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Introduction

In the center of this thesis is the random walk on the projective circle, which
simply consists of the directions of the real plain. The random walk can be expressed
with products of random matrices, therefore it is a Markov-chain with a continuous
state space. As in other cases of Markov-processes we are interessted in finding the
recurrent states, therefore we are looking for measures on the set of directions, which
will not change under the effect of the matrices. The support of these measures will
contain all the recurrent states, and every other direction on the plain is transient.
Since our distributions have a continuous domain, the recurrency should be consid-
ered to mean the revisiting of small neighbourhoods, instead of specific states.
More precisely for a discreate Markov-chain the distribution on the matrices would
be

({Y}) = P(X, = Ya| X, = 2). 1)

Where Y is a matrix of order two and x is a two dimensional vector. In our case

however

p{Y Yz e U}) = P(X, € Ul X1 = z) (2)

for some open set U. And the questions are can find a probability measure on the
plain for which Y2 and z has the same distribution?” Would it be continuous?

The Ergodic theorem which will be stated first is the work of Michael Keane
and Karl Petersen [2]. Every other piece of theory in this work is borrowed from
the first two chapter of the book Products of Random Matrices with Applications
to Schrodinger Operators by Philippe Bougerol and Jean Lacroix, furthermore the

example presented here was proposed there as an exercise.



Notations and basics

o M(d,R): set of the d-dimensonal square matrices over the real numbers.

G1(d,R): set of the invertible elements of M (d,R).

S1(d,R): subset of G1(d,R), its elements have determinant one.

||.]| for vectors: Euclidean norm

||.|| for matrices: supremum norm

o [T(z) =sup(f(x),0) and f~(z) = sup(—f(z),0)

[n]=0,1,2,...,n

Definition 0.1. A topological semigroup is a topoligical set with an associative

product on it.

Definition 0.2. A topological group is a group where (g,h) — gh and g — g~ ! are

continuous.

0.1 An ergodic theorem

Before we start to build our theorotical background, we state a theorem, the
corollary of which will be of use later.
First of all some notations. Let (€2, F, u) be a probability space, 6 : 2 — Q a
measurepreserving transformation, and f € L'(Q2, F, ). Furthermore let
k—

A;J-%Zf@j, frv = sup Apf, [~ —supr and A = lim sup Ay f. (3)
=0

1<k<N k—o0

Theorem 0.1. Let A be an invariant function on X with AT € L' and Ao = X
a.e. Then

(f = Adp > 0. (4)
e >A



Proof. It X ¢ L*({f* > \}), then

[ a=wdas [ rea =0 (5)
{f=>A} {f*>A}
so we are done. Now assume that A € L' ({f* > A}). Actually this implies that A €
LY(X), because on {f* < A} f < X must hold, therefore on this set A= < —f + AT,
where the left-hand side is integrable.

For now suppose that f € L, and for any positive N let
Ey={fy > A} (6)
This gives us the upperbound
(f = Mgy = (f = N), (7)

since from x ¢ Ex (f — A)(x) < 0 follows. For the main part of this argument we

take a large index m > N, and break done this sum

3

(f = Mg, (6%2) (8)

0

B
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into short strings. One type of string only consists of zeros (meaning so far we only
had 2’s outside of Ey). Then at some point the indicator switches to one, this
non-zero string stops when it reaches the value of f% (so its length is no more than
N). We iterate this through the sum (so there may be consequtive non-zero strings).

Formally, there is an M < N, for which

Mk M
S (f =N ol (0Fx) = (f — ) olg, 0 0F (0 x) = M(f} — N)(z) > 0. (9)
k=k’ k=1

Silently we used the upper bound shown in (7). During this iteration we leave all
these non-negative terms and at the end we are left with a string which is shorter
than N. So there is a j € [m — N + 1, m], for which

(f = Mgy (0°2) > (f Mg, (0*°2) > =N(||flloc + A (). (10)

J
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By integrating the inequality, dividing by m and letting m go to oo we get

Tg/q—xmuz—NMMm+Hwﬂm

/(f—A)duz %(HfHOOJFHVHJa (11)
/(f — N)dp > 0.

Taking the limit to infinity in N and switching the integral and the limes with the
Dominated Convergence Theorem gives back the theorem, for f € L.

To prove for f € L', we cut off f at some s € N*. Let ¢y = flyj<s}, thus
¢s € L* and ¢, — f a.s. and in L'. Similary for a fixed N the following hold

(0s)N = I (12)

a.s. and in L' as well, moreover

p{(0s)n > APA{fy > A}) = 0. (13)

Therefore by the Dominated Convergence Theorem

o< [ Go-Ns [ (- (14)
{(¢s)n>2} {rr>A}
Again letting N go to infinity concludes the proof. m

Corollary 0.1. The sequence (Ag)f converges a.e.

Proof. Tt is enough to show that

/Zg/f. (15)

Because then, applying it to —f gives

—/AS—/ﬁ (16)

where A = liminf Ay f. Therefore

/zg/fs/és/z. (17)
4



Which means that A = A a.e.

In the last part of the argument € denotes a positive real number, and conver-
gences hold by letting ¢ — 0.

To use the previous theorem we need a well chosen A and for that we need (A)*
to be integrable. Consider the A associated with f+ (call it As+). Let A\; = Ap+ —e

be an invariant function (that is the property assumed in the Theorem 0.1). We

have {(f*)* > A} = X, thus

/f*z//\le/ﬁﬁ. (18)

Therefore (A)T < A+ integrable. Now let Ay = Ay — ¢, by the previous theorem

/f>//\2—>/Af (19)

O

1 The upper Lyapunov exponent

In this section we will introduce a value associated with a spesific random walk
in the same manner it was done in the first chapter of [1]. The importance of this
mysterious upper Lyapunov exponent will be shown later.

Let {Y; | ¢ > 1} be i.i.d. random matrices and S, = Y,,...Y];. According to
Cauchy and Schwarz

[Snll < YAl YAl (20)

So if E(log™ ||Y1]|) < oo, then log*||S, | is integrable. Furthermore for any n, m € N*

E(log|[Sniml]) < E(og||Yaim - Yoi1ll+logllSull) = E(log|[Sml|)+E(log]|S[]). (21)

Hence the sequence a, = E(log||S,||) is subadditive. Given a fixed m € NT any
n € NT can be expressed as n = mp + ¢ for some p € N and ¢ € [m — 1]. Using the

subadditivity
Gn _ Gmpte o Om % (22)

n mp4+q” "mp+q mp+q

The right-hand side converges to %= as n — oo, therefore Jim & < fm for any
n—oo

m € N*, thus E(log||S,||) converges to meH LE(log|Sm|) (note that this can take
me
values from R U {—o0}).



Definition 1.1. Let {Y; | i > 1} be i.i.d. random matrices. If E(log™|Y1|) < oo,

then we call the following value the upper Lyapunov exponent:

o1
v = lim —E(log||Y,, ... Y1|]). (23)
n—oo N,

1.1 Cocycles
Let G be a topological semigroup and B a topological space.
Definition 1.2. We say that G acts on B, if there is a continuous function
o: G X B — B, which has the following propety for any ¢, 92 € G and x € B:
(9192) @z = g1 (g2 0 @). (24)

Furthermore if G is a group with unit e, for which e @ x = x is true for any = € B,

then we call B a G-space.
From now on suppose that G is acting on B.

Definition 1.3. A countinuous map o : G x B — R is called an additive cocycle, if

o (9192, ) = (g1, 92 @ ¥) + 0(g2, ) (25)
for any ¢1,92 € G and x € B.

Definition 1.4. Let pu be a probability measure on G, and similarly v on B. We

denote by u ** v the distribution on B which satisfies
[ 1@t @) = [ [ stgeaiduto)ivi) (26)
B G B

for any Borel-function f.

Definition 1.5. Having the same setting as in the previous definition we call v
1 — tnvariant, if p** v = .
Let p and A be two probability measures on GG. The convolution product p % A
is defined by
[ roaeex® = [ [ samautgarm (27)
for any f on G, and p’ = p'~! % p for i > 1. Note that (u* \) ** v = ux* (A x°v)

for a distribution v on B.



Theorem 1.1. Let o be an additive cocycle on G x B, and {Y,, | n > 1} i.i.d.
elements of G with distribution . If v is a p-invariant distribution on B, for which

[ [lo(g, z)ldu(g)dv(xz) < oo holds, then

lim Lo(Ya(w)... Vi(w), ) (28)

n—oo N

exists for P @ v-almost all (w,x), where w takes the possible realizations of the

[e.e]
sequence (Y, | n € N1), Yi(w) is just the i'™" coordinate of w, and P = @) p.
1

Proof. Let us define 67((Yy)nen+, ) = ((Yoip)nen+, (Yp... Y1) @ x) for p € N, and

F(w,z) = 0(Y1,z). Let Ay be a Borel subset of B, and A, ... Borel subsets of G.

Then

P v){(w,) | 0" w,2) € (A x...)x A} = PRv){(w,z) | Ya € Ay,...,Yi ez € Ay}
=Pov){(wmr)|Ys€ Ay, ... ;v € A}
=Pov){(wr)|Y1€A,...,v€ A}

(29)

Which means that 67 preserves (P ® v). At the first equality we used the definition

of #. The second holds, since the g-invariance of v impies [ La,d(p *® v) = [1a,dv.

And at last we used the fact that the Y;-s are i.i.d-s to shift the indices.

Now look at o for a part of the sequence:

oV,.. Y1,2) =0, Yo1...Y1)ez)+0(Y,_1...Y1,2)

= ;am, (Yp1.. . Y1) o) (30)

= F(0"(w, ).

We used that o is an additive cocycle and the definition of F'. Therefore by the

Corrolary 0.1

Lo, via) = %Zp(ep—l(w,x)) (31)

n

converges (P ® v) a.s. O

In this theorem we assumed that there is a p-invariant distribution, but now we

will show that sometimes it does exist.



Lemma 1.1. Let B be a compact separable G-space and p be a distribution on G. For
any distribution m on B each limit point of {X > ' «*m | n € N} is a p-invariant
i=1

distribution on B.

Proof. Let v, = £ %" p* «* m. Since B is separable and compact (v,) has a weakly
i=1
convergent subsequence. Denote its limit by v, which is a probability measure on

B. Now for any n € N*

1 .
Wy, = — ,uH'l **m
n <
=1
1 - i, e n+1 e . (32)
==Y p"m+—(p"" «*m—px*m)
n
i=1
=V + — (" m — px* m)

By letting n — oo we get u** v =v. ]

1.2 The theorem of Furstenberg and Kesten

With this background we are able to prove the following useful theorem.

Theorem 1.2. Let Yi,... be i.i.d. matrices in G1(d,R) with distribution u. If
E(log™||Y1]) is finite, then with probability one

1
lim —log|[Y1...Yall =, (33)

n—oo

where 7y is the upper Lyapunov exponent associated with fi.

Proof. We will prove this in two parts, first we check it for v = —oo, then for the
finite case.
Fix an integer m. Every n € Nt can be written as n = pm + ¢ for some p € N

and ¢ € [m — 1].

1
1q J;O logHYv(j-H)m cen Y;‘erl || (34>

1 1 &
“logllY, .. il < = loglY;
nogH 1H_n;0gH H+pm

By the Strong Law of Large Numbers for any m € N*
. 1 1
limsup — log||Y,, ... Yi|| < —E(log||Y;, ... Y1|]). (35)
n m

n—oo

8



Therefore with probability one

1 1
limsup —log||Y, ... Yi|| < lim —E(og||Y,,...Yi||) = 1. (36)
n m—o0 M,

n—oo

Now we will deal with the case when v € R. Let B be the subset of M (d,R),
where the norm is strictly one. Take a Y € G1(d,R) and M € B, define

YM
YeM=——, (37)
Y M|

then B is a G1(d,R)-space. Set m as the Dirac-mass at the identity matrix on B
and p the distribution of Y;. For an integer n look at the distribution v, on B
defined by

Up=— Y ' **m. (38)

From Lemma 1.1 we know, that for a convergent subsequence (v,,,) the limit distri-

bution v is p-invariant. Define o: G1(d,R) x B — R by
o(Y, M) = log|Y M|, Y € G1(d,R), M € B. (39)
For any Y7, Y5 in G1(d,R) and M in B
o(Y1Ys, M) = log|[Y1Y2 M|

= log

|
Vi || + log||[ Y2 M || (40)
Y2 M|

=0(Y1,Y2 0 M) + o(Ys, M),
which means that ¢ is an additive cocycle.

We know that o (Y, M) < log||Y||||M] = log||Y||, therefore we have
o (Y, M) < log"||Y]]. (41)

We had the condition E(log™||Y;]|) < oo, thus [ o™ (Y, M)du(Y) is a bounded con-

tinuous function on B and

1im//a+duduni —//a*dudz/. (42)
1—00

Now look at o~. For any constant k € N*

li_minf//a_dudym > hminf//inf{k,a‘}dudyni = //inf{k:,a_}dudl/
11— 00 1—00

(43)



Since it is true for all £ we can take the limes-inferior of the right-hand side, and

then use Fatou’s lemma, or formally

liminf//a_d,udum > li}gninf//inf{k,a_}dudl/ > //J_dudy. (44)
i—00 300

Using the definition of ¢ and ¢~ combined with the results of (42) and (44) we

lim sup//aduduni < //Ududl/. (45)
1—00

By the definition of v,

// (Y, M)dp(Y)dvy (M Z// (Y, M)d(i* * m)

:—ZE Yitr, (Yi... Y1) eid))

_ %E@m...m,m))

obtain

(46)

—E(log]|Y,, ... Y1]).

Where we used the definition of E(.), the property of the additive cocycle and the
definition of ¢. This yields that

//Jd,udy > lim //Jdudyni = 1. (47)
1—00

Since the left-hand side of (42) and (44) add up to a finite value, o is in L'(p @ v).

By Theorem 1.1 for some f: 2 — R, as n — oo,
1 1
- log||Y,(w) ... Yi(w) M| = ﬁa(Yn(u}) S Yi(wM) = f(w, M) (48)
with probability one. Using the Cauchy-Schwarz inequality and (36)
1
(e, M) < lim inf = (log]|¥, .. i + log| M) < 7. (49)

We want to switch the integrals with the limes, so we look at
LY, M ’deu < // Z|a Y;, Yy ... Y1 M)|dPdy

_//|0(Y1,M)|dudu< 0.

10

(50)



We used the properties of the additive cocycle and the i.i.d. property of Y; with

the p-invariance of v inside the sum. Therefore by the Dominated Convergence

v < lim // Y, M d[[”dl/—//fw M)dPdy, (51)
n—oo

where the inequality holds by ergodicity and (47). (49) and (51) together imply that

Theorem

f = 7 almost surely. So (36) and the first statement of (49) together conclude the

theorem. []

11



2 Matrices of order two

In this section we will talk about the property that under broad conditions any
pair of non-zero starting vectors tends to "line up" quite fast during the random
walk. Also this section correspondes to the second chapter of [1].

We say that two vectors (x,y € R?) have the same direction, if there is a constant

¢ € R for which cx = y. This is an equivalence relation (') on R? — {0}. Formally

Definition 2.1. The projective cicrle is the set of directions on R%. We denote it
by P(R?), which is defined as the quotient space R — {0} /T.
For an # € R? 7 will be its direction (i.e. its class).

For M € G1(d,R) we set M ¢% = Muz.

We introduce a metric so we can talk about this tendency of lining up. Let z,y

be unit vectors in R?

N

5(T,7) = (1— < x,y >?). (52)

This is basicly the sine of the angle between the vectors. In case of d = 2 for any

z,y in R? — {0}

— |I1y2 - x2y1| 1
oz, y) = = det(|x|y])|. 53
@0 =l Telmy et (53)
For some A € G1(d,R?)
- 1 1
0(Ax, Ay) = —————|det(|Ax|Ay])| = ——————|det(A - [x|y
A A = e A = gy A
det(A)] det(A) [zl -
= ————\|det(|z|y])| = 0T,y
Tzl gy et el = =rggiay @Y

Now let {Y; }ien+ beii.d. random matrices with determinant one and S,, =Y,,...Y].
We can make this assumption without loss of generality, because one can devide
every matrix with the squareroot of its determinant, and the random walk on P(R?)
would remain the same. Therefore we are looking for conditions for which the term

R T
5 n b) n — —5 bl
(502, 508) = 13 1Sl &P (55)

goes to zero exponentially fast, i.e. that the upper Lyapunov exponent associated

with the distribution is positive.

12



2.1 The two lemmas

We will need two lemmas to state Furstenberg’s theorem.

Lemma 2.1. Let G be a topological semigroup acting on a compact separable space
B. Let {X;}ien+ be independent random elements of G with distribution u, and let
v be a p-invariant distribution on B. Then for almost all w there exists a probability

measure v, on B, such that
{X1(w)... X, (w)gv | n e NT} (56)

converges weakly to v, as n — oo for almost all g € G with respect to A =

St27m=tynand for any bounded Borel-function f on B

/ fdu:]E( / fdyw). (57)

Proof. Let f be a bounded countinuous real Borel-function on B. Define F': G — R

Flo) = [ Hg o )iv(o). (58)
Let M, = X, ... X, and F, be the o — algebra generated by X ... X,. Now
B(F(O)|7) = [ FOLg)du(o)
= / / f(Myng e x)dp(g)dv(z)
_ / F(M, o 2)d(p+* v)(2) (59)
_ / F(M, o 2)dv(z)
— F(M,).

We have used the properties of conditional expectation, the definition of F'(.) and the
fact that v is p-invariant. Thus {F(M,)},en+ is a bounded martingale. Therefore

F(M,,) conferges a.s. to some ®; and

B(@)) = E(F(M) = [ fav (60)

13



For any indices k and r,

E(|F (M) = F(Mp)[) = E(F(My1,)?) + E(F(My)*) = 2B(F (M) F(My)
= E(F(Mys)*) + E(F(My)*) = 2E(E(F (M) F (My)| Fi))
= E(F(My)*) + E(F(My)?) — 2E(F (My)?)
= E(F(Mgr)*) — E(F(My)?).

(61)
Where the first equation holds by the linearity of the expectation, the second by the
tower property and the third by the martingale property. Using the cancellation in

the summation, for any p,

SCE(F(Mis,) - FOM)P) = ST E(F(Mys,)?) }jE

k=1 k=

<) E(F(M,)? +ZE )2y (62)

From this

ZE(/|F Myg) — F(My)|*dA(g ) iizrlﬂ (/|F Myg) — F(My)[*du’ (g ))

(63)

Which is summable, therefore F'(Mg) converges to ®; P ® A-almost surely as well.

Choose a dense sequence (fy | f; € Co(B))gen+ of continuous functions on B (it

is possible, because B is separable and compact, thus {f | f : B — R} is separable

as well). There is a subset A of 2 x G with measure one (wrt P ® \) such that if
(w,g) € A, then

[ £00)g 0 2)dvlz) > o). (64)

If v, 4 is a limit point of W = {M,,(w)gv }nen+, then for all ¢
/fqdywﬁg = oy (w). (65)

14



Where the left-hand side does not depend on the measure of the integration. With
our dense sequence of functions we can approximate the integral of any continuous
Borel-function upto an arbitrary small error, and similarly with continuous functions
we can get the integral of indicator functions upto a negligible error. If we do this
approximations for different limit points of W, we get that the integrals of indicators
can get closer to the same value than any positive real number. From this we obtain,
that there is only one limit point v, 4, furthermore it does not depend on g. Therefore

we can denote it by v,,. From the martingale convergence we know that

/ fodv = E(},) ( / fqdyw) (66)

And since (f,) is dense and its domain is a compact set the previous equation holds

for any bounded Borel-function. ]

Lemma 2.2. Let B be a G-space, {Y;}ien+ independent random elements of G with
distribution p and o an additive cocycle on G x B. Suppose that v is a p-invariant

distribution on B, for which
()
//a*(g,a:)d,u(g)dy(a:) < o0, and (67)
(it) for P ® v-almost all (w, ), 7}1—{20 o(Yp(w)...Yi(w),x) = 0.
Then o is in L' (P ®@v) and [ [ o x)dv(z) >0

Proof. This follows immediately once we understand the next lemma. m

Lemma 2.3. Let (E,F,\) be a probability space and 6 : E — E a measurable
transformation which preserves A. If f : E — R is such that [ fTd\ < oo and

lim, oo Y. f0" = 00 almost everywhere, then f € LY(\) and [ fd\ > 0.
i=1

Proof. By Corrolary 0.1 we know that %Z?:l f0" converges to some ¢ as n goes
to co. Define J = {A € F | A(AAO#~'A) = 0}, where A denotes the symmetric
difference. It is easy to show that J is a o-algebra, and that the limit ¢ = E(f|J).
Since Y1, f0" — oo, E(f|J) is non-negative, and

E(f7) - E(f7) =E(f) = E(E(f]7)) = 0. (68)

15



So [ f~d\ < [ ftd\ < oo, thus f isin L'
Suppose that [ fdA = 0, then using that E(f|J) > 0 with probability one

% i 0" —0 (69)

For any € > 0 define I.(t) = [t —¢,t +¢] and S, (z) = <Z f@i) (x). Choosing m to
i=1

be the Lebesque-measure on R, define
i) = m( U150 ) (70)
i=1

By (69) for almost all x and any ¢ there is an index ngy, above which (meaning
k > ng) |Sk(x)| < kd. Therefore for all n R (z) < R;, (z)+2(nd +¢). From this we

obtain limsup £ RS (x) < 26 for any § > 0, which means that 1 R:(z) — 0 a.s. and

n—o0
by dominated convergence

lim LE(RE (2)) = 0. (71)

n—oo N,
Using the fact, that S, 00 = 5,1 — 51, it can be shown

n+1

i) = Rifa) 00 = o U LS ) - m@usm(x) ~si)

(72)
n+1 n+1
= m( U Ig(Si(x))) - m< U ]E(Si(x))).
i=1 i=2
So there is a simple lower bound, namely
R (@) = Ry () 06 > 22 Ijs,—sy[>2¢ | i=2,...n41}- (73)

Integrating the inequality we arrive at
E(R; . (z))—E(R;(x)00) > 2eA({z | |Si(x) — Si(x)| > 2, i =2,...,n+1}). (74)
Since 6 preserves A,
E(R; , (z)) —E(R;(z)) > 2eA({x | |Si(x)| > 2¢, i =1,...,n}). (75)
Which implies
lim SE(RE (2)) > 22A({ | |Si(z)] > 26, i € N¥}). (76)

n—oo M

16



By (69), for all & > 0
A{z | |Si(x)| > e, i€ NT}) =0 (77)
Since S; ~ (Si4p — Sp) holds for any p € NT,
Mz | 8i4p(x) — Sp(w)] > &, i € NT}) = 0. (78)

But this contradicts the assumption, that lim S, = co a.s.
n—o0

2.2 Contraction properties

Take a sequence (Y;) of i.i.d. random matrices of order two and with |det(Y;)| = 1.
We want to show that under some conditions for any non-zero z € R?, ||Y,,...Yiz||
goes to infinity with probability one. By the following result (Theorem 2.1) we can
see, that we should look at the action of the transposed walk.

First of all we introduce a notation. Let M € G1(d,R) and m be a probability

measure on P(R?), we denote by Mm the probability measure on P(R?) defined by

/fd(Mm) = /f(Mof)dm(f) (79)
for any bounded Borel function f.

Lemma 2.4. Let A be a non-zero matrixz (not necessarily invertible) of order two,

and m be a continuous distribution on P(R?). Then the equation

/ Fd(Am) = / F(A o T)dm(T), (80)

valid for all bounded Borel functions, defines a probability measure Am on P(R?).
And if (A,) is a sequence of non-zero matrices which converges to A, then A,m

converges to Am.

Proof. Take any x € R2. If Az # 0, then A ¢ 7 = Az is well defined. Since A # 0
there is atmost one direction ¥, for which if y has this direction, Ay = 0. Since m is

continuous, m({y}) = 0. This means that Am can be defined m-almost everywhere,

furthermore [1:dAm(z) = [ Laezdm(T) = 1.
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If A,, — A, then for all T outside a countable set (which consists of the directions

of the kernels of the sequence) A,, T exists and converges to A e T. O

With this we can prove the following.

Theorem 2.1. Let (A,)nen+ be a sequence of 2 X 2 matrices with determinant
one. Suppose that there exists a continuous distribution m on P(R?) such that A,m

converges weakly to a Dirac-measure 6. Then
lim [|4,|| = lim ||AL|| = oo, (81)
n—oo n—oo

and if z is a unit vector with direction z, then for any v € R?

lim M:K x,z > (82)
nooo [|AZ]

Proof. Suppose that ||A,|| A, converges to some matrix A. This implies that

|A|| = 1, and therefore A # 0. By the previous lemma and our assumption

We know that det A can only be zero, otherwise m would be a Dirac-measure at

A~! ez, which is not continuous. From this

det A,

141"

1

im ——
oo || Ay

0 = |det A] = lim =

n—oo

(84)

proving (81).

Moreover the range of A is a line with the direction Z. So take a unit vector z
with direction Z, and let {e;,es} be the ortonormal basis, for which Kernel(A) =
span(er). Then Ae; = 0 and similarly Aes = £||Aes||z for some sign. For any
reR?

HAT:c||2 =< ATz ey >2 + < ATz, ey >?
=<z, Ae; >+ < 1, Aey >? (85)
= ||Ae|® < z,2 >2.
Where we used the Pithagorian-theorem and the properties of the inner product.
Now we show that ||Aey||* = 1. Since ||A|| = 1, we have ||Ae,|| < 1. On the other
hand for some «, 8 € R, which satisfy a? + 8% =1 (so 3? < 1),

1= [[A] = [[A(cer + Bea)|| = |Bl[| Aez|l. (86)
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Therefore
N 5 S
im =

= =<uz,z2>%. 87
N VT 0

The only thing left to show is that YT ... Y Tm converges to a Dirac-measure for

some continuous distribution m.

Theorem 2.2. Let Xy,... be independent random matrices of order two, with
|det X;| = 1 and with distribution . Suppose that there exists a continuous p-
invariant distribution v. Then if the support of p is not contained in a compact
subgroup of G1(d,R), there exists with probability one a direction Z,, such that
X1... X,v converges to bz .

Moreover the distribution of Z is v and it is the unique p-invariant distribution

on P(R?).

Proof. Let A, = X;...X,. From Lemma 2.1 we know that for almost all w there
exists a probbility measure v, for which A,v and A, Mv convegres weakly to v,.

(In the second case of convergence we mean for p-almost all M.)

Now fix an w. By Lemma 2.4 for the limit point A(w) of (|| Ay (w)|| " An(w))
Alw)y = A(w)Mv = v, (88)

holds for p-almost all M.
Note that H = {M | M € G1(2,R), Mv = v, |det(M)| = 1} must be compact.
Otherwise there would exist a sequence (Mj) in H with || M| — oo, such that

|| My || " My congerges to some matrix C. So Cv = v and

) M, )' . 1
det(C)| = lim|det | —— || = lim —— = 0. 89
et ()| = e )

Thus v would be discrete.

Suppose that A(w) is invertible, then by (88) My = v for almost all M, which
means that u(H) = 1, and that contradicts our assumption. Therefore A(w) has
a rank one. Denote the direction of its range by Z(w). Now from (88) we have

0Z(w) = Vw- This proves the weak convergence stated in the theorem.
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By Lemma 2.1 for any Borel-function

/fdu —E(/fdz/w) —]E(/fdéz(w)) =E(f(2)) (90)

So v is the distribution of Z and it is unique. m

Now we are able to prove the basics of the Furstenberg theorem. Which will
show the importance of v, namely to have a continuous invariant measure we need

the v to be positive.

Theorem 2.3. Let (Y;)ien+ be a sequence of independent random matrices of order

two with the distriution . Suppose that:
(a) |detY;| =1 a.s.
(b) The support of i is not contained in a compact subgroup of G1(2,R).

(¢c) There exists a continuous u’ -invariant distribution of P(R?), where u* denotes

the distribution of YT .
Then:
(1) For any T,y € P(R?), with probability one

lim 0(Y,...Y1eZ,Y,...Y;e7) =0. (91)

n—oo
(ii) If E(log™||Y1]|) < oo, there exists a unique v € R such that if v # 0, then
.1 .1
lim —log|lY, ... Yiz|| = lim —log||Y,,... Y| =~. (92)
n—o00 1, n—00 71

a.s., and for the unique p-invariant distribution v on P(R?)
Mzx
//log H|| ”” (M)dv(F) > 0. (93)

Proof. Set S, ..Y1. Let m be a continuous p”-invariant distribution. By the
previous theorem there exists a measuralbe set €y with P(€2) = 1 and a random

direction Z such that for w € €

lim S (w)m = 07 (w) (94)

n—oo
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Let Z be a unit vector with direction Z. By Theorem 2.1 for all w € €

Tim [[Si(w)]| = oo (95)
and
lim M:K Z(w),z >|. (96)

n=oo || Sy (w)]]

For any fixed = # 0, the event that Z(w) is orthogonal to x has a measure zero,

therefore
lim ||S, (w)z| = oo. (97)
n—oo
and
[|Sn(w)z|| H
lim 98
P ) i (58)

Both of which happen almost surely. Thus we have for almost all z,y € R?

| N [ 2% N
o) 55 00 = I s el

P-almost surely.

Suppose that E(log||Y1||) < co. We define o as

Y|
(Ecd I

for Y € G1(2,R) and 7 € P(R?). Note that o is an additive cocycle, and by (97)

o(Y,z) = log (100)

lim o(S,(w),T) = oo (101)

n—oo

P ® v-almost surely.
And by definition [ [o™(V,Z)du(Y)dv(Z) < [log||Y]||du(Y) < co. Thus we can

apply Lemma 2.2, Therefore o € L'(P® v), and its integral wrt y and v is positive.

://log%du()/)dy(f). (102)

Furthermore by Theorem 1.1, for some @ : Q x P(R?) - R

So define v as

lim ~o(Sy(w), 7) = (w,7) (103)

n—oo M
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P ® v-almost surely with | [ ®dPdv = ~. Fix a direction T such that (103) holds

o) 0o

This means that the event ®(w,z) = p for p € R, is in the tail o-algebra of the

P-a.s. Now take any m <n

lim — 1og
n—oo N,

" IIS ||

1
= lim — <10g

n—oo 1

independent random variables Yi,.... Hence by Kolmogorov 0-1 it equals to a

specific constant with probability one, which must be the upper Lyapunov-exponent.

]

2.3 Furstenberg’s theorem

In this section we give sufficient conditions for Theorem 2.3.

Theorem 2.4 (First form). Let u be a probability measure on G1(d,R) such that
if G,, is the smallest closed subgroup of G1(d,R), which contains the support of p,
and the following hold:

(i) For all M in G, |[det M| = 1.
(it) G, is not compact.

(iii) There does not exist a subset L of R? which is a finite union of one dimensional

subspaces for which M(L) = L for any M € G,,.

Then the conditions of the Theorem 2.3 are satisfied for matrices with distribution

i, so the conclusions hold.
Proof. This is the immediate consequence of the following lemma. O

Lemma 2.5. Let u be a probability measure on G1(d,R), for which the condition
(iii) of the previous theorem holds. Then any u-invariant and p*-invariant distri-

bution on P(R?) is continuous.

Proof. Let v be a p-invariant probability distribution on P(R?). For any « € (0, 1],

{z € P(R?) | v({x}) > a} is finite. Therefore if v is not continuous, there is a
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B € (0,1], for which v({Z}) < 8 (for any T € P(R?)) and the set of directions with
measure [ (call it F') is non-empty.

Let 7p € F, using p*x*v =v

B =vifa}) = [ [1ap (M emau(M)dv(z) = [ v e T)du() < 5. (105

This means that for almost all M, M~ eZ, isin F. So if we define L = {0} U {x €
R? — {0} | T € F}, then L is the finite union of one dimensional subspaces, for
which M (L) = L for any M in G,. And this contradicts our assumption, thus v is
continuous.

To prove the continuity for a p”-invariant distribution, we show that (iii) holds
for it aswell. Let G be a subset of M(2,R), and let V;,...,V, be a number of
one dimensional subspaces, and Wy, ..., W, their ortogonals respectively. Then for
any M € G and any pair of indices M(V;) = V; is equivalent to MT(W;) = W,.
Therefore (iii) holds for G, < (iii) holds for G . O

One can use the condition (iii) in a different way.

Theorem 2.5. If i satisfies the conditions (i) and (ii) of the Theorem 2.4, then the
condition (iii) is equivalent to

(1it)” For any direction T, K = {M 7 | M € G} has more than two elements.

Proof. (iii) = (i17)": assume that for a specific T there is only two element in the

set K defined above. Let ki, ks € K, then
Me {kl, kg,f} = {kl, kg,f}. (106)

But (i7i) should hold. With a similar argument for |K| = 1 proves the implication.
(171)" = (i17): we prove the converse by contradiction as well. Let Zy,..., T, be

distinct directions with the property, that for any M € G1(2,R)
Me{zy,....,7.} ={71,..., T} (107)

Then every M corresponds to a permutation on {Zy,...,7,}, denote this relation

by the function ®(.) (so ®(M) is a permutation). The kernel of & (H = {M €
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G, | Mex;, =7;, for alli})is a closed subgroup of G, and G,/ H is finite, since it
is isomorph to the permutation group on r elements. By (ii) G, is infinite therefore
H must be infinite aswell.

Now suppose that » > 3. Consider the non-zero vectors xi, s, r3 with the

directions 77, T3, T3. We can write
x3 = axy + Bxg, for some o, € R —{0}, (108)
and for each M € H, for some \; # 0
Mz; = \z;. (109)
This yields
aX3xy + BA3xe = A3x3 = Mg = aMxy + Mz = alizy + BAoxs. (110)

Which means Ay = A\3 = A and M = A3 - id. From (i) we know that |det M| = 1.
Therefore H = {id, —id}, but H should be infinite, so r < 2. O

And in the other form.

Theorem 2.6 (Second form). Let Yy, ... be independent invertible matrices with the
distribution p. Suppose that there is no distribution m on P(R?) such that Mm = m
for all M in the group generated by the support of u. Then if |det Y| =1 a.s., then

the assumptions of the Theorem 2.4 are satisfied.

Proof. (i): This is between the new conditions.
(it): Suppose that supp(G,) is compact, then there exist a Haar-measure on it

(call it ¢). Now for any T € P(R?) and M € G,
M () ** 6z) = (Oar x ) *°* 0z = (¢ ° 0z), (111)

and it contradicts the conditions.
(111): Suppose this does not hold. Now we have a set of directions {7y, ..., 7, },

for which for any M € G,

Me{Zy,....,7.} ={T1,..., T} (112)
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This means that
l l
Gm) =330 (113)

and it contradicts the conditions. O
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3 Example

Our example is about a subset of the upper triangular matrices. This particular
process can also be understood as a random walk on the real line. To see this relation
think of P(R?) as the set {[z,1]" | z € RU {oo}}.

We will find the p-invariant measures for different cases of this distribution, and
then calculate the upper Lyapunov exponent associated with it.

Let {Y; | i > 1} be independent matrices with distribution p, and of the form of

a; b
Y, = , a; #0 a.s. (114)
0
In any case ¢ = [1,0]7 is an eigenvector of Y;, and therefore d; is a p-invariant

distribution.

Invariant measures

Case 1 Let us assume that a;z + b; = x a.s. for some z € R. In this case z; = [z, 1]7

is also an eigenvector of the matrices, and Y; can be written in the form of

1 0 z 1
QAN;Q ', where A; = and Q = . And the product evolves as:
0 a; 1 0

Yo o Vi=Q Ay A QI =0Q - no|Qh (115)

Therefore 0z, and Jg are p-invariant, and for any other distribution v on P(R?):

v =0z, if [Jai—0, (116)
=1

v—0g if Hai—>oo. (117)
=1

In this paper we will not discuss the cases where the product has a different

limit point from the ones above.

We have started with a really strict condition, and now we look at the other

possibilities.
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Case 2 From now on we will assume, that for any @, Q~'Y;(Q is not diagonal a.s. and

that E(log||Y||) < oo.

(a) If E(logla;|) < 0, then u = Z aj...a,_1b, is convergent with probality

one. This is true, since by Cauchy s criterion we need:

P(limsup v/|ay ...a,| < 1) =1. (118)

n—0o0

This is equivalent to

1
P(lim sup — logla; ... a,| < 0) =1, (119)
n

n—oo

and

lim sup 1 loglay ... a,| = limsup — (log|a1| + ...+ logla,|) = E(log|a,]),
A o (120)
where the first equality holds by the properties of the absolute value, and
the second by fact that {a; | ¢ > 1} are i.i.d. and the Strong Law of Large

Numbers. So the convergence holds.

With this information we can create a p-invariant distribution. Let Y
has the distribution p, and let v be the distribution of the direction of

Zo = [u, 1]7, then v is p-invariant, since for any f

/f d( V):/f(Yof)dudIP’

CLZ al...an,lbn—i—b
/1 1 P (o)

/f(? )dIP’:/f(f)du

In words Y - z, has the same distribution as x,, thus it is p-invariant.

For the conclusion suppose that there is a p-invariant distribution v/,
which can not be written as a - 6z + (1 — ) - v, where a € [0, 1], we will

use state space of / in the form of [s, 1]7. Let f be a continuous function
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on P(R?).

a ...ans—l—ia oo a1 b;
r= [ s@a = [ r@awsy = | f( 1 S )du"df/~

And for any k € Rt and s € R, if n is large enough

day...a;_1b; doay...a;1b; ai...ans
5l [i=1 . |i=1 + <k (123)
0

1 1

Therefore by using the uniform continuity of f: for any ¢ € R* there is

an ng € N, such that if n > ng, then

"y ai b
I—/f( L i )dm <c (124)
1

And similarly for J := [ f(Z)dv for any e € R" there is an n; € N, such

that if n > nq, then

3 1. a1
J—/f< i;la ! >du” <e (125)
1

From these we conclude that |I — J| < 2¢ for any continuous f, which
means that ©/ = v. And this contradicts our choice of measure.

To sum it up with these conditions all the p-invariant measures have the
form a - 0z + (1 — «) - v, where a € [0, 1].

If E(log|a;]) > 0, then dz is the only p-invariant distribution on P(R?).
There can not be any non-continuous distribution, because starting from

any vector [z, 1]7:

T al...anx—i-ZaQ...ai_lbi 1
(Yo -...-Y])e = i=2 — . (126)
1 1 0

where the convergence comes from the fact, that the sum is divergent.

And there can not be a continuous distribution (prooving by contradic-

tion): Let v/ be this distribution and X; = \/LEY,
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% ||.]| is a continuous function and || X,, - ...  Xj|| — oo, therefore by
Weierstrass supp(p) is not contained in a compact subgroup.

*x We just assumed that there is a continuous measure.

So by the Theorem 2.3 for any 7,7 € P(R?):

Hm 6( Xy ... X1 0%, Xy ... X1 07) = 0. (127)

n—oo
And since &z is p-invariant, for any 7 € P(R?) and gy € R there is an

ng € N, such that if m > ng, then
5(Xm'...'Xl.f,Xm'...'Xl.é)<€0. (128)

So for any continuous function f and € € R* there will be an ng € N,

such that if m > ng, then

‘/f(f)dée—/f(f)dum x* V' (T)| < e. (129)

And since
[ @i @ = [ @ @), (130)
V' = dz, which can not be true, since v/ is continuous. So the only u-

invariant distribution is de.

Upper Lyapunov exponent

In the first case E(log||Y1||) < oo is true (||Y1]] = max(1,a1)), and in the sec-
ond case we have assumed it. So by Theorem 1.2 it is enough to calculate the
lim £ log||Y;, ... Y1||, we will denote this value by .

First of all let v, := nh—>n<;lo Lloglay ...ai| = E(log|ai]), the equality holds by the
properties of absolute value and logarithm, and the Strong Law of Large Numbers.
Furthermore let

Y, ... Y= oo fier : (131)
0 1

and similarly

Yo+ Vpay = (132)



Using 7, there is a lower bound for the Lyapunov exponent. Let e, ey be
[1,0]7 and [0,1]7 respectively. Then by the definition of the supremum norm
Yo = limLlog||Y,...Yies|| < ~. Similarly 0 = lim Llog||Y{"...VVes|| < 7. In
one expression v > max(E(log|a,|), 0).

Now we will search for some upper bounds. By the definition of the limit we

know that for any ¢ € R™ there exist an ny € N such that for any n > ng

1
- loglay, . ..a1] —7.| < e. (133)
From this we obtain
|agn . .. pgr] = | L] ~ |RE| = |an . .. aq] < eEF7), (134)

And for the other non-constant cells we choose a large enough n, for which

1 N 1 1

~log| Rfy| < —log[[ Yy Yiesl| < ~log|[¥,, ... Yill <+ (135)
is true. And we obtain the upper bound

|Lgy| ~ [ Ry | < ", (136)

w g _ ||/ Eoofto  LooFor + Loy
Yon .. Vil = [[L"R"|| =

1
_ Ly R 0 n 0 LR + Loy N 0 0 17)
0 0 0 0 0 1

< e2nleta) 4 en(etrie) 4 enletn) 4 q

S 4€n(s+'y+max(0,'ya))

This yields for all e € R™

< &ty +max(0,7)

v < 5 (138)

Thus we have: v = max(0,7,).
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