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hSA7i�j>Wkjg[k[YlON-V�j>D-FBH

(A; ·)
FfJeDGj>mOWnFpoq[Y[YH>jg[UV�csrOceVUtfJece[uDGj>rOj>WntwvkIBWkWYj>rZxO[YH>j>WYy>v�yz[

Wkyg[YHgFfJeDBjgmOWkt{K]tfvgP|RZF
A = {a, b, c}

yz[7F:V�}O~BjgJsj>v]vntfmOJbFO�
· a b c

a a b b

b c b b

c a b a� IGDBTGFBr�~wtfJsvYIGH>rZFBN�V�j>D+jgH>j>NQP9RZF+FfH
a
NBIGrZ[MvnFfrZ[�ROIBHgHgt{~By�vkj>Jey>~Bj>J�V:jgDB~wtBJ�vkIBH>�

vkFfv�KMLON+FfH�FBJsDGj>mOWnF�vY`e^OLZ[ktwvzPSvYjgRZtwv�FfH
(A; ·, a)

[]vYWkLONqvY�OWntwv�vYjgN|csrqv�KMlONO�
�OA7�#tG[Y[YLON�m_jGP7ROIBDGT�FfH5j>DGyg[]Hgj>N�V�ISxSLZJsI

m
NBIBrZDBWkLOj>rZa>cetwK]F�F

(Z; ·,+,−, 1, 0)DBT|}OWk}OrOjgNuNBIBrODGWYLOjgrZa�cbF�Wkj>JbtBa>csdfK]FOA
� A7��j>N|cerGvk[YlON�F

(Z, ·)
FfJeDBjgmOWnFfcG[]vYWkLONqvY�OWnF7NBow~Bj�vkNBj>Hg�

ρ
WYjgJetGa�cedfK]twvg�

(a, b) ∈ ρ ⇐⇒
a
yg[

b
^OWY`eV�vky>rqTBjgH>�G[8��j>Jem_IBrqvktB[ktfm\Ffr
FfH���FBH>IGrOIG[�R\FwvY~ftfr|TBIBr
[]Hgj>Wkj>^_j>J�A�i IBrODf�

WkLOj>rZa>ceF:Wkj>JbtBa�cedf��j
ρ
����[7RZFu��RZj>JeTBj�v]v��f��vnFfJ9xSj�X\rOcetBJsr\tfrONO�

�SA
•

�9j>DGTBj>r
V
~BjgNqvYIBWYvYygWgP

W
j>DBT�FfJsvYj>Wkj5yg[

ρ = {(v,u) ∈ V 2 : v + W =
u + W}

P.vYjgRZtwv
ρ
FfH�FfH>IGrOIG[

W
[]Hgj>WYcerGvkc�j>JsvYIGJ�vkmZFfrpJej>~B�
~BjgNqvYIBWkIBN�NBoBHgofv]v�tfJeJ

��j>rqvgA��)csHgIBr|Tq`svn[]LONum_jGPOROIBDBT
ρ
F:~Bj>NqvkIBWYvYy>W�NBIGrODBWkLOj>r\a�cbt{K]FZA

ι = A × A
FBH

A
RZFBJsVUFBH:�S�\� �{¡>¢Y£z¤w¥¦�b§�¢Y¡>¥s¤B¨>��©nKYFOA

ª DGT2FBJsDGj>mOWnFfc.[MvkWkLONqvY�OWnF�¡�«B¬{§Y£z¡�¢®­SPOR\F
ι
��r+yg[

ω
��r+N|`s~|lOJ9rOcerZa>[7VUtB[�NBIGrODBWkLOj>r\a�cbt{K]FZA

�OA
•

�9jgDBTBjgr
f
ROIGV�IBV�IBWYXZH>V�LZ[gP{j>N|NBIBW

Ker f
KMj>JeoBJec|FfH>v�F�WYjgJetGa�cedfvgPwFfV�jgJsT|Wkj

(a, b) ∈
Ker f ⇐⇒ f(a) = f(b)

A
¯ FG°
±²LOvkFB[k[YLON V�jgDZP{ROIBDGT

Ker f
NBIBrODGWYLZj>rZa>ceFZP>yz[

f
^\IGrGvkIG[kFfr�FBN|NBIBW9cerwKMj>NqvY`e~QP

RZF
Ker f = ω

A
¯ m\°+�)ceH>IGrqT|`�vn[]LZN5m_jGP�ROIGDBT�j>DBTS[YH>jgWY}�FfJeDBj>mZWktBrZFfN²V�csr\xSj>r³oBrZV�FBDGtBmZF
V�j>rO�

rOjgV´NBIBr\[MvnFfrZ[�JsjgNBy>^_j>Hgyg[Yj�cerwKMj>Nqvk`s~QA
ª DGT2FBJsDGj>mOWnFfc.[MvkWkLONqvY�OWntwv��S�_µ>¢zrZj>NurOjg~Bj>H>lOrZN_PORZF:V�cerZxSjgr�V�}O~Bj>Jej�vkj�jgDBT|~wtBJ�vkIBH>dG[gA
¶ A7�9jgDBTBjgr

A
LOrOygW·FfJeDBjgmOWnF�yg[

B
jgDBTuWkyg[YHgFfJeDGj>mOWkt{K]FZA

¯ FG°
¸ j�XZrZcetBJ KMLON�F
ρ
Wkj>JbtBa>csdBv�F�NBow~Bj�vkNBj>H>�GNBy>^O^_jgr9�

(a, b) ∈ ρ ⇐⇒ a = b~fFfDBT
a, b ∈ B

A¹±5LSvkFG[Y[YLONuV�j>D\PSROIGDBT
ρ
NBIBrODGWYLOjgrZa�cbFOA

¯ m\°
CEDqFfH>IGJ KMLZN_P\RZIBDBT+RZF
A
jgDBTS[YH>j>Wk}9P_FfN|NBIBW�rOcerZa>[ Jej>DGFBJetBmOm²NBy�v�j>Jej>V�j�v vnFfWY�

vnFfJeVUFfH>d:~fFfJedSxSc ¯
B ¯ A

°)Wkyg[YHgFBJsDGj>mOWktwK]FOA
ºOA7��j>DGTqlZN+��j>J�P9ROIGDBT²j>DBT

A
LOrOy>W�FBJsDGj>mOWnFfc�[MvkWYLONqvk�OWktBrZFfN�~wFBr�~By>DGjg[ V�cerOceV:cbtfJecb[

DBjgrOj>WntwvkIBWYWYjgrZxO[YH>j>WYjGA��#tG[Y[YLON5m_jBP�ROIGDBT5jgNqNBIGW
A
V�cerZxSj>r³V�csrOceVUtfJece[�DGj>rOjgWktf�

vYIGWYWkj>r\xO[]Hgj>Wkj�FfHgIBrOIq[8jgJsjgVU[]HztfV��9A
»OA

•
±²LSvnFB[k[YLON�V�j>DZPwROIGDBT�RZF�j>DBT�FBJsDGj>mOWnF7V�csr\xSj>r�~By>DGjg[Yj>r�DBjgrOj>WntfJsv�WYyz[]HzFfJeDBj>mZWkt{K]F
j>DGTS[]Hgj>Wk}9PSFfN|NBIBW�VUFfDqF�ce[7j>DBTS[YH>jgWY}9A


