
���������
	���������������������������
��� ��!���"�#�	$����%'&)(+*,��-����,��!��.�/��	$01��!�02	$03"5476 �,8
83��	��
93	�:�;��<	.%.-�:>=?%�*'%.�,�
@BA,CEDFD GIHBJLKNM

Fn OBP?QSRTQ5UVOBP R OBP?QSRTQ5U D UVWXUVY[Z]\ D.^B_V` U M Ubaca�d M YFO H RTe KNJ7f U D dc\2gihNR H W�d MVj O�W�hkalRTY[m Hn^ Z]o D/pqKBMVKNMK�f \nhNa D oBZ KBJ3_ d KNDrK ala KXs d KB^2tXD UVgSU�avu Axw hBdTdly ^ Z]UnzSg H OnP Fn

J Y DF`]H aTU J d,OBP?QSRTQ{z _ d KNM

F =
∞⊕

n=1

Fn

OBP?QSRTQ3W�Y J}| U J U D UVW�U J Y DF`]H alU J dbz | U F W K O K�J UbW J Y DF`]H aTU J d Ap
⊕
| Y[RTU ^ a j dTd M UbO z KBMVKBM F U D UVW�UbY~W�hkaTRlY[m HB^ Z]o D h D[D o HBD P KNJ��B_ ONaTU D U J d H R HBMVK a HB^ z K W�U D PBU ^ W KkGc|�J UbWW�Y Ji| U J7^BH?H R | Y J hNaTh G hNZ KNJ
K�t W�hNalRTY�m3d M UVRlU ` U D�A u��A,�,|�G y JS^3`]_VDF| hNa,Z KND�HnDF|}KND Y � RlalY J�� OnP?QSRlQSRTUBz K W�U D P J UbW f�_bD Y[OnUbOBP�d M UVRlQ A�SA�� O KBMbHnD G y ^ z�g H OnP R UbOnP?d _ OnU D UbW�UVd'OBP?QSRTQSZ]U J7KX^Bj�� Uba ^ U M \ ^ aTU D G UVdl� D[J U ^�Ap�K u3� K e ∈ R Y | UVW `]H alU J dbz KB^�^BH R R = Re ⊕ R(1 − e) Z KND Y | UVh DFHB^2| YFRlU ^ a j dTd M UVOBU Ap Ziu
� K R = A⊕B Z KND Y | UVh D[Hn^�| YFRlU ^ a j dld M UVOBUBz KB^?^BH R �NKNJ2HBD P KNJ e ∈ R Y | UVW `]H alU J dbz K WXU D P?RTU A = Re_ d B = R(1 − e)

A
pqs u3� K e ∈ Z(R) Y | UbW `]H aTU J dVz KN^?^BH R R = Re ⊕ R(1 − e) Y | UVh D[Hn^>| Y[RTU ^ a j dld M UbOnU Apq| u
� K R = A⊕B Y | UVh DFHB^X| Y[RTU ^ a j dTd M UbOBUnz KN^?^BH R �NKNJ�HBD P KBJ e ∈ Z(R) Y | UVW `]H alU J dVz K W�U D P�RTU A = Re_ d B = R(1 − e)

A
� aca Z(R) = {z ∈ R : rz = zr (∀r ∈ R)}

KBM
R OnP�Q}RlQ��T�b�}���v��� KSA� A,� Y ^BH R D UVd M�KNM R = Z/(n) OBP?QSRTQ f�_bD Y[OnUbOnP?d M UVRlQ _ d�W�Y ^BH R,UbOnP�d M UbRTQi� � WXU JSJ P?YFZ]U J
f�_VD YFOBUVOBP�d M UbRTQ{z KB|�G y ^W�UbO R

f U D Z HBJ aThBdThka,UVOBP�d M UbRTQ2OnP?QSRlQ ^2| YFRlU ^ a j dTd M UbO _ RlU A��A
• � h DFK d MVHBD G y ^ W�UVO KBM U D \ M \ f U DrKB|}K a ^B_ R |�_ dlUbY[a Z gSU D PBU�ala K[x]

� RTUBz K g HBD K alU�dIa�z.alUVg}hka R = K[x]/(f) z�kKBDFK W�U D P f ∈ K[x]
`]HBD Y J}H W�R K}A3p�� UVOB [aTd _ Oi¡ R

� RcaTY J z{g K f 6= 0
AX¢£JSJ U ^ YFO KNMbHnD hndlhNg HBM�KBM a D hndldly ^ Z]UBzg H OBP R UVOBP K

f U D U�alalY �B_ OnUVd | Y[W�U JSM YFond � U ^ a H Rca _ R A u¤SA,¥ Y MVHBJ P� [a¦dcy ^ Z]UnzSg H OBP>g K R Z KBD�HnDF|SKBD Y � RcaTY JS� OnP�Q}RlQ{z KN^?^BH Rp�K u2g K R
�§J U ^>J Y J}s d tk� alo D�^ � DFjBJ Z jnM \ J Y DF`]H alU J d,U D UbW�UBz KN^?^BH R f UbR | U�aTUVdcalU ^2| Y[RTU ^ a j dld M UVOBUB¨p Ziu3g K R
J y D[DFH d M aToBW�U J alU�dbz KB^�^BH R f UVR | U�alU�dIa AEp�¢£MVM U D e G ZSY MbHBJ P? �a¦hBdca Kn| aly JS^3KNM�@BA � A�f U DFKn|SK aTR K}A u� UVO G UbOBP MV_ dV¡©g K R aTU�aTd M \ D UVOBU�d �B_ OnUVdªOnP?QSRlQ�z KN^?^BH R KNM7p�K u _ d p Ziu�h DFD  [aThnd Hn^ YFO KNM�KN^ W K R KB|SJ}KN^ eSOnP5Yrdbzg K�K�f UVR | U�alU�dIa©d M oNa�aTUVdcalRTU s dlUbR _bD G � ^ z�W�Y � U D�« U |}| UbRTZSySR J a _ alU D U�d M UbRTY J a,W�Y Ji| U J7�B_ OBUVd f UbR | U�aTUVdca�aTUVdca A¬ A

•
� ySa K dTdly ^ W�UbOiz�g H OBP ^BH W�W�y�a K al  �3� RlalY J�� OBP?QSRTQSZ]U J W�Y J}| U J7` Rl FW�Y | U�h D W K m?YFW�h D YFd ASA

• � K a¦hNR HBMbM y ^ W�UbO KX^BH WXW�y�a K aT  �>f�_bD YFOBUbOnP�d M UbRlQ3OBP?QSRTQ ^ U�a A®SA
•

w UVOBPBU J R
^BH W�W�y�a K aT  � OBP?QSRTQ _ d I KNM R UbOnP�Y | U�h D GcKSA¯� y�a K dldly ^ W�UbOiz�g H OBP R/I Z KNDFHBDr|SKND Y R � W H�| y D y}dKNM

r · [a]I := [ra]I d MbH R M hndld KND¯pqK g HBD [a]I
KBM

a ∈ R U D UVW I d M UbRlY J alY�W�U DFDF_b^BH d M a¦h D Pnhka G U DFjBD Y°u Ax�?` U s Yrh D YFd KNJ
I = 0

� R K R W H�| y D y}d R
f U D U�ala A£� O KNMbHnD G y ^ z�g H OnP R R _ d M W H�| y D y}d K Y _b`}` U J R Y | UVh D GcK Y A


