FORCING INDESTRUCTIBLE EXTENSIONS OF ALMOST
DISJOINT FAMILIES

BARNABAS FARKAS

ABsTrRACT. We prove the following theorem answering a question of L. Soukup:
If F is a forcing notion and A is an infinite AD family on w, then A can be
extended to an F-indestructible MAD family in a ccc forcing extension.

A family A C [w]¥ = {A Cw: |A| = w} is almost disjoint (AD) if |ANB| < w
for each distinct A, B € A. An infinite AD family A is mazimal (MAD) if

VXew IAcAIXNAl=uw,

ie. Ais C-maximal among AD families. Using Zorn’s Lemma each infinite AD
family can be extended to a MAD family. It is easy to see that there are AD families
with cardinality ¢ = 2% and that each MAD family is uncountable.

Assume A is a MAD family and F is a forcing notion. We say that A is F-
indestructible if IFg" A is a MAD family".

Kunen [1, Ch.VIII, Theorem 2.3] constructed a Cohen-indestructible MAD fam-
ily assuming CH. His method was later extended to other forcing notions and there
were proved a lot of similar indestructibility results assuming typically that some
cardinal invariant of the continuum is equal to c.

In general, if F is a classical forcing notion (such as the Cohen, the random, the
Sacks, the Laver, or the Miller forcing), then the existence of an F-indestructible
MAD family (in ZFC) is still an open problem.

Let C,; denote the Cohen forcing which adds x many Cohen reals. The motivation
of this paper is based on the following theorem and the related question after that.

Theorem 1. [2, Theorem 11] In V1 there are AD families A and B such that, in
any generic extension of VC«1 by a ccc forcing notion P such that P € V, A cannot
be extended to a Cohen-indestructible MAD family and B cannot be extended to a
random-indestructible MAD family.

L. Soukup asked if any AD family could be extended to a Cohen-indestructib-
le MAD family in a ccc forcing extension. Using Kunen’s idea we show that the
answer is yes not only for the Cohen forcing but for any fixed forcing notion from
the ground model.

We will use the following trivial observation:

Observation 2. Let V C W be transitive models of (a large enough finite fragment
of) ZFC and F € V be a forcing notion. Assume furthermore that p € F, S €
Pw)NV, and X €V is a nice F-name for a subset of w. Then
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i) VEpls |X|;wifand only if W = p kg |X\:w',
(i) VEpIkr SNX #£0 if and only if W Eplkp SN X # 0.

Theorem 3. Assume F is a forcing notion and A is an infinite AD family. Then
there is a ccc forcing extension in which A can be extended to an F-indestructible
MAD family. Moreover, if either |F| < ¢ or |F| = ¢ and F is ccc, then there is
a o-centered forcing extension in which A can be extended to an F-indestructible
MAD family.

Proof. Let = |F|. By recursion on 1 we will define a finite support iteration of
ccc forcing notions (P, Qs : a < kt,8 < x) and a sequence (A, : a < x*) such
that A, is a P,y -name, IF,"AU {Ag : B < a} is an AD family", and |P,.+| < 2".
In VP+ the family AU {Ag : 8 < k*} will be an F-indestructible MAD family.

At stage a we will work with a condition p from F such that each p € F will be
worked at cofinal many stages in 7.

Assume P, and {Ag : B < a} are done and we have a p € F. From now on we
are working in VP, Let A, = AU {Ap : B < a} and X, be the set of all X nice
F-names for an infinite subsets of w such that p IFp"A, U {X} is an AD family".
Let Q. be the following forcing notion:

(nastaBay) € Qa iff

(1) n € w and s C n;

(2) F is a finite subset of {¢ € F: ¢ <p p} X w;
(3) B is a finite subset of A,;

(4) Y is a finite subset of X,.

(n1, 81, F1, B1, V1) < (no, so, Fo, Bo, Vo) iff

(a) n1 > ng and s Nng = o,

(b) F1 2 Fy, By 2 By, and Y1 2 Vo;

(¢) (s1\so) NUBo = 0; .

(d) A (q,k‘) celyVXeYydr<gpqrly <S1\k‘)ﬂX7é[Z)
Notation: ¢ = (n¢, s, F¢, B¢ V) € Qq-

Claim. Q, is o-centered, |Q,| < 2%, and the following sets are dense in Qg :
(i) {c€ Qqu:s\k # 0} for each k € w;

(i) {c € Qa:(q,k) € F} for each (q,k) € {g €P:q < p} x w;

(iii) {c € Q4 : B € B¢} for each B € Ay;

(iv) {c € Qq : X € Y} for each X € X,.

Proof. o-centeredness: We show that conditions with the same first and second
coordinates are compatible. Let (n, s, Fy, Bo, Vo), (n, s, F1,B1, 1) € Q, and let

(Fo X Yo)U (Fy x ) = {<(QZ7]W)’X€> < L}

be an enumeration. For each £ < L we know that g IFp "Xg\U (BO U Bl) is infi-
nite" so we can choose an r; <p ¢, and a k;, > max{n, k¢} such that r, IFy &k} €
Xg\U(BQ UBy). Let s’ = sU{ky: ¢ <L}, n =max(s)+ 1, F/ = Fy UFy,
B'=ByUBy,and V' =Yy U Y. Then (s',n', F',B',)’) is a common extension of
our two conditions.

|Qu| < 2% is trivial. (i) can be proved as o-centeredness. (ii), (iii), and (iv) are
trivial. (I
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Let Q, be a P,-name for Q,, and A, be a P, 1-name for the set U{s¢:ce Ha}
where H, is a Po1-name for the Q,-generic filter. Then
o VPert =" AU {Ag : B < a} is an AD family" because of (i), (iii), and (c);
o VPert = plkp Ay N X| = w holds for each X € X, by (ii), (iv), and (d).
At last we prove that A.+ = AU{A, : @ < kT} is an F-indestructible MAD
family in VPt
Assume on the contrary that there is a P,+-generic filter G.+, a p € F, and a
nice F-name X € V[G,+] for an infinite subset of w such that

VIG.+] EplFe" A+ U{X} is an AD family".

The there is an a < x1 such that at the stage o we worked with p and X € X,
(because \X| < k). Then in particular V[G+ NPqy1] E p IFr |Aa N X\ = w so this
holds in V[G,+] as well, a contradiction.

If |F| < ¢, then kT < ¢ so P+ is o-centered because of the well-known fact
that the limit of a ¢ stage finite support iteration of o-centered forcing notions is
o-centered.

If |F| = ¢ and F is ccc, then it is enough to work with a ¢ stage finite support
iteration because each nice F-name for an infinite subset of w is a countable object
so it will appear at a stage less than c. [

Corollary 4. Assume A is an infinite AD family. Then there is a o-centered
forcing extension in which A can be extended to a Cohen-indestructible MAD family.

Unfortunately our theorem does not say anything about definable forcing notions
so the following question is still open.

Question 5. Assume A is a infinite AD family. Does there exist a ccc (or nice
enough) forcing extension in which 4 can be extended to a random-indestructible
MAD family? What can we say about other classical real forcings such as the Sacks,
Laver, or the Miller forcing?
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