DIMENSION OF PLANAR NON-CONFORMAL ATTRACTORS WITH
TRIANGULAR DERIVATIVE MATRICES

BALAZS BARANY AND ANTTI KAENMAKI

ABSTRACT. We study the dimension of the attractor and quasi-Bernoulli measures of
parametrized families of iterated function systems of non-conformal and non-affine maps.
We introduce a transversality condition under which, relying on a weak Ledrappier-
Young formula, we show that the dimensions equal to the root of the subadditive pressure
and the Lyapunov dimension, respectively, for almost every choice of parameters. We
also exhibit concrete examples satisfying the transversality condition with respect to
the translation parameters.
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1. INTRODUCTION

The dimension theory of iterated function systems is a rapidly developing branch of the
geometric measure theory. There are still countless of open questions. One of the main
problems is to determine the dimension of the attractor of typical non-conformal and non-
affine iterated function systems. An iterated function system is a finite tuple ® = (F;)Y,
of C! contractions acting on RY. Hutchinson [19] showed that there exists a unique
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non-empty compact set X, called the attractor of the ®, such that X = UZ]\L 1 Fi(X). In
this generality, the question on the dimension of the set X is wide open.

In the special case, when the maps F; are similarities of R%, we call the attractor X
self-similar, and if the strong separation condition holds, i.e., F;(X)NF;(X) = () whenever
i # j, the dimension of X can be easily calculated and expressed by the contraction
ratios; see Hutchinson [19]. The situation is much harder to deal with when there is
no separation condition. The first result considering this problem successfully was by
Pollicott and Simon [27]. In their study, they introduced and used a method which
is nowadays called the transversality method. This method was later generalized, for
example, by Solomyak [36] for Bernoulli convolutions and by Simon, Solomyak, and
Urbariski [34, 35] for iterated function systems formed by C'*® maps on R. Building
on these ideas, many breakthrough results have appeared in the dimension theory of
self-similar sets over the past decade; for example, see Hochman [16,17], Shmerkin [31],
and Varju [37].

Although addressing the dimension theory of iterated function systems formed by
C'* maps on R is relatively easier, the higher dimensional analogue is difficult as C'1+¢
maps on R? are not necessarily conformal. In the non-conformal case, when the maps
F; are invertible affine transformations, Falconer [9] introduced an upper bound, called
the affinity dimension, for the dimension of the attractor X which in this case is called
the self-affine set. He also proved that this bound is achieved for Lebesgue-almost every
choice of the translation vectors of the affine maps F; having fixed linear parts with
sufficiently small contraction ratios. A sharp bound for the contraction ratios was found
by Solomyak [36] and the result was extended to measures by Jordan, Pollicott, and
Simon [20]. In all the mentioned works, the main tool was an affine version of the
transversality method. Recently, the dimension of self-affine sets has been calculated in
a deterministic setting under certain separation conditions in R? and R3; see Barany,
Hochman, and Rapaport [5], Hochman and Rapaport [18] and Rapaport [28]. One of
the main tools used in these results is the Ledrappier-Young formula introduced by
Ledrappier and Young [23,24] for C? diffeomorphisms on C* compact manifolds. The
formula was later established for self-affine systems by Feng and Hu [12], Bardny and
Kéenmaki [6], and Feng [11]. It connects the dimension of an ergodic measure supported
on the self-affine set with the dimension of its projections along sufficient “strongly
contracting” directions.

Surprisingly few results are known on the dimension theory of general non-conformal
and non-affine systems. One example of such an object is the graph of the Weierstrass
function. Let ¢: R — R be a 1-periodic C! function, b > 2 an integer, and b= < X < 1.
The Weierstrass function is then W(z) = > >  \"p(b"z). It is well-known that W
is a nowhere differentiable continuous function. It is also easy to see that the graph
{(z,W(x)) : x € [0,1]} is the attractor of the iterated function system (F;);cqo,.. b1},
where F;: R? — R?, Fy(z,y) = (5, Ay + o(%E)). The Ledrappier-Young formula for
such a system was shown by Ledrappier [22], and using that Bararnski, Bardny, and
Romanowska [2] studied the classical case ¢(x) = cos(2rz) and verified Mandelbrot’s
conjecture that the dimension equals to 2 + % on a region of parameters. This
result was later extended to the general case by Shen [30]. Both results relied on a
suitable transversality method and the task was to verify the assumptions required by
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Ledrappier [22]. Recently, Ren and Shen [29], by relying on methods more resembling
the methods used in [5], proved a nice dichotomy for the Weierstrass functions: for each
analytic ¢, either W is analytic or the graph has dimension 2 + llggf\.

The general case of non-conformal and non-affine systems is far from being well
understood. Falconer [10] found an upper bound in terms of a sub-additive pressure
function for the upper Minkowski dimension of the attractor of iterated function system
formed by C?-maps satisfying a technical condition called 1-bunching. This was extended
by Zhang [38] by showing that the sub-additive pressure gives an upper bound for the
Hausdorff dimension of the attractors of iterated function systems formed by C' maps
without the 1-bunched condition. Only very recently, it was shown by Feng and Simon [14]
that this formula bounds the upper Minkowski dimension also in the case of C' maps.
So far there have been only a very few cases when the dimension actually equals the
upper bound given by the sub-additive pressure, and usually these cases deal with the
Minkowski dimension under some special conditions; for example, see Falconer [10] and
Barreira [7]. Feng and Simon [15] introduced a non-conformal and non-affine version
of the transversality condition under which the Hausdorff and Minkowski dimension
equal the value given by the sub-additive pressure for almost every choice of parameters.
They verified the result for certain iterated function systems where the functions have
lower-triangular derivative matrices with common strong stable direction. Jurga and
Lee [21] recently proved the Ledrappier-Young formula for such systems. For further
developments, see the recent survey of Feng and Simon [13].

This paper is devoted to complement the result of Feng and Simon [15]. We also
restrict ourselves to functions with lower-triangular derivative matrices and further, we
only consider the planar case. The Ledrappier-Young formula has been crucial in the
development of the self-affine theory and our plan is to use it also here. Furthermore,
we introduce a variant of the transversality condition which depends on the Ledrappier-
Young formula. The difference with the already studied lower-diagonal case is that
instead of having a common strong stable direction, the maps now have a common
weak stable direction. As the projections one has to use in this case come from certain
ordinary differential equations and are non-linear, this setting cannot be studied by
simply applying the existing methods from self-affine sets. Jurga and Lee [21] assumed
that the lower-triangular derivative matrices have a common strong stable direction, so
they were able to use orthogonal projections in their Ledrappier-Young formula.

In our main result, Theorem 3.1, we prove, by using the weak Ledrappier-Young
formula we prove and the transversality condition for the non-linear projections we
introduce, that the Hausdorff and Minkowski dimension of the attractor of a general
parametrized iterated function system with lower-triangular derivative matrices equal
the value given by the sub-additive pressure for almost every choice of parameters. In
Theorems 1.1 and 1.2, we exhibit two concrete classes of non-conformal and non-affine
iterated function systems parametrized by their translation vectors for which the main
theorem applies.

1.1. Dimension estimates. Let us now define the planar non-conformal iterated func-
tion systems we intend to study in details. Let ® = (F});c(1,... n}, Where F: R?2 — R?,
Fi(z,y) = (fi(z),gi(x,y)), be an iterated function system such that
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(G1) F; € C*([0,1)%) and F;([0,1)?) € [0,1)2 for all i € {1,..., N},
(G2) there exist 0 < 7 < p < 1 such that
T < |fi@)| <1(g:)y(z. y)| <p
for all (x,y) € [0,1]> and i € {1,...,N}.
We denote the attractor of ® by X. Observe that the first coordinates of the maps in @
form a C?-conformal IFS on [0, 1]. Let us denote this IFS by ¢ = (fi)ieq,...N}-

We will next recall some standard notation. Let us denote by ¥ = {1,..., N}
the symbolic space, i.e., the set of all infinite words formed by the symbols {1,..., N}.
The set of n-length words is denoted by ¥, = {1,..., N}" and the set of finite length
words by ¥, = U, ,X,. We use the convention that ¥y = {@}, where @ is the
empty word, i.e., the identity element of the free monoid ¥,. The length of a word
i € X, is denoted by |i]. For i = dyig--- € X, let i|, be the first n coordinates
of i, i.e., i|, = 41---i,. We use the convention that i|p = @. For any two words
i,j € XUX,, let |1 A j| =max{k > 0: il = ji} be the length of the common part and
let i A j = ifj;nj = jlinj be the common part of i and j. For a finite word i € X, let
us denote by i the finite word in reversed order. For a finite sequence i =iy - - -1, € X,
write Iy = Fj, o---0oF; , and denote the first and second coordinates of F} by f; and g,
respectively. We use the convention that Fg(z,y) = (z,y), fo(z) =« and gz (z,y) = y.
Throughout the paper, we will denote the derivative of the maps g; (and respectively their
iterates g;) with respect to the first coordinate by (g;),. and with respect to the second
coordinate by (g;);, (and respectively (g;); and (gi); for higher iterates). Since the first
coordinate of the map F; depend only on the first variable, we denote the derivative of f;
(and fi) by f/ (and by f{, respectively).

Let m: ¥ — X be the canonical projection defined by

m(i) = lim Fy (z,y) (1.1)

for all i € ¥, where the value of 7(i) is independent of the choice of (z,y) € [0,1]%.
Let us denote the first and second coordinates of 7(i) by m!(i) and 7%(1), respectively.
Observe that 7! is the canonical projection of ¢, i.e., 7!(i) = lim, 00 fil, (z) for all
ieXYandz€|0,1].

For i € 3, let

[(91)y(z,9)I%, if0<s
¢* (1,2, 9) = S |(g0)y (@, I|(fs) ()7, if1<s
[(g5)y (@, y) (fo) ()2, if s > 2.

We define the subadditive pressure function P: [0,00) — R by setting

1
2, (1.2)

o1 a(s
P(s) = lim —log »  ¢°(i,,) (1.3)
ie¥y
for all s > 0, where the limit exists and is independent of the choice of (z,y) € [0, 1]

by [4, Theorem 3.1]. This fact strongly relies on the bounded distortion property of
the iterates of the maps: there exists C' > 1 such that, for each i € ¥, and for every
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(z,y), (@, y) €0, 1]2, we have

(91)y (2, )]

o1 fi()] -1

CI<|1 <C and C < ——F—+ <C; 14
) [eApEaT] )

see [4, Proposition 2.1]. Relying on (G2), it is easy to see that s — P(s) is a continuous,

strictly decreasing function such that P(0) = log N and lims_, P(s) = —oo. Hence,

there exists a unique root of the subadditive pressure function and we denote it by sg. It
follows from a recent general result of Feng and Simon [14, Theorem 1.1] that

dimy(X) < min{2, 5o}, (1.5)

where dimy; is the upper Minkowski dimension of a given set.

We denote the collection of all Borel probability measures on ¥ by M(X), and endow
it with the weak® topology. The left shift is a map o: % — > defined by setting
oi = o(i) = igiz--- for all i = dyig--- € X. We say that a measure p € M(X) is
o-invariant if p([i]) = SN | u([ii]) for all i € 2, and ergodic if p(A) = 0 or u(A) =1
for every Borel set A C ¥ with 0~ 1(A) = A. Write

My(E) ={p € M(X2): puis o-invariant}.

Recall that the Kolmogorov-Sinai entropy of p € M(X) is

() = lim 3 u(a]) log (i)
ie¥,

and the Lyapunov exponents of u are

() = / log [(gi, ) (m(01))| dpa(),

(1.6)
xaln) =~ [ log |, (x (73| du(a).
Feng and Simon [14, Theorem 1.2] have shown that
dimy (m.12) gmin{Q,m,l+W}, (1.7)

where ﬁp is the upper packing dimension of a given measure. The expression on the
right-hand side of the inequality above is called the Lyapunov dimension of u and we
denote it by dimp,(x). To infer the dimension result for the attractor, it suffices to work
with a smaller class of invariant measures. We say that u € M(X) is quasi-Bernoulli if
there exists a constant C > 1 such that

O u([iD[3]) < m((33]) < Culli)n((3))

for all i,j € X,. It is straightforward to see that every quasi-Bernoulli measure is
equivalent to a o-invariant quasi-Bernoulli measure which furthermore is ergodic.
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FiGURE 1. The attractor of an iterated function system ® satisfying the
assumptions (A1)—(A3).

1.2. Two concrete examples. Let us now consider parametrized families of iterated
function systems satisfying (G1) and (G2). A natural way to parametrize such systems

is via the translation parameters.
Our first example is a planar non-conformal iterated function system ®* = (F});c (1,.,N}s

where Ff: R? — R? Ff(x,y) = (fi(z) + ti1, gi(z,y) + ti2), are C? maps parametrized
on an open and bounded set U C R?Y such that

(A1) it holds that

1

0 <7< fi(x) < (gi)y(z,y) <p< 5

for all (z,y) € [0,1)? and i € {1,..., N},

(A2) it holds that
(9i)2y(z,y) SO< (i) (z,y)  and  (gj)y,(z,y) >0

for all (z,y) € [0,1]2 and i € {1,..., N},

(A3) Ff([0,1]%) C[0,1]2 foralli € {1,...,N} and t = ((t11,t1,2),- ..., (tn1,tn2)) € U.
For example, ® = (F; + (t;1,t:2))?*,, where
Fi(z,y) = r4i Yy +2y+1—ay+ 1223 + 22
i\, Y) = o5 o )

satisfies the assumptions (A1)—(A3) on a sufficiently small neighbourhood of the origin
in R*®; see Figure 1. We also remark that the assumption (A2) can be replaced by
(A2') (91)py(x,y) <0, (g:)5(z,y) <0, and (g;)y,(x,y) < O for all (z,y) € [0,1]* and
ie{l,...,N}.
To emphasize the dependence on the parameter t € U, we denote the the root of the
subadditive pressure (1.3) by so(t), the Lyapunov exponents of (1.6) by xi(u,t) and




DIMENSION OF NON-CONFORMAL ATTRACTORS 7

x2(f, t), the Lyapunov dimension of (1.7) by dimy,(x, t), the canonical projection of (1.1)
by 74, and the attractor by X = m(X). Let £? be the Lebesgue measure on R?, dimy
be the Hausdorfl dimension of a given set, and dimy be the lower Hausdorff dimension
of a given measure.

Theorem 1.1. Suppose that ®t satisfies the assumptions (A1)-(AS3). If p € M (X) is
quasi-Bernoulli, then

dimyy ((m¢)«p) = dimp, (2, t)
for L2 -almost all t € U and (m¢)wpt < L2 for L2V -almost all t € U for which h(u) >
x1(p, t) + x2(p, t)}. Furthermore,
dimp (Xt) = dimy(Xt) = min{2, so(t)}
for L2N -almost all t € U and L2(X¢) > 0 for L2N -almost all t € U with so(t) > 2.

The second parametrized family is a planar non-conformal iterated function system
®t = (Ff)ieq,. Ny, where Ff: R? — R?, Ff(2,y) = (fi(z) + ti1, gi(x,y) + ti2), are C?

(2
maps parametrized on an open and bounded set U € R?Y such that

(B1) it holds that
1
0 < 47 < 4lf(@)] < (g} (x.0)] < |

for all (z,y) € [0,1]% and i € {1,..., N},
(B2) it holds that
@)@yl 1

max -~ ~
(z{y)e[ojle (9i)y(z,y)] o3

.....

—_

and .,
i) (2, j z 1
I ) E ) A B!
(pelo? [(9:)y(z, )] @ ()<l 1(g5)y(z, )]~ 3
for all (z,y) € [0,1]%,

(B3) FX([0,1]?) C [0, ] foralli e {1,...,N}and t = ((t11,t1,2),-..,(tn1,tN2)) € U.
For example, ® = (F; + (t;1,t:2))13,, where

Fi(z,y) = (e(mma Yo cos(z) 1 6>7

2 25

satisfies the assumptions (B1)-(B3) on a sufficiently small neighbourhood of the origin in
R26. The result for this family is precisely the same.

Theorem 1.2. Suppose that ®* satisfies the assumptions (B1)—(B3). If p € My (%) is
quasi-Bernoulli, then
dimyy((m¢)«p) = dimg, (1, t)
for L2N -almost all t € U and (m¢)wpt < L2 for L2V -almost all t € U for which h(u) >
X1(p,t) + x2(p, t)}. Furthermore,
dimy (X¢) = dimy(Xt) = min{2, so(t)}
for L2N -almost all t € U and L2(X¢) > 0 for LN -almost all t € U with so(t) > 2.
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We remark that, by (1.7), the measure ().« in both theorems satisfies dimpy ((7)«pt) =
dimp ((7¢)«p) for almost all t € U. If a Borel measure m satisfies such an equality, then
we say that m is exact-dimensional and we denote the common value by dim(m). The
equality also implies that the pointwise dimension of m, dim,.(m, ), exists at almost
every z, is almost everywhere constant, and the value equals dim(m). In other words,

dimyge(m, ) = lim -2&TUB@: 1))

= di 1.
0 logr dim(m) (1.8)

for m-almost all z € R?. Theorems 1.1 and 1.2 are consequences of a more general
theorem, Theorem 3.1, presented in Section 3. A pivotal assumption in the theorem is
a suitable transversality condition for general planar non-conformal iterated function
systems which we introduce to guarantee that there is no dimension drop for almost
every parameter. In Section 5, we verify that the assumptions (A1)—(A3) and (B1)—(B3)
imply this transversality condition.

2. WEAK LEDRAPPIER-YOUNG FORMULA

One of the main tools in the study of the dimension theory of iterated function
systems is the Ledrappier-Young formula. In this section, we do not intend to generalize
the formula in its strongest form. We only give a lower bound for the dimension of
our planar invariant measure by its non-linear projections. Before stating this weak
Ledrappier-Young formula, we go through some preliminaries.

Let ® = (Fi)ieq1,..,ny be an IFS satisfying (G1) and (G2). Let us define the slope of
the strong-stable tangent bundle u: ¥ x R? — R as follows: For each i € ¥ and for every
(z,y) €[0,1]?, let

o0 —(gik)&(Fm(xﬁy))fiﬂ—(w)
u(i,z,y) = Z —

P (957)y(@,y)

il

(2.1)

It is easy to see that the series above is absolutely convergent by (G2). The importance
of the mapping « is that it forms an invariant bundle with respect to the derivatives, and
the contraction of the map Fj, is the “strongest” along lines with slope u(i, -, -). More
precisely, by the definition (2.1),

(9ir ) (2, y) fi, ()

D =) Gy O ) 2

and hence,

Dy Fiy (u(i,lx,y)> = fi (@) <u(ai,Flz'1 (:p,y))) '

for all i = iyiy--- € ¥ and (z,y) € [0,1)%

Let us next define the strong-stable foliation corresponding to the strong-stable tangent
bundle. In other words, for each i € ¥ we partition [0,1] x R into C'-smooth curves.
By our assumptions, each of these curves can be represented as a graph of a C! map
x — y(z). More precisely, for each i € ¥ and for every (zg,yo) € [0,1]? there exists a
unique C'-map denoted by z +— y(i, (x0,%0), z) such that its value equals yo at z = g
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and its derivative with respect to  corresponds to the slope u(i,z,y(1, (o, o), x)), that
is,

(y)gxﬁi’ (CL’(), y0)7 l’) = u(jv €L, y(i7 (1:07 yO)a $)), (23)
y(1, (o, ¥0), ¥o) = Yo,

or, alternatively,

T

y(i, (20,90),2) = o + / uld, (0, 90), y(1, (70, 30), 2)) dz.

Zo

Hence, for each i € ¥ we can define the strong-stable foliation &; as
51(1‘05 yO) = {(.’IT,y(l, (an yO)u l‘)) IS [O) 1]}
The importance of this foliation is that it is invariant with respect to ®.
Lemma 2.1. For each i € ¥ and for every (zo,yo) € [0, 1]? it holds that
iy (ma y(iv (:EOa yO)a :E)) = y(Gia Fi, (l’o, y0)7 fil (l‘))
for all x € [0,1].

Proof. Let us consider the derivative of the map = — g¢;, (z, y(i, (z0,¥0),x)). By (2.2),
we have

g0 (8 (70, 90), ) = (9ol 95 0, 90), )

+ (i1 )y (2, y(1, (20, y0), 2))u(i, 2,y (1, (z0, Yo), 7))
(o1, Fyy (2, y(1, (20, 90), 2))) fi, (=
(04, i (&), (2, y(3, (0, 90), )

~—

=Uu
=Uu

~—

) fiy ().

On the other hand, the derivative of the map = — y(o1i, Fj, (zo, o), fiy (z)) is

%y(ai7Fil(x07y0)7fi1(x>) = (y)z(01, Fi, (x0,%0), fi, (2))) fi, (x)
= u<ai7 fil (H?),y(O'i, Fil (xo, yO)v fil (x)))fz/ (l‘)

Since g;, (z0, y(1, (o, ¥0), Z0)) = gi1 (%0, Y0) = y(oi, Fi, (w0, Yo0), fi, (x0)), the claim follows
by the classical Picard-Lindel6f Theorem; see, for example, [1, Theorem 3.2]. O

For each i € ¥, let us define a non-linear projection proj;: ¥ — R by setting

proji(j) = y(i,ﬂ'(j),O) (2'4)

for all j € ¥. For the measurable partition {7~ (z,9)}4)ef0.12 of &, let {uf}ies be
the family of conditional measures supported on the partition element 7! (7(1)). Note
that such a family of measures is defined uniquely up to a zero measure set; see, for
example, Simmons [32]. Finally, for each p € M;(X), let us define the reversed measure
&€ My (2) by setting 7 ([i]) = ,u([?]) for all i € ¥, and extending in usual manner.
We are now ready to state and prove the weak Ledrappier-Young formula.
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Theorem 2.2 (Weak Ledrappier-Young formula). Suppose that ® satisfies the assump-
tions (G1) and (G2). If p € My (X) is quasi-Bernoulli, then

h(p) — H(p) =X g (oroi.
Coxe(w) ( X2(M)>d ((projs)«p) (2.5)

for W -almost all i, where H(p) = — Jlog pF ([51]) dpu(3)-

dimy (map) >

According to our best knowledge, Theorem 2.2 has not been stated earlier in this
context and it is original contribution within this work. Nevertheless, the proof is a slight
modification of the proofs of [6, Theorem 2.6] and [22, Proposition 2] for quasi-Bernoulli
measures on dominated self-affine systems. For the convenience of the reader, we present
below the necessary changes following [6, Sections 6 and 7.

Sketch of the proof of Theorem 2.2. Let p > 0 be such that p < 1/N and choose real
numbers t1,...,ty such that the IFS {z — px + ti}ij\il satisfies the strong separation
condition and acts on [0, 1]. Write $ = (Fi)ie{l,...,N}? where E;: R® — R3, Fi(m,y, z) =
(fi(x), gi(z,y), pz + t;), lift the maps F; into R? and make the system satisfy the strong
separation condition. We denote the attractor of o by X and the canonical projection
by II: & — X.

Define a dynamical system T': [0,1]% x ¥ — [0, 1]? x ¥ by setting

~

T(x,1i) = (Fj,(x),01).
Since ® satisfies the strong separation condition, the inverse 7! is well-defined on X x3.
Let P, denote the orthogonal projection from [0, 1]? onto the first two coordinates. Note
that we have P, o II = 7. Let us define three T~ !'-invariant foliations £°, ¢!, and &2 of
X X X by setting, for each (x,1) € X x X,
(x,1) = X x {i},
£'(x,1) = {y € X : y(1, P2(x),0) = y(i. P(y), 0)} x {1},
E(x,1) ={y € X : Pa(x) = Py(y)} x {i}.
Furthermore, let P(x,1) = F;(X) x ¥, where j is the unique symbol such that x € Fj(X).
It follows that the foliations &%, i € {0, 1,2}, are invariant, i.e.,
gV P =TE, (2.6)
where (£ V P)(x,1) = £'(x,1) N P(x, 1) is the common refinement of the partitions &’
and P and T¢' is the partition (T¢%)(x,1i) = T(£(T1(x,1))). The cases i € {0,2} are
straightforward and the case i = 1 follows by Lemma 2.1. Let us denote by P" the
refinement of the partition P along the dynamics of 71, i.e.,
P (x,i) = P(x,i) NT(P(T~Hx,i))) N---NnT" HPIT~ " V(x, 1))).
We use the convention that P%(x,1) = X x3. Finally, let us define the transversal balls
by setting
((5,3) €€'00,1) : |Pa(x) — Pa(y)| < 6},
BT ((%,1),8) = {(y.3) € €°(x,1) : ly(3, Po(x),0) — y(1, Pa(y),0)| < 6.
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It is easy to see, by the bounded distortion (1.4) and the invariance of the foliations (2.6),
that there exists ¢ > 0 such that

BIN(T(x,1),¢710) N P(T(x,i)) € T(BI ((x,1),9))

. | (2.7
- Bz (T(Xu 1)7 05) N P(T(Xﬂ l))

for all (x,1) € X x ¥ and § > 0.
Let u € My(X) be a quasi-Bernoulli measure. Recall that p is automatically ergodic.
Furthermore, there exists a unique ergodic 7~ '-invariant Borel probability measure v
such that v is equivalent to the measure I u X <ﬁ on X x ¥. To simplify notation, let

us denote the measure 7, by m. Let 1/(5; i) be the family of conditional measures with
respect to the foliation £%; see [32, Theorem 2.1 and Theorem 2.2]. It follows that 1/(5:2 )

is equivalent to IL,p and (Pg)*l/(i(: i) is equivalent to m for v-almost all (x,1i). For each

i€, let ,u?jroiJ) be the family of conditional measures with respect to the planar foliation

{proj; (proj; (j))}. Tt is easy to see that (PQ)*Vﬁl(j)yi is equivalent to ml(’:r‘()j:),i) = W*M?;f)ij)

for p-almost all j.
By following the argument of [6, Lemma 6.3], one can show, by relying on (2.7) and
the uniqueness of the conditional measures, that

Vg"ll(x,i) = (T_l)*l/(ij/i? (2.8)

for v-almost all (x,1). By induction, one can also show that
V(gx,i) (szjﬁ—l ((Xa i)a 5) N Pn(X, 1))

& (Pr(x.1) = Vinpn (T (Bla((69).0)) . (29)
V( X, 1

x,1)

for all n € N. By the bounded distortion (1.4), there exists C' > 0 such that for each
(j,1i) € ¥ x X we have

BY (T™"(I(5), 1), €16l (g3,)ylI71) € T7"(BY ((11(5), 1), 8)) N (T (T1(§), 1))
C B{(T™"(I1(5), 1), O8]l (951,71

and
By (T~™(I1(3),1), C~ 6|l (f31,)' 17" € T7™(B3 ((11(3), 1), 6)) N EN(T™(T1(3), 1))
C By (T™(11(3),1), C||(f5,.)1I7H). (2.10)
for all 6 > 0 and n € N. The inclusions that there exists a constant ¢ > 0 such that
B((x,1),¢p™) N ¥ (x,1) € P"(x,1) N € (x, 1)

) ) (2.11)
C B((x,1),c” p") NE(x,1)

for all n € N are straightforward by the strong separation condition of d.

Adapting the modifications explained above, one can now repeat the arguments

of [6, Lemma 7.4, Proposition 7.3, and Theorems 7.2 and 7.1] to obtain the claim.
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Nevertheless, let us go through the main steps of the proof. By using (2.11) and (2.8),
we have

log V(x i) (B(x,p")) ~ log V(x i) (P"(x,1)) 1 nz:l Ve (Pk+1(x7 i))
nlog p nlogp nlogp ¢

- & e (Ph(x, 1))

= Zlog V- k(x1 ( k(X’ 1)))

nlogp

f IOg V(yJ)(P(y? J))dV(Y7 1)
_>
log p

as n — oo for v-almost all (x,1). Then for every n € N, by using (2.7), (2.9), (2.10), and
Maker’s ergodic theorem, we have

log i) (BE((11(3). ). 175, 1)
log][77, 1

1

Zlog ] Vi T BE(TG). 5. 16, 1))
log”f' s Vg (T BE(G), 1), 17, 1)

Zl Yoy BY (TG ), 1 £y, D)

08 —a

log“f’ | VT (BE (TG, 1), 1 £y, )
Vieqyy ) BE (TG 1), 1 £y D)

/ ]' 1

1og||f !Z( g s (H(j)’i)(BQT(T—Z(H(j) ), £, 1) NPT4I(), 1))
Vi sy (P(TA(TI(5), 1)) >

ffle(nm(BT(Tg (), 1) £, )N PE(G), 1))

o v o (Ply, 1) du(y, 1) + [logof, , (P(y, 1)) du(y, 1)
Xz(ﬂ)

+ log

Jlr—e

as k — oo for v-almost all (II(j),1). One can show similarly that

log 1y 5.y (BT (T1(3), ), (931, )
log [ (931, )3

| oy (P 2) dvly, 3) + [log o) (P(y, 1)) dvly, )
x1(#)

as k — oo for v-almost every (II(j),i). It is easy to see that

- 1o Py 1) dv(y. 1) = hiw)
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and
- 1o, Py ) dvy. 1) = H(p)

Recalling that the measures (Pg)*u(iJ ) and m are equivalent as also the measures

(Pg)*y(i ) and m?;;j(x) 1), We see that

_ _flog”fyl,i)(P(ya i))dv(y,i) — H(p)

pro.j proj .%') _
xa()

dim(m(gm)) = dimloc(m(%i),

and
h(p) + [log vl (P(y, 1)) du(y, 1)

x1(w)
for m x r-almost all (z,1). Applying [24, Lemma 11.3.1], we conclude that

dim((proj; )«pt) = dimyoc((proj; )«m, proj; (z)) =

dimy(m) > dim(mpmj)) + dim((proj; )«t)

(2,1
_ )~ H ) (1 B W)) h(p) + [log v, (P(y. 1)) du(y, 1)
x2() x2 (1) x1(p)
_ hp) = H(p) PELCR
T xe(w) < m(u)) dim((roi,)-#)
for m x ‘-almost all (2,1). This is what we wanted to prove. O

3. MAIN THEOREM

In this section, we introduce a general parametrized iterated function system satisfying
(G1) and (G2) and state the main theorem for it. Fix d,m € N and let V and W be
open and bounded subsets of R and R™, respectively. For each v € V, w € W, and
i€{l,...,N} let £V:[0,1] — [0,1] and g¥: [0,1]*> — [0, 1] be such that

(T1) the maps z — fY(z) and (x,y) — g} (z,y) are two times continuously differen-

tiable and there exists a constant C' > 0 such that

max{|(g}" )2 (=, ¥)I, (5" )y (. 91, [ (" Vg (2, ) [} < €

for all (z,y) € [0,1]?> and w € W,
(T2) there exist p,~,7 € (0,1) such that

T <y ) @) < @)y (@)l <p

for all (z,y) € [0,1]? and (v,w) € V x W,
(T3) for each (z,y) € [0,1]?, the maps v — f¥(z) and w — g (z,y) are continuous
on V and W, respectively.
Define a parametrized family of planar iterated function systems by setting ®* =
(FY™)icqr,..xy, where FY™: B2 - B2, FY™ (1, y) = (Y (2), g% (2,y)) and t = (v, w) €
V x W. Note that the conditions (T1)—-(T3) imply (G1) and (G2). Furthermore, observe
that all the iterates of the first coordinates of F}"*" depend only on v while the second
coordinates of F} " when |i| > 2 depend on both v and w. Hence, we denote the iterates

of the coordinate functions by fY and g;", respectively.
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We assume that ®* satisfies also the following assertions (T4)—(T7).
(T4) for every to = (vo,wp) € V x W and € > 0 there exists 6 > 0 such that

675|i‘ < |(gf);(ﬂc,y)! < eg‘i|
(g5 )y ()]
for all i € ¥, t € B(to,9), and (z,y) € [0,1]?,
(T5) for every vo € V there exists C(vg) > 0 such that the following transversality
condition holds

Ln({w € W : |proj®™ (1) — projy "™ (3)| < 7}) < C(vo)r
for all 1,3,k € ¥ with i1 # 7y,
(T6) for every € > 0 and vy € V there exists ¢ > 0 such that

e Y@
S @) T
foralli e X, ve B(Vo,é), and x € [0, 1],
(T7) there exists C' > 0 such that
Lo({veV:|m(i) —m/(G) <r}) <Cr
for all 1, j € X with i1 # j;.

Let so(t) be the unique root of the subadditive pressure function P; defined in (1.3) and
recall that the Lyapunov dimension defined in (1.7) is

h() h(u) — x1(p, t)
><1(M,’G)’1Jr xa(#, V) }’

where we have emphasized the dependence on the parameter t = (v,w) € V x W.

dimy, (u, t) = min{2,

Theorem 3.1. Suppose that ®t satisfies the assumptions (T1)—(T7). If p € My (%) is
quasi-Bernoulli, then

dim((m¢)«pr) = dimg (, t)
for L™ almost all t € V x W and (my)wp < L2 for L™ almost all t € V x W for
which h(p) > x1(p,t) + x2(p, v)}. Furthermore,
dimp (Xt) = dimy(Xt) = min{2, so(t)}
for L™ almost allt € V x W and L2(X¢) > 0 for L™ -almost all t € V x W with
So(t) > 2.

3.1. Components of the proof. The proof of the main theorem, Theorem 3.1, can
be decomposed to the proof of the following three propositions which together with the
weak Ledrappier-Young formula, Theorem 2.2, then imply the claim.

Proposition 3.2. Suppose that ®t satisfies the assumptions (T1)-(T6). If p € My (%),
then
h(p) }

" x1(p, (Vo, w))
or all vo € V, for L™-almost all w € W and for S -almost all i € X.
f T

dimngy (prof{"™)ais) > min{l
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Proposition 3.3. Suppose that ®* satisfies the assumptions (T1)—(T5). If u € My (%)
and there exists vo € V' such that
h(p) = x1(p, (vo, w))

xz(, vo)

dimy ((my, )« 2) >

for all w € W, then
HVO,W(N) =0
for L™-almost all w € W, where Hy(u) = — [log u3*([71]) du(j).-

Proposition 3.4. Suppose that ®* satisfies the assumptions (T1)—(T5). If u € My (%)
and there exists vo € V' such that
(W\l,o)*u < L

then

2
(V07W)

7.‘.1
(Mg ety < L

1
for L™ -almost all w € W and for p-almost all i € X2, where {uzvo}ieg is the family of
conditional measures supported on the partition element (my )~'(w (1)).

Let us next demonstrate how Theorem 3.1 follows from Propositions 3.2-3.4 and the
weak Ledrappier-Young formula, Theorem 2.2. To that end, we require the following
lemma.

Lemma 3.5. Suppose that ®* satisfies the assumptions (T1)-(T4) and (T6). If p €
My (%), then the maps t — so(t), t — x1(p,t), and v — xa2(u, v) are continuous. In
particular, the map t — dimy,(pu,t) is continuous.

Proof. Although the proof is straightforward, we present it for completeness. Fix tqg =
(vo,wo) € V x W. Then, by (T4) and (T6), for every € > 0 there exists 6 > 0 such that
ZieEn Soi(i? xz, y) < esns
ZiGEn @io(ia x, y)
for all t € B(tg,0) and s € [0,00), where ¢f(i,z,y) is defined in (1.2). It follows that
|Pi(s) — Py, (s)| < se. On the other hand, (T2) implies that |P;(s) — P;(s")| = L|s — §/|
for every t € V x W, where L = —log p. Therefore,
0= [Pe(s0(t)) — Py (s0(to))l
> |Pi(s0(t)) — Pe(s0(to))| — [Pe(s0(to)) — Pro(s0(to))]
> Lso(t) — s(to)| — so(to)e,
which proves the continuity of t — so(t).
The continuity of the Lyapunov exponents follows by the continuity of the map
t — m¢(1) and the dominated convergence theorem, which can be applied by (T2). The
continuity of t + 7 (i) follows from (T1)—(T3). Indeed, notice first that v — 7l(i) is
continuous by [35, proof of Lemma 4.1] and
¢ (1) — 75y (1) = |g) (me(01)) — g3} (e, (011))|
= |93 (me(01)) — g3} (740 (03)) + g3 (e (01)) — 9} (e (0'1))]
< Clmy(01) = myy ()] + g3y (e, (01)) — 977 (e, (1))

e*STLE <
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+ plmi (o) — 7, (o1)].

Hence, by the induction,

o0
w2 (3) = mi (D] < D _(Clmy(074) = 7y, (0"1)] + g3} (meo (074)) — g3 (e (0*2)) ),
k=1
which can be rendered arbitrary small by the continuity of v + 7L(i) and (T2). O

Observe that for every tog € V' x W, there exists a unique quasi-Bernoulli pt, € My (%)
such that

So(to) = dimL(,utO, to). (31)
This follows by considering a Hélder-continuous potential i — log *(®0) (i1, m¢, (0i)) and
invoking [8, Theorem 1.22]. We are now ready to prove the main theorem.

Proof of Theorem 8.1. Let us first prove the claims for the quasi-Bernoulli measure.

By [35, Theorem 7.2], assuming (T1)-(T4) and (T7), there exists V C V such that
LYV \ V) = 0 and, in particular, dimy((7}).x) = min{1, xél((ﬁ)\/)} for all v € V and
(71)p < L for all v € V for which h(p) > x2(pt,v). By (1.7) and Fubini’s Theorem, it

is enough to show that, for each vy € V', we have
dimy ((7rvo,w)«p) = dimg (1, (vo, W) (3.2)

for £L™-almost every w € W. Fix vo € V. It is easy to see that on the region of W,
where dimp,(p, (v, w)) < 1, we have

dixng (1, (vo, W)) = min{l,

h(p) }
X1k, (vo, w)) J-

Hence, the claim (3.2) follows from Proposition 3.2 and the fact that dimy (projj”™ ).u <
dimy (7yy,w)«p. On the region of W, where 1 < dimy,(y, (vo, w)) < 2, simple algebraic
manipulations show that min{1, X;(Ll(f ‘),0)} > bl )_Xél(;(f ",(O‘SO’W)) and hence, (3.2) follows by
Theorem 2.2, Proposition 3.2, and Proposition 3.3. Finally, on the region of W, where
dimy, (i, (vo, w)) > 2, we have

h(p) > x1(p; (vo, w)) + x2(pt, vo) > xa(p, vo)

™

and so, by Proposition 3.4, we see that (72, o )«u; 0" < L' for £L™-almost all w € W.
Since

5 :
(Tvo,w)pt = /(ﬂ'vo,w)*ui O du(i)

Ty i oy, .
= /5w},0(i) X (W?zo,w)*ﬂi Cdu(i) = /5i X (Wzo,w)*ﬂi 0 d(”xlzo)*ﬂ(l)»

we get, by Fubini’s Theorem, that (my,w)«p < £2 for L™-almost all w € W. Applying
Fubini’s Theorem once more, we conclude that (m¢).pu < £2 for £LH4™-almost all t €
V x W.

Let us then prove the claims for the attractor. They basically follow by the continuity
properties of Lemma 3.5 for the measure p, defined in (3.1). Let us first assume that
so(t) <2 forall t € V x W. Recalling (1.5), let us argue by contradiction and suppose
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that £4™({t € V x W : dimp(X¢) < so(t)}) > 0. Then there exists n € N such that
LAt eV x W : dimg(Xt) < so(t) — 1/n}) > 0. Let to be a Lebesgue density point
of that set. Hence, for £4T™-almost every t € {t € V x W : dimp(Xy) < so(t) — 1/n},
we have
so(t) — 1/n > dimy(X¢) > dim((7¢)xpit,) = dimy, (g, t).

But by Lemma 3.5, dimr,(p,,t) — s(to) as t — to, which contradicts to the continuity
of t — so(t) at to. Recalling (1.5), this shows that dimp(X;) = dimy(X¢) = so(t) for
LM almost all t € V x W provided that sg(t) < 2 for all t € V x W. If s(tg) > 2
then again by Lemma 3.5, we have dimy,(yt,,t) > 2 in a sufficiently small neighbourhood
of to and therefore, (7)., < £2 and L£2(Xt) > 0 for £+ almost every t in this
neighborhood completing the proof. O

4. PROOFS OF THE PROPOSITIONS

In this section, we prove Propositions 3.2-3.4 and hence, finish the proof of Theorem
3.1. Let ®* be a parametrized planar iterated function system as described in Section 3.
Before going into the proofs, we study the non-linear projection (2.4) in more detail. We
denote the strong-stable tangent bundle (2.1) by ut and the strong-stable foliation (2.3)
by v¢. It is easy to see that

oo( (98 zy (Fyr— (2, ) (=)' ()

() (L, 2,) = e

k=1 (g%'k), (ﬂj,y) ilg—1
k(9) (Ft (@, 9)(ff—)'(2)
¥ iy ilg—1
T ) (1
(g%e )yy(Ft| ¢ (7,y)) .
. (gn )y(Fit\ (g; ) (95— i _1) (x, y))

By (T1) and (T2), there exists a constant C' > 0 such that

|(ut)y (i, 2,9)| < C (4.2)
for all (z,y) € 0,12, i € S, and t € V x W.
Lemma 4.1. There ezists C > 0 such that

’yt<i7 (350790);35) - yt(i7 ($17y1)>$)’ < C’yt(iv (1'073/0)70) - yt(i7 ($1,y1),0)’
foralli € &, (zo,y0), (x1,11) € [0,1]%, 2 € [0,1], and t € V x W.

Proof. By the uniqueness of the solution of the differential equation (2.3), either

ye(1, (20, %0), ) = we (i, (x1,91), )
or

yt(i7 (.’IJ(), yO)v x) 7& yt(ia (331, y1)7 l‘)
for all x € [0,1]. In the first case, the claim of the lemma is trivial. In the second case,
without loss of generality, we may assume that

yt(1, (zo,%0), ) > ye(4, (z1, 1), 7)
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for all = € [0,1]. By Lagrange’s Mean Value Theorem, for each = € [0, 1] there exists £
(which might also depend on i, t, (2o, o), and (x1,¥1)) such that

y£<i> (x07y0)a .7}) - yé(i? (-7517 yl)vx) - Ut(i,.ﬁlﬁ‘, yt(iv (.ﬁo,yo),l’)) - ut(ivxv yt(iv (.7)1,:!/1),5[]))
- (ut);<i7$7§> ’ (yt(iu (wo,yg),l') - yt(i7 (xhyl)ﬂx))
< Cye(3, (zo,90), @) — (4, (21, 11), 2)),

where in the last inequality we applied (4.2). Hence, by Gronwall’s inequality (see, for
example, [26, Theorem 1.2.1]), we have

yt(iv ($0,y0),l‘) - yt(i> (xla yl)vx) < (yt(iv (l‘o,yo),O) - yt(ia (x17y1)> O))er‘

The claim follows as z € [0, 1]. O

Since the first parameter-coordinate vg € V will be fixed throughout the proofs, with

a slight abuse of notation, we denote g; " by gV and f}° by f; for all i € X,. Similarly,

the canonical projection 7y, w is denoted by 7w = (7!, 72)) and the non-linear projection
:Vo,W

proj; " by proj} for all i € X.
Proof of Proposition 3.2. Fix vo € V. Standard calculations show that for every € > 0
there exists § > 0 such that, for every w € B(wy,d), i € ¥, and n > 1, we have
IO )
@ (o) ~
by the condition (T4). We will show that for every € > 0 there exists a § > 0 such that,
for any wo € W and £™ x f-almost every (w,i) € B(wyg,d) x 3, we have

h(p) —¢
dimy (proji¥ )« p = min{l — g, . 4.4
n(proit) X1 (vo, wo)) T 22 o
From this, using the continuity of the Lyapunov exponent given by Lemma 3.5, one can
show, by a standard density argument, that

: : : h(p)
dimy (profY ) > mm{l, -
" xi (i, (Vo, w))
for £ x Y7 -almost all (w,i). For details, see Simon, Solomyak, and Urbariski [35, proof
of Theorem 2.3(i)].
We define E = (..o U1 En,e, where

EM,E = {i S e_n(XI(u7tO)+€) < (g‘i’TO)gJ(Wwo (Uni)) < e_n(X1(M7tO)_E) and ( )
" 4.5
e hw+e) < p([iln]) < e ") =€) for all n > M}.

Notice that, by Birkhoff’s Ergodic Theorem and Shannon-McMillan-Breiman Theorem,
we have u(E) = 1. Fix wo € W and let

s < min{l — £,

h(w) — < }

X1 (u, vo, Wo) + 2€
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Choose M > 1 such that u(Epe) >1—¢c. Let A, ={(i,j) € Ex E.p |1 A | =n}
and observe that

/WO, ///EngM \PYOJl EJ))dz(ri?j;(U;éW)
3 L I o
_Z/// Jrns dﬁzron (J>(-)Sf§;3§§f”

< ;//A/O £7({w € B(wo,5) : | projl* (j)

= proj¥f (w)| < r~Y/*}) dr dp(3) du(n) ¥z (4).
By Lemma 2.1 and Lemma 4.1, we have
| projy’ (5) — projy ()| = O |yw (1, Tw(3): f3an(0)) — (L, T (B), f3rn(0))]
= C7 g5 (0, proj¥e. (0"3)) — g5hn (0, proj¥e. (o™ )|

1 n
> C" éemf |(937n)y (0, )l projizs, (073) — projizs, (o"b)]

and, by (1.4) and (4.3),

/—1 wo \/ —ne ‘W nay\ W n

>0 it (638050000l profi, (") — proji, (o)
1—1_—(x1(p,to)+2e)n ‘W nsy _ ‘W n

> O et | projizs, (0"3) — projizs, (o"h)|

for all n > M, (j,h) € A,, and i € X, where in the last inequality we applied the
definition of the set Eps.. Thus, by the transversality condition (T5),

Em({w S B(Wo,é) : |prOJ:V(J) — projzv(h)’ < ,,4—1/8})
< L"({w € B(wyg,0) : !prOJml(a j)— proj?ﬁli(anh)\ < enlbalito) +29) o1 =1/51)
< C" min{L™(B(wy, §)), e"x1(to)+22) . =1/51

for all (j,h) € A,, 1 € X, and r > 0. Therefore, we have

I e
Z/// / C" min{ L™ (B(w,5)),

00 01020715} dr dp(5) dp() A7 (3)

<Y [ enstamn 2 ay(s) auw)
n= An
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o)

< Z Z éen(sm(u,to)+2€)—h(#)+€)ﬂ([i}) < 00

n=0ieX,
Zce s(x1(pto)+2e)—h(u)+e) o

which implies (4.4). O

To prove Proposition 3.3, we utilize the method of Baranski, Gutman, and Spiewak 3,
proof of Theorem 1.12(i)].

Proof of Proposition 3.3. Let vo € V be as in the assumption. Write a« = h(u) —
xa (1) dimy (71) 0 and fix wog € W. Choose ¢ > 0 such that x1(ju,to) > o + 3¢, where
to = (vo,wp). It is enough to show that for £™-almost every w there exists Qy C 3
such that 7w|q,, is injective, and so ui¥ = d; for p-almost every i. In order to do so, we
will show that

L™ x p(A) =0,
where

A={(w,i) € W x ¥ : there is j € ¥\ {i} such that my (i) = mw(j)}-

For each € > 0 let § > 0 be such that (4.3) holds. Moreover, Let the sets Ejr. and E be
as in (4.5). Relying on the disintegration, it is enough to show that

L7 % ul (A) =0,

for p-almost every h. Let Qy be such that uZ (Qy) = 1 and htop(2n) < a+ . That is,
for every n > 0 and every M > 1 there exists a countable family Cs »s of cylinders such

that [i] > N for all i € Csur, On C Usee, ,, [1]; and D25, e~1tl@te) < . For each
w € B(wyg, ) define
Awnv ={i € N E.p :thereis j € QnN E. pr \ {1}
such that |j A i| < n and 72, (i) = 72,(3)}
and for every i € Oy N E; s let
Ai v ={w € B(wy,0) : thereis j € Qn N E. p \ {1}
such that |j Ai| <n and 72 (i) = 72 (3)}.
If 72,(1) = 72,(j) for some j € Ay, then, for every k € 3, such that |k| > M and
j € k], we have
e (1) = g (! (013), 0)] < (g ), (! (o¥15), €)] < e Hlbalito)=29),
for all w € B(wyg,d). Hence, for every i € Oy N E; pr
A © | (w e Blwo,8) : 17 (1) - g (' (03 0)), 0)] < e 0 ito) 29
keCs
where j(k) € Qn N E. y N [K] is arbitrary.
By the transversality condition (T5), there exists C' > 0 such that

L7 ({w € B(wo,8) : |73 (1) — g (7 (o3 (x)), 0)] < ¢~ H0unto) =29
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< T_nﬁm(B(Wo 6))C€_|k|(X1(#7t0)—26)
for all k € Cs ar, where 7 < inf, ](gl) (z,y)|. Hence,
cm (Al n M) —nEm Wo, C Z — x| (x1 (p,t0) —2¢)

keCs, v
—nEm W0> C Z —|k|(a+e)
keCs v
T "L"(B(wyg,6))Cn.

Since n > 0 was arbitrary, we see that L™(A; » ) = 0 for all n, M > 1 and for every
i€ QnwNE; . Thus,

£ (A) = £7 (AN ) /cm(U UAlnM)duhm:o

as wished. (]
Let us finish this section by proving Proposition 3.4.

Proof of Proposition 3.4. Fix wg € V and choose ¢ > 0 such that h(u) — x2(u) —
X1(p, wo) —3e > 0. Let Ay = {(1,j) € ¥ x X :iAj=k} forall k € ¥, and Ejs. be the
set defined in (4.5). To prove absolute continuity, it is enough to show that for every
e>0and M > 1 we have

(72 < L
for p-almost all h € E. ) and L-almost all w € B(wy,d). To verify this, by [25
Theorem 2.12], it suffices to show that D((72).uf ,z) < oo for (W%V)*MQWEM?g—almost all
z, where
2 wt
o «tiy (B(z, 7))
D 2*71'1 -1 f(Trw):u’h( ) )
D((m)«pty, > x) = lim in o
Similarly to the proof of Proposition 3.2, we have
L"({w € B(wo,0) : |m5 (1) — e (3)] <7})
< L™({w € B(wo,0) : [n2,(o1) — 72 (o5)] < Cellbaliwort22),)
< C’e‘k|(X1(N7WO)+25)T

for all > 0 and (4, j) € AxNE x E. py with |k| > M. Thus, by applying Fatou’s lemma,
we get

/ / D((r2) e ) A2 )il 5., () dw
11£n_>1nf/ L"({w € B(wyg,0) :
72,(1) — 72(3) <)) duf (1) duf |5, (5)

—hrrri)%leZ/ L"({w € B(wy,9) :

=0keX,
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2 /= 2 (s al/. ml .
[T (i) — 7o (3] <r})dpg (1) duy (B (5)
o

<30 Y crentalemo )t (|, ) (A

n=0 kezn
[e.e]

< Z Z Clen()(l(M:WOH’QE)@*n(h“7X2(/'L)7€)/~L;1r1([k])

n=0 kezn

< Z C/e—n(hu_XQ(#)—Xl(u,wo)—&g) < o0,

n=0

which completes the proof. O

5. VERIFYING THE EXAMPLES

In this section, we verify that the parametrized iterated function systems given in
Section 1.2 satisfy the assumptions (T1)—(T7). Theorems 1.1 and 1.2 follow then
immediately from Theorem 3.1. Let us first demonstrate that, besides the transversality
condition (T5), all the other conditions hold almost automatically.

Proposition 5.1. Suppose that ®% satisfies the assumptions (G1)-(G2) with p < 1/2
on the open and bounded sets V,W C RN such that v = (tia,--,tng) € Vo and
w = (t12,...,tn2) € W. Then ®* satisfies (T1)-(T4) and (T6)-(T7).

Proof. The conditions (T1)-(T3) hold trivially by the compactness of [0, 1]?. Furthermore,
(T6) follows by Simon and Solomyak [33, Lemma 3.1] and (T7) follows by [33, Lemma 3.3].
The proof of (T4) is similar to the proof of (T6) but we give the details for completeness.

Observe that
[v — vo

[fi' (@) = fi* (@)l < -

for all i € ¥, z € [0,1], and v,vo € V. Furthermore, for every (z,y) € [0,1]? and
t,tg € V x W, we have

N

195 (2, 9) = 63° (2, 9)| < [tiy 2 — ], o] + sup| (g0, )2 I f53 () — f37 ()]
+sup [(gi)yl1951 (2, y) — 965 (2, )]
and hence, by the induction,

|w — wo[(1 — p) + C|v — v

t _ b0 T
9:(z,y) — 95" (2, y)| < =)
Therefore,
tog JEL@ DL 8 19y (B ()
@l 5 o)y (Fey ()]
N g [ (0), G )
= (90 )y (Fs (), 95, (2,0))]
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+ log

1]
(9i) yy f:l( x),§)| . .
= (g0 )y (£ s (2),€) 19503 (2,Y) — 9,55 (2, 9)]

||
(ORI
Jrkz:—l ‘(glk)y(C7go-kl(x )l s (@) = foki( )|

< EC(lv = vo| + [w — wol),
which had to be proven. O
In view of Proposition 5.1, it is enough to verify that both the conditions (A1)-(A3)
and (B1)-(B3) imply the transversality condition (T5). The following general lemma

highlights that to show the transversality, it suffices to study derivatives. The proof we
present is standard, and is similar to [33, proof of Lemma 3.3].

Lemma 5.2. Suppose that X is a compact metric space and f: U x X — R is a
continuous map such that t — f(t,z) is continuously differentiable on an open and
bounded set U C R%. If for every x € X there exists i € {1,...,d} such that

f(to,x) =0 = 38751 (t,x) - >0,
then for every compact set K C U there exist C' > 0 such that
Lt e K:|f(t,2)| <r})<Cr
for allx € X and all r > 0.

Proof. Let K C U be a compact set. Let us first show that there exists § > 0 such that
for every x € X and t € K thereis i € {1,...,d} with

f(t,2)] <§ = f(t m)’ > 6. (5.1)

o

Let us argue by contradiction. That is, for every n € N there exists x, € N and t,, € K
such that for every i € {1,...,d}

1 1
tn’ n gf d tna n‘ -
[ aa)| <~ an f(bn,20)| < =

7%
By using the compactness and continuity, there exists a sequence (ng)x, * € X, and

t € K such that z = limy_, 2y, , t = limp_, t,,, , and

0
76,2 = |5

for all i € {1,...,d}, which contradicts our assumption.
Fix z € X and for every i € {1,...,d}, let Q; C K be the closed subset for which (5.1)
holds for i. Let us define a map Tj: R? — R? by setting

E(tlw . '7td) - (tla” . 7ti—17f(t17"‘ 7td7x))ti+17” . 7td)

J(t2)| =0
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Furthermore, let A; = R™™! x [—r,7] x R4 and II’: R? s R"! be the orthogonal
projection along the ith coordinate axis. By (5.1), 7; is a smooth and invertible map on
{t e K:|f(t,z)| < d} as |det(DT;)| = |aitif(t,x)| > ¢. Therefore,

LUt € Qi: f(t,2)| <r}) = LUT;H(A) N Qi)
iré%x|det(Dt D1£d(4; N Ti(K))

<5 LT IN(T(K)))2r

for all r < § and
Li{te K:|ft,z) <r}) < LUK r
for all » > 9. This completes the proof. O

Throughout the remaining part of the section, we fix vo = (t1,1,...,¢n,1) and, as in
Section 4, we denote 7r‘1,0 simply by 7.

5.1. The first example. In this subsection, we assume that ®* satisfies the assumptions
(A1)-(A3) and prove the transversality condition (T5). We will see that it follows from
the following proposition.

Proposition 5.3. Suppose that ®t satisfies the assumptions (A1)- (AS’) Then there
exists § > 0 such that for every i,j,h € ¥ with j; # hy and 7*(3) < 7' (h) the following
holds: if y¢(i,m¢(3), x) = ye (1, 7Tt(h) x) as the function of x, then

0
6tj1’2
for all x € [0,1] and t = (vo,w) € V x W.

(ye(1, me(3), ) — e (1, me(h), ) > 6

Indeed, the transversality condition (T5) follows from Proposition 5.3 by applying
Lemma 5.2 for the map f(t, (j,h,z)) = ye(i,7m(j), x) — ye(i, me(h), ) together with the
fact given by Lemma 4.1 that there exists a constant C' > 0 such that

L2V ({t - | proji (3) — proji ()| < r}) < L2 ({t « ye (1, me(3), 2) — we (1, e (b), )| < Cr})

for all z € [0,1], 1 € ¥, and j,h € ¥ with j; # h;.
Let us begin preparations for the proof of Proposition 5.3. At first, we observe that

9
; >0 5.2
amgl(:v,y) (5.2)
forallie¥,, je{l,...,N},and t € V x W. In particular,
0 1
0< 2(§) € —— 5.3
at% o, ¢ (J) 1 —p ( )

forall jeX, je{l,...,N},and t € V x W. Indeed,

1,70 = 8, oD gymio3) = 0 im( ) 6
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where (55 = 1if ¢ = j and 0 otherwise. Hence, (5.3) follows from (A1). Similarly, (5.2)

follows from (A1) and (5.4) but with considering finite sums. Furthermore, it follows
from (5.4) that for every j,h € ¥ with hy # j;

i () = ) > 1= 2> (5.5

forallt e V. x W.
Lemma 5.4. Suppose that ®* satisfies the assumptions (A1) and (A2). Then

aTﬂut(i7x7y) 2 O (J,de (Ut);(iax;y) 2 O

forallieX, je{l,...,N}, (z,y) €[0,1%, and t = (vo,w) €V x W.
Proof. Simple calculations show that

ilk ilg—1 90

(90 )o(Ff— (. y) /£
)y

(—(gik)'z'y(Et— (z,y)) fe— (z)

8tj7QUt(i’x’ y) =

Niigt

( ) (glé)yy(F<_(x y))
- et O i (@ y))
1 ( 1<:|— ( ) (gze) (Ft‘ ( )) 875 2 1|£ 1 s ’

where the series converges by (A1l). Hence, the first claim follows from (A2) and (5.2).
The second claim follows from (4.1) by a similar manner

O

Let us next write (2.3) in the integral equation form. That is, for every i,j € X
t eV x W, and z € [0, 1], we have

+

~
I

yt<i,m<j>,x>=wf<j>+/x

(1, 2, 96 (1, (3), 2)) de
1(5)

Thus,

o . .0 4. z o . o
aTWyt(l,Wt(J)vﬂf) = athgm(J) +/7r1(j)(%ut>(l’z’yt(l’ﬂt(3)’z))

() (5,2 (5. me(3). ) w53 )

for all h € {1,..., N}. To simplicity notation, we write y(x) = y¢(1, m(3),

x). Recalling
how to solve linear nonhomogeneous ordinary differential equations (see, for example, [1,
Section 2.3]), we can write

srim(9)a) = gren( [y )d)

1(3)

4 /:(j) exp (/x(ut);(i, 2 9(2)) dz) <ati72ut>(i,w,y(w)) dw.

(5.7)

w

We are now ready to prove Proposition 5.3.
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Proof of Proposition 5.3. To simplify notation, write y(x) = y¢ (1, m¢(3), ) = ye(1, m¢(h), z).
Applying (5.7) for both %ﬂyt(i,m(j),x) and %ﬂyt(i,m(h),x), we get

yt(ivﬂt(j)7x) - yt(i>77t(h)7$)

atjl72 6t]1)2
0 z , >
= a ‘7 9 d
simi@en( [ sz
~ % e ( [ sz dz)
Oty () ty
w1 (h) z , b
w1 e ( [l za)as) (o) () do.
1(3) w Otj 2
Since

/wl;(j eXp(/w uey (2,02 ))dz>(“t)2(iaway(w))dw

= exp (i, z,y(z ))dz> —exp(/ﬂ;)(ut)fy(i,z,y(z))dz>,
we get

el m(3), ) —
- <ati,2”t2(j) - at(?mﬂg(h)> -y f(h) (00 5, (2) 2

[ (o) (e

8 3 ! (=
+ atj1,2 WE(J)(Ut)y(l, w, y(w))> dw.

Therefore, by (4.2), (5.5), and Lemma 5.4, there exists C' > 0 such that
9 P\ —c
i,mg(h),z) > (1—— >0
Ot} 2 3%’172'%(1 o) ( 1- p>e
which is what we wanted to prove. O

ath,?

yt<iv77t(j)7x> -

5.2. The second example. In this subsection, we assume that ®* satisfies the assump-
tions (B1)—(B3) and prove the transversality condition (T5). As with the first example,
we will see that it follows from the following proposition.

Proposition 5.5. Suppose that ®t satisfies the assumptions (BI) (B3). Then there exists
§ > 0 such that for every i,j,h € ¥ with j1 # h1 and 7' (3) < 7'(h) the following holds:
if ye(i,me(3), ) = (4, 7Tt(h) x) as a function of x, then there exists k € {1,...,N}
such that 5

W(yt(ivﬂ-t(j)’li) - yt(i77rt(h)’x)) >4,
k,2
where x = (7' (h) + 71(3))/2.
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Before we prove the proposition, we need some more delicate analysis on the bounds
of the derivatives on the tangent bundle u¢(i,x,y).

Lemma 5.6. Under the assumptions of Proposition 5.5,

. 112
|(ut)y, (1, 2,y)| < 135
foralli e X, t = (vo,w) €V x W, and (z,y) € [0,1)2. Furthermore,
0 _ 0 28
‘atﬂut(lul‘ay) - %Ut(l L y)' 81 (5.8)

forall j,h € {1,...,N} with j # h.

Proof. The first claim follows from (4.1) and the assumptions, since

SOOI OROE -

Let us show the second claim. By using (5.4), it is easy to see that
li|-1

o 0 1Nk 4
: ) o« =
’mﬂgl(ﬂc,y) dina ——gi(z, y)‘ kEO (4) <3

for all i € ¥,. Observe that in both sums in (5.6), the first terms are zero, and so

0 0
ut(ijvy)_ 875 Ut(i,$,y)

0ty
o (i) ( i— (@ y) fir—(2)
_ By | 1\k 1 0 0
- ;< (9 t<‘—) (z,) <3tj,2gh(x’y) - 3th,2gz|k<——l($’y)>
9B (@) f— (@) (9 )y (FE— (2,0)
+ Z kt71 / k—1
ST Ghew )
9 ¢ %
8tj72 1|2—1( Y) — athggi|£—1< 7y)>>
o (93 )iy (FE— (2, )) fo— ()
_ i t 0 t BTy i1 ilg—1
_kZZZ<8t32 1|k—1( ) 8th,29i|k*1( y)>< (95‘—);(%9)
(90 ) (e (@.9) = (g Je(FE— (2 9) e — (@)
TG & GELE )
Thus, by the assumptions,
_ 41 sINEL T SA 1y 28
2wt s <SG () LS -

as claimed. O
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Proof of Proposition 5.5. To simplify notation, let y(z) = y¢(1, m¢(j), x) = ye (i, me(h), x).
By applying (5.7), we get

< 8 ye (1, me(3), ) — 8 yt(i’m(h)’x)>

- (afﬂ”?@) - mfﬂﬂf(j)) ([ woytszuaz)

+/ﬂ1(j) exp(/w (ut);(i,z,y(z))dz> ((atigut)(i’w’ywn

~ (o ) () )

By (5.5) and Lemma 5.6, we can estimate the above from below by

>§exp( 112($_W1(j))>+gexp<_£(wl(h)—x))

135 3 135
1
56 (™ () 112
~ 31 o exp(E\x—w\) dw
2 112 . 2 112
~3 eXp( 1350 Wl(JD) t3 eXp(_ﬁ(ﬂl(h) N x))
5 112 " 12
~ (oG5 =7 0)) + oG5 (e ) ) — 2).

Writing z = (71(j) + 7' (h))/2 and 2z =  — 7'(j) = 7'(h) — 2, we can continue the
estimation by

(4 5 (224 >+5 (112 )) ( 112 )
= (- —-exp(— —e ex
37 6P \135%) T 3%P\135 P\7135

> (5 2ew(22) + 2exp(1o0))e 1 >0,
37 6P\135) " 3 135

where the last two inequalities follow by simple calculus. The claim then holds for either

k = j1 or k = hy with the choice § = (2 — 2 exp(323) + 2 exp(142)) exp(—122). O
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