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Numerical Computation of Parallel and Central Projections

Motivation

Aim of art and architecture:

model the space in the plane such that it can be reconstructed from the
image/images

I

philosophers, artists, architectures and mathematicians were constructing
such descriptive systems

® axonometry — parallel projection
keeps parallel lines

® perspectivity — central projection
gives the illusion of space from one
point of view
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Numerical Computation of Parallel and Central Projections

Coordinate systems
World/Object coordinate system {O, x,y, z} - locate the points in 3d

Descartes (orthogonal) coordinate system:
® given origin — starting point of basis vectors
® basis: orthogonal unit vectors {i, j, k}
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Numerical Computation of Parallel and Central Projections

Coordinate systems
World/Object coordinate system {O, x,y, z} - locate the points in 3d

Descartes (orthogonal) coordinate system:
® given origin — starting point of basis vectors
® basis: orthogonal unit vectors {i, j, k}

O? vector can be written as
the linear combination of i,j
and k

szxi—i—yj—i—zk

Coordinates of point

P=(x,y,2)
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Numerical Computation of Parallel and Central Projections

Coordinate systems

World/Object coordinate system {O, x,y, z} - locate the points in 3d
Image/Display coordinate system {O’,&,n,(} - locate the image of points

® new origin — starting point of new basis vectors

e basis: orthogonal unit vectors {ej1, ez, e3}

€3
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Numerical Computation of Parallel and Central Projections

Coordinate systems

World/Object coordinate system {O, x,y, z} - locate the points in 3d
Image/Display coordinate system {O’,&,n,(} - locate the image of points

® new origin — starting point of new basis vectors
e basis: orthogonal unit vectors {ej1, ez, e3}

T projection plane ¢4
® the plane of the vectors
e; and ep
® the plane, where we draw
the 2d image of the e3
object
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Numerical Computation of Parallel and Central Projections

Coordinate systems

World/Object coordinate system {O, x,y, z} - locate the points in 3d
Image/Display coordinate system {O’,&,n,(} - locate the image of points

o ¢ 4 .
m: projection plane
vp : direction vector of
projection in point P
e3 e
- ™
0 o g
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Coordinate systems

World/Object coordinate system {O, x,y, z} - locate the points in 3d

Image/Display coordinate system {O’,&,n,(} - locate the image of points

m: projection plane

vp : direction vector of
projection in point P

P’ : the projection of point P

to the plane 7 in the direction
of the vector vp
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Numerical Computation of Parallel and Central Projections

Coordinate systems

World/Object coordinate system {O, x,y, z} - locate the points in 3d
Image/Display coordinate system {O’,&,n,(} - locate the image of points

T projection plane

C 4 N
vp : direction vector of
projection in point P
P’ : the projection of point P
! p/ 7 / e3 €2
O'P' =¢e; +n'ex + Oes B
P'=(&1,0) 0 o ¢ 7
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Numerical Computation of Parallel and Central Projections

Two Types of Projection

Parallel Projection Central Projection
(Axonometry) (Perspectivity)
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Numerical Computation of Parallel and Central Projections

Two Types of Projection

Parallel Projection
(Axonometry)

==
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The Parallel Projection

® the direction of the projection

—
v=00

O/ § o

e
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Numerical Computation of Parallel and Central Projections

The Parallel Projection

® the direction of the projection

—
v=00

® the direction of projection is the

same in each point P or Q

1

projection lines are parallel:

— —
PP'||00’

¢ 4

O/

na .
p QL
2R
Lt ;5 T
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Numerical Computation of Parallel and Central Projections

Properties

Keeps the parallelity:
PQ|RS — PQI|RS

Therefore it keeps the ratio of the length of line segments along a line:

PQ _ [PQ
PRl PR Rt
Q
P
6/
PI Q/ Rl
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Numerical Computation of Parallel and Central Projections

Special Case

Oblique (general case)

® the direction of projection is
arbitrary

Orthogonal (special case)

® the direction of projection is
perpendicular to the projection
plane

® the length of a line segment
decreases in the projection
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Two Types of Projection

Central Projection
(Perspectivity)

e
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The Central Projection

® given a center point C along the A
line of OO’ /

o’ IS ™

e
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Numerical Computation of Parallel and Central Projections

The Central Projection

® given a center point C along the
line of OO’

® the direction of projection
passes through the point C

I

direction of projection:

Vp:@

C A

O/
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Numerical Computation of Parallel and Central Projections

Properties

Keeps the cross ratio:
[PQRS] = [P'Q'R'S"]

[PQI[QS| _ [PQ|Q'Y]
[RQ[[PS]  [R'Q'| [P'S]

P/ Q/ R/ 5/
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Monge's System: orthogonal projections on mutually orthogonal image planes

Q | Q"
. Q

\

L

Pl@> Q’ P’
"

The two image planes, 71 and 7 are usually the xy and yz coordinate planes
of the world coordinate system.

The projection of a point is constructed with the help of the projection of its
coordinate lines in the world coordinate system.
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Projection Method

e 1. step: Basis transformation

e 2. step: Projection

e
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Numerical Computation of Parallel and Central Projections

Step 1: Basis Transformation

Projections are computed in the image coordinate system.

Aim: find the coordinates of the point P given in the world coordinate
system {O, x,y, z} in the image coordinate system {0’ &, n,(}

e translation of the world coordinate system {0, x, y, z}
o — 0

T .
compute O'P in the world coordinate system

® transformation of basis vectors
{Iv.l7k} — {e17e27e3}

—
compute the coordinates of O’P in the image coordinate system

Sz. Béla, M. Szilvédsi-Nagy Budapest University of Technology and Economics



Numerical Computation of Parallel and Central Projections

— —
0P =0P— 00

® translation

® transformation
If the world coordinates of Pyong = (X, Y, z) in the translated
system, then
vy
O'P=xi+yj+ zk
so we have to find the coordinates of the basis vectors i,j and k in
the new basis {e1, ez, e3}:

i = bjie; + bises + biszes
j = boer+ bxnex + bazes
k = bsier + byex + bsses.

j=1,23

The basis transformation matrix: B = {b;}/_1'53

New coordinates in the image coordinate system:

Pimg = (57”7() =B (X7Y7Z)T'
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Example

The image coordinate system lies in the diagonal plane of the prism
defined by (0,0,0) and (1,2,2)

World coord.sys.: [ 0(0,0,0)

Image coord.sys.: 0'(0.5,1,0)
i(1,0,0) e1(1/v/5,2/v/5,0)
i(0,1,0) e2(0,0,1)
k(0,0,1) e3(2/v/5,—1//5,0)

1 2
I3 5 5 0 x—0.5
n = 0 0 1 y—1
2 1

C % —% 0 z

X 1 1 1 1 0 0 0 0

y| o] of 2| 2| 2| 2| o] o

z 0 1 0 1 0 1 0 1

L[ A[A] B[ BJ C[ G[ D[ Dy
€] =3 =3 5] 5] 3] 3] 5] =5
2v5| 2v/5| 24/5| 2v5| 25| 25| 2v/5| 2v5
V5| 2v5| 2v5| 2v5| 2v5| 2v5| 2v5E| 25
n 0 1 0 1 0 1 0 1
¢ 21 21 0 o| =2| =2| o 0
5 5 5 5
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Numerical Computation of Parallel and Central Projections

PrismVec: Java Applet

http://www.math.bme.hu/~szilvasi/prism/prism.html

by M. Sailvasi-Nagy
adatok/define

1. base vector (1-2);  transfiasi  x =
2. base vector {14} "+ m-

o b e

3. base vector {1-5}:
scale

[eel < fEmioi vectars on the prism

def. prism:  def ’17 ’27 ’37

resetbase: rebase | ‘k
coord.: mput | =
‘o o ‘u o |o 3 clear

project from  top| | picture transferm.

ront | left| right| | 2] v] =] <]

up| down| ] ] reset|

ik 1:0:1 edges: 0.4474; 1 0.8949

I model by -0.1 units along the specified axis|

I o ociors
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Parallel Projection

After the transformation of the basis the coordinates of the point P are
given in the image coordinate system {0, &, 0, C}.

Orthogonal Projection

H
OIP = fel + nez + CE3 : P(fﬂ?a@)

—) C
O'P =¢e1+n'ex+0-e3: P'(£,1,0)

The matrix of the projection:

e 1 00 e
€2 = 0 1 0 e o)
0 0 0 O e3

e
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Parallel Projection

After the transformation of the basis the coordinates of the point P are

given in the image coordinate system {0, &, 7, C}.

Orthogonal Projection: Example
Al Ax] B| Bs] C| G| D] Dy
—3 —3 5 5 3 3 —5 —5
£ 25| 2v5| 25| 2vB| 25| 2vB| 2v5| 2v6
n| o] 1] o] 1| o] 1] o] 1
¢ LS LS o| o ——§ ——§ o| o
! ! ! ! ! U ! !
AT Al B B| C'| C.| D' D]
/ —3 —3 5 5 3 3 —5 —5
G EEEEEEE
n
¢l ol ol ol ol ol of of o

A/

S
Budapest University of Technology and Economics

Sz. Béla, M. Szilvédsi-Nagy



Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Parallel Projection

After the transformation of the basis the coordinates of the point P are
given in the image coordinate system {0, &, 1, (}.

Oblique Projection — Input data: v(vi, v2, v3)img (direction of projection)

— —
O'P =0'P+ )\

¢ 3 vi
P=1| v = n |+Xx] »
0 ¢ v3
_ =< ’_ .o _ v
A= vl §=¢ Cv3,77—77 CV3

The matrix of the projection:

¢ 10 -2\ /¢
=01 -2 U
0 00 O ¢
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Parallel Projection

After the transformation of the basis the coordinates of the point P are
given in the image coordinate system {0, &, 1, (}.

Oblique Projection: Example — v(2,0, —1)world = v(%, -1, %)img

A| Ax| B| B C| C| D| D«
3 3| 3] 5| 5| 3| 3| =% =%
2v5| 25| 2v5| 2vB| 2vB| 2vB| 2vE| 2vE 4/
n| o] 1| o 1| o] 1] o] 1 x "
2 2 —2| -2
Sl sl vl O O %5l w8l O] °f B,
AT A] B| BL] C'| C.] D'| D
2 =5 =5 5| 5| 5| 5| =] =% A ’
2v/5 2§/§ 2v/5| 2v/5| 25| 25| 2v/5| 25 (@0
| s 3| ol 1| o S 4|1 ,
¢ 0ol o] ol ol of 0 0] o D B’
The matrix of the projection: c’
¢ 1o 5 £
7 )=10 1 % "
0 0 0 0 ¢
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Axonometric Projection

After the transformation of the basis {i, j, k} the basis vectors {it, ji, ke }
are given in the image coordinate system.

ED) = O?— @ = (Xt, Yt, 2t)
{V",J/,k’}: the projection of the basis
The length of these new vectors
(distorsion factors):
ax = |i/|7 dy = |jl|7 qy = |k/|

e
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Axonometric Projection

After the transformation of the basis {i, j, k} the basis vectors {it, ji, ke }
are given in the image coordinate system.

ED) = O?— @ = (Xt, Yt, 2t)
{V",J/,k’}: the projection of the basis
The length of these new vectors
(distorsion factors):
ax = |i/|7 dy = |jl|7 qy = |k/|
Unit vectors of the projected basis:
HA HA /
b= de = 47 4 T
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Axonometric Projection

After the transformation of the basis {i, j, k} the basis vectors {it, ji, ke }
are given in the image coordinate system.

ED) = O?— @ = (Xt, Yt, 2t)
{V",J/,k’}: the projection of the basis
The length of these new vectors
(distorsion factors):
ax = |i/|7 dy = |jl|7 qy = |k/|
Unit vectors of the projected basis:
HA HA /
b= de = 47 4 T

Thus we can compute:
Ipl sl ./ / ./ ./ A /
O'P" = x;i' + y»ij + z:k" = xequig + yeqyjo + 2:9:ky = §'e1 + 1'ea.

e
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Characterization of Axonometric Projection

The projection of the basis vectors are given by
* the distorsion factors: g« = |i'], q, = |i’], g, = K|

® angles compared to the -axis: «, 8

ip = —cosae; —sinaey
jo = cosBer —sinfBex
k6 = €2

The matrix of the projection:

£ —qgxcosa  g,cosf 0 X
n | =| —axsinB —qysinB g Y
0 0 0 0 2z
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Numerical Computation of Parallel and Central Projections

Characterization of Axonometric Projection

The projection of the basis vectors are given by
e the distorsion factors: g« = |i'|,q, = |i’|, gy = |K’|
® angles compared to the -axis: «,

determination of the axonometric projection

oblique | orthogonal
given by a, 8, gx, qy,q- | by 0° < a < 90° and
0° < B <90°

special cases:
® g« = q, = q;: isometric axonometry
® g« =gy, or gx = q; or q, = g, dimetric axonometry

e
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Numerical Computation of Parallel and Central Projections

Oblique Axonometry and Parallel Projection

Theorem (Pohlke's Theorem)

There exists a direction of projection such that the axonometric
projection of the unit cube is similar to the parallel projection of the unit
cube projected from this direction.
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Numerical Computation of Parallel and Central Projections

Oblique Axonometry — Special Cases

Cavalier Military "most realistic”

B:O;qy:qzzl 6290°—a;qx=Qy=1 0127.50;62450

Ot=3007450,600; Ot:300,45o,600; gx = q; = 1, qy:1/2
— 129 149 1 _1

Ax = 353 4z = 3> 100 1000 *

o

—qgxsinB3  —gqysinf
0 0

( —(x COs qy cos 3
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Examlpe

Four-sided regular pyramid projected by the conditions:
a=45°3=0°%qx=1/2,q9,=q, = 1.
The matrix of the projection:

¢ =2 1 0 ¢ n Y

=1 =2 01 n |

0 0 00 ¢ |

A B c| O M
£1] 10 10 0] 0 5 |
nl 0 10 |10 0 5 ~5v2 3 c
¢ 0 0 0|0 20 - i .

A B [CJo] M 0 | 3
Cl=A -0 -2 g 5
anii HE R
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Orthogonal Axonometry

The distorsion is determined by the angles 0° < «, 8 < 90°:

~v1 = 90° + 5; Y2 =90° + 73 = 180° — (a + )

—cosVy — COS Y2 — Cos Y3
ax = - gy = - gz = -
sinyzsiny3 sin~y1 sinys3 sin 71 sin 2

Isometric case: Ui
Y1 =72 =73 = 120° K
implies that

gx=0qy=q:=1

The matrix of the projection:

=3 V3

24 3
- 7 1
0 0 O
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Distorsion Factors

Theorem (Distorsion Factors of the Axonometric Projection)

G+a;+q;=2+tan’p

where qy, q, and q; are the distorsion factors of the projection and ¢ is
the angle between the direction of the projection v and the (-axis.

Special case: orthogonal axonometry, where ¢ = 0, thus g2 + ¢ + 2 = 2.

e
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Central Projection

After the transformation of the basis the coordinates of the point P are given in the
image coordinate system {O’,&,n,(}.

Central Projection — Input data: C(0,0, d)img (center of projection)

—_— = —
O'P' = 0'C+pucP

¢ 0 3

Pr={ 7 |={0|+n n

0 d ¢(—d

__d p_d& o, _ _dn
n=g—¢ T S=g-¢n=g-¢ 74

‘ ™
Side view of the central projection: |

© : half angle of the viewing cone }M l 4
o: the radius of the viewing cone C W o’
" realistic” picture if g &~ < | p

2
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Numerical Computation of Parallel and Central Projections

Step 2: Projection on the Image Plane — Central Projection

After the transformation of the basis the coordinates of the point P are given in the
image coordinate system {O’,&,n,(}.

Central Projection — Input data: C(0,0, d)img (center of projection)

—_— = —
0'P =0'C+ ucP

¢ 0 £
Pr=| o =0 |+p|l n
0 d ¢—d
d , d¢ , dn
= — = = — = — d
H=g¢ &= A, C#
In homogeneous coordinates:
xq d 0 0 O X1
x| _]1 0 d 0 0 X2
0 - 0 0 o0 O X3
X} 0 0 -1 d X4
X1 X X3 x! x4
§: IR - C - fl _}7 ! _%
X4 X4 X4 X4 X4

Sz. Béla, M. Szilvédsi-Nagy Budapest University of Technology and Economics



Numerical Computation of Parallel and Central Projections

Stereotechnique

Preparing two pictures on a common image plane using central projection
with two different centers.

G1(0, b, d), G(0,—b, d)

2b
G G
d
Q ect
T o' ;7
d dntb
P/ é—/ 5 77/ _ n C C/ — 0

Td-C d—¢ '
Using different colors (red, green) gives us the easiest 3d image technique.
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Compoly: Java Applet

http://www.math.bme.hu/~geom/compolyk/compe/compolye.html

by M. Szilvasi-Nagy
adatok/define

#oldalak/#sides transf.ax; g
’37 move
[m [ = ]

Rlent/radius 1

Rfent/radius 2 scale
50 e s |
|

sainfcolor (1,2,3) mode:
> centr 4‘
def ‘ new comp |
project from picture transform.

topfront | left| | ~| v| =| <]
right| wp| down|  +| | reset]

read this:

Ien\argmg the projection ‘

ET

T © points in the actual model, 230 points in the composition, 104 points of inte
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