i.e. CU—C = S', then CN —C # 0. Let w € CN —C. Let
ay,a9 € A and by, by € B be point such that,

a;— b b, —a
w=-2"% _ B7oh

lay — byl B [|bo _Qz\“

By connecting the endpoints we might define a (possibly degenerate) trapeze.

Let P, = {tb; + (1 — t)by : t € [0,1]} be the line between b; and by, and let P, =
{ta; + (1 —t)ay : t € [0,1]} be the line between a; and a,. The diagonals of a (possibly
degenerate) trapeze always intersect each other and so P, N P, # (). However, since A
and B are convex closed sets then, Py(x,y) C B and P,(z,y) C A which implies that,
these lines cannot intersect each other, which is a contradiction. O

Let F, be the IFS defined in (3.1) satisfying the conditions of Proposition 3.1. For

simplicity, let us denote by Al

J
products by Aé“) for 7 € (I U J)* to emphasize its possible dependence on «.
Let us define the natural projection II, from the symbolic space ¥ = (I U J)N to the

attractor A, of F, by

the matrices pjv;w(c; + Bja)” for j € J, and the

My (7) = lim fi; 0---o f;, (0),

7= (i1,72,...) € X. Forany 7,7 € 3, let [t A J] = min{k > 1 : iy # ji} — 1, and let
tAJ= (i1,...,ipp;5). Denote the left-shift operator on X by o. Then clearly

Ha (i) = fi1 (Hoc (O-i))‘
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Lemma 3.4. Let F, be the IFS defined in (3.1) satisfying the conditions of Proposi-
tion 3.1. Then

I1,(z) = U (7) for every a € R if and only if 1 =7 € X.

Proof. Let U C R? be the compact convex set with respect to the uniform convex
separation condition holds. Let 7,7 € ¥ be such that 7 # 7. Then by using the linearity
of the maps of Fg,

Ma(?) = Ta() = AR (Ta(e™77) = Ta(0"17))

By the uniform convex separation condition we get that I, (o"\7) — II,(¢"\17) # 0 for
every a € R. Hence,

I1,(2) = I1,(7) if and only if I, (c™17) — I, (c™7) € Ker(Ag/\;) for all o € R.
For a fixed a € R, there are three possibilities:
(1) rank(A(a)) =2 (i.e. A J € I*) but then Ker(A( ) = {0}, which cannot happen;

wINg N
(I1.) rank(Al(/\;) =1 then Ker(Al(A;) Ker(AZ(:‘)Ag ), where k = max{l1 << [tA]]:

ig € JY and 7 € I"I1=F=1 ig the suffix of 7A J;

(I1L.) Ker(Aﬁ])) R, namely, there exists 1 < k < ¢ < [t A ]| and 7 € I* such that
Im(AS A;,) = Ker(A™) and ig, iy, € J.
By the definition of A(-a) = pjvjw(cj + Bija)’ for j € J, Im(A—/A(-a)) is independent of

a for any 7 € I* and j € J, it is clear that the set {f € R: Ker(Ag/\g) R} is a discrete

and countable set for every 7 # 7 € X. Hence, it is enough to check that for every 7 € I*,
j € J and ki # ko € I U J there exists a € R such that

pI‘O_]AT w(cj+ab;) (fkl( ))ﬂpI‘OjAg“ (cj+aB;j) (fk2( )) (3'2)

But by Lemma 3.3, there exists an open set of @ € R such that (3.2) holds, which
completes the proof. O

Proof of Proposition 3.1. Let j € J be arbitrary but fixed. For every z € (I U J\ {j})*,
let us define a map gf(a) : R — R such that

9 (@) = pjw(e; + aB)T A, -z + pjw(c; + af)T filty). (3.3)
In particular,
fﬂ(ﬂﬁﬁj + Ej) = gi(a) (;z;)gj +t; for every z € R. (3.4)
Furthermore, [|4;Az[Im(A;)|| = |pjw(c; + aﬁj)Tij| for every 1€ (TUJ\ {j})".
For every n € N, let us define an IFS on the real line as G = {gi(a)}ieUEZO(IUJ\{j})k-

Let us denote the attractor of G by I'nqa. Let ma: ((Up_gZ U J \ {j})k)N — 'y be
the natural projection associated to the IFS G!!. Then by (3.4),

Ha(jnjiaj--+) = ma(tiia- - )v; +1;. (3.5)
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By defining the bi-Lipschitz mapping h: R + R? as h(z) = zv; + t;, we see that
h(I'na) C Aq for every n € N and a € R. Moreover, combining Lemma 3.4 with (3.5),
we see that

Ta(1172- ) = mo (7172 -+ ) if and only if 7, = Ji, for every k =1,2,....

Clearly, the contraction ratios and the translation parameters of the maps in G/} are
analytic maps of a € R. Let R,, be the set of roots of the contraction ratios of the maps
in G}. Then for every a € N, the set (—a,a) N Ry is finite. Let I{,..., I be disjoint
open subintervals of (—a,a) such that ||A;A;|Im(A;)| # 0 for every a € I and every
k=1,...,L. Forevery k=1,...,L and £ € N, let o I be compact intervals such
that (J,2, Jio = 1p.

Applying Theorem 3.2, there exists Ef , C Ji, such that dimpy (E} ) = 0 and

dimpy (T o) = 5™ () for every o € Jio \ Ex o,
where s(”)(a) is the similarity dimension of G}, that is,

3114 AsfTm (A @ = 1.
€U —o (U {GH)F

By Lemma 2.2 and (2.3), lim,,_,, s () = s(F,). Hence, by choosing F := (J°°, R, U
U ko Ei o> the claim of the proposition follows. O

4. EXCEPTIONAL PARAMETERS

The remaining part of the paper is devoted to prove Theorem 1.1(2). Let F, be a
family of affine IFSs as in (1.1) with attractor A,,. Suppose that sup,, s(Fw) < 1 and F,,
satisfies the convex separation condition uniformly.

Lemma 4.1. Let us fixr j € J and i € I U J such thal i # j. Then there exists w; € St
such that f; and fjo f; share the same fived point. In particular, fjo fjo fi = fjo fio f;.

Proof. Let U C R? be the convex set with respect to the convex separation condition
holds uniformly. Let the map gq()a): R — R and gga): R +— R be as in (3.3). Namely,

9" (2) = pj{w(a).vy) =+ pj{w(a),t;) and

9" (@) = pjw(e), Awy) @ + pilw(e), Ait; + 1),
So, fi(zv; +t;) = gq()a) (@)v; +1t; and fj o fi(xv; +1;) = g\ (x)v; +t;. By Lemma 3.3,
there exists o’ € [0, 7] such that projy ) (f;(U)) N projy) (fi(U)) = 0, and similarly
for w(a/ + 7), where w(a) = (cos(a),sin(a))?. This implies that

g (x) < g (y) and g T (2) > g (y) for all 2,y € R with zv;+t;, yv,+t; € £5(U).

Since the fixed point of the maps gé,a) and g(a,)

;  are continuous functions of a, by Bolzano-

Darboux Theorem, there exist « € [0, 27] such that géa) and gz-(al) share the same fixed

points, and in particular f; and f; o f; do. (]
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Proof of Theorem 1.1(2). Let F,, be a family of affine IFSs as in (1.1) with attractor A,
such that #J > 1 and #(/ U J) > 2. Suppose that sup,, s(Fw) < 1, F, satisfies the
convex separation condition uniformly for every w € T#.

Let j € J and i € I U J be arbitrary but fixed such that i # j. By Lemma 4.1, there
exists w; € S! such that fiofjofi=fjofiolf;. Let us fix this w; € S! and choose
every other w, for j' € J\ {j} arbitrarily. Let us define a new IFS

Fu = Afthequns \{fjo fjo fi}.

Hence, Al, = A, where A, is the attractor of F,.
However, by Lemma 2.2 and Lemma 2.3, one can see that s(F,,) < s(Fw), and by
Kéenméki and Nissinen [13, Lemma 3.2], we have that

MB(AW) = HB(A\,N) < S(]:\fv) < 8(fw),

which implies the desired claim. O
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