


1. Linear algebra
1. Gram-Schmidt orthogonalization: Let {w1, . . . , wk} be a basis of the subspace W ⊂ Rd. Then
{v1, . . . , vk} forms an orthonormal basis of W , where

v1 =
w1

‖w1‖
and for i = 2, . . . , k vi =

wi −
∑i−1
j=1(vj · wj)vj

‖wi −
∑i−1
j=1(vj · wj)vj‖

.

2. Partial Differential equations
1. The sine-Fourier series of a function f : [0, L] 7→ R is:

∞∑

n=1

bn sin
(nπ
L
· x
)
, where bn =

2

L

∫ L

0

f(x) sin
(nπ
L
· x
)
dx.

2.
∫
x sin(ax)dx =

sin(ax)− ax cos(ax)
a2

+c and
∫
x2 sin(ax)dx =

2 cos(ax) + 2ax sin(ax)− a2x2 cos(ax)
a3

+ c

3. Bernoulli’s solution for the vibrating string problem:




u′′tt = c2u′′xx 0 < x < L and 0 < t

u(0, t) = u(L, t) ≡ 0 0 < t

u(x, 0) = f(x) 0 < x < L

u′t(x, 0) = g(x) 0 < x < L

then u(x, t) =
∞∑
k=1

sin
(
kπ
L x
)
·
(
Ak cos

(
kcπ
L t
)
+Bk sin

(
kcπ
L t
))
, where Ak are the coefficients of the

Fourier-sine series of f(x) and kcπ
L Bk are the coefficients of the Fourier-sine series of g(x).

4. Heat equation for finite rod:




u′t = αu′′xx 0 < x < L and 0 < t

u(0, t) = u(L, t) ≡ 0 0 < t

u(x, 0) = f(x) 0 < x < L

then u(x, t) =
∞∑
k=1

Ake
−( kπL )

2
αt sin

(
kπ
L x
)
, where Ak are the coefficients of the Fourier-sine series of

f(x).

3. Vectoranalysis
1. Let A be an orientable surface with parametrization r(u, v), where (u, v) ∈ T for some domain T and

~F : R3 7→ R3 be a vectorfield. Then
∫∫

A
~Fd ~A = ±

∫∫

T

~F (r(u, v)) · (r′u × r′v)dudv,

where we choose + if the orientation of A corresponds to r′u × r′v, otherwise −.

2. Gauss’ Theorem: Let K ⊂ R3 be a body with boundary ∂K oriented pointing outwards. If all the
second partial derivatives of the vectorfield ~F exist and continuous on K then

∫∫

∂K

~Fd ~A =

∫∫∫

K

div(~F )dxdydz.



3. Stokes’ Theorem: Let F be an orientable surface and ∂F its boundary with coherent orientation. If
all the partial derivatives of the vectorfield ~F exist and continuous on F then

∫

∂F
~Fdr =

∫∫

F
curl(~F )d ~A.

4. Green’s Theorem: Let T be a domain on the plane such that its boundary is a γ simple closed curve.
If all the partial derivatives of the vectorfield ~F exist and continuous on T then

∫

γ

~Fdr =

∫∫

T

Q′x − P ′ydxdy, where ~F (x, y) = (P (x, y), Q(x, y)).

5. Cylindrical substitution:

x = r cos(ϕ)

y = r sin(ϕ)

z = z

with Jacobian determinant: r.

6. Spherical substitution:

x = r sin(u) cos(v)

y = r sin(u) sin(v)

z = r cos(u)

with Jacobian determinant: r2 sin(u).

7. Polar substitution on the plane:

x = r cos(v)

y = r sin(v)

with Jacobian determinant: r.


