
���������
	�� 
������������ ��������� � ����� ��!
" �#��$
%'&'&)(+*�,.-)/10�23/14657&#8

9;:=<#>�?A@;>CBD>�E
R1 F�G R2

>�?A@ GHF ?;>CIJ>CK�> G ?A@1LDMNLDE'O L P7Q ISRJTD>CUAI R1 × R2 V P >CBW:YXZRS[�\;B]@1^`_ GHa E P >AOb \;?A@cI F _H>C[�RSE L1 P7Q ISRSTd>eUAI R1 V P >CB FCG L2 P7Q IJRSTD>CUAI R2 V P >CBfO Q K�>CIJ@A>CE]MH> L = L1 × L2

:
g /]h',jilk�m7nAo
<#>�?A@;>CB

L1 = {r1 ∈ R1 : ∃ b ∈ R2

b \;?A@
(r1, b) ∈ L} ,

F�G b Q G \;BDIJp Q B
L2 = {r2 ∈ R2 : ∃ a ∈ R1

b \;?A@
(a, r2) ∈ L} .q Td>�r7Bd^SsCRJp G [�>CMHRJB]_ L ⊆ L1 × L2

: q KtU G RJEuRJMvUABw@1x�_ Q MN_ Q ISK Q [eU G RJ? Q [�\;IyU G U b \;[zIS>�?A@;>CB
(r1, r2) ∈ L1 × L2

:|{�E]EA\;Mc}
L1

TD>�r7BD^Ss�RSp�~ Q�Q I Q�� ~HU�B�}�� Q B�\;I`@ Q B b ∈ R2

O b \;?�@
(r1, b) ∈ L

:��uR a _�UAB (1, 0) ∈ R1 × R2 FCG L P7Q IJRSTD>CUAI�O'^J?A@ (r1, 0) = (1, 0) · (r1, b) ∈ L
:� Q G \ABDISp Q B (0, r2) ∈ L

OD>C[ F MN_ (r1, r2) = (r1, 0) + (0, r2) ∈ L
:

�.:���>�?A@1�DE6��>�I�O b \;?A@
R
���;RSTd>eUAIJ?A@1LDMHL

p ∈ R
>�IS>�K F MH>�_v>�I�~N> G �DI Q EA���;>�_vEA>�[C�t_ a I Q ~NTD\;B G UA?D�

∀ a ∈ R
> G >�_ F B p | a

� Q ?A@ (p, a) = R ��Q p FCG a
UAI`_ Q Ij?;>CBD>�MvUAI`_�RSTd>eUAI R � :

� ? Q [C\;I�~ a E'O b \;?�@ p
RJMHMN>CT a s�R P RSIJR G � Q ?A@c>C?A@ GHF ? R V P >CBf:g /]h',jilk�m7nAo

q BDB]@1R`_
EA>CIJI�Kt>�?;K a _ Q _vBDR�O b \A?A@ Q K�>CBDBw@1R P >�B p = a · b
O Q E]EA\;M a FCG b

� Q I Q K�>CI`@1RJEA>P RS[�_H\ G Q B�>�?A@ GHF ?DO]_v>�?A@1�DEz_v> b U�_3��>CI�O b \;?A@ p = a ·b
:�{ PdP �AI7EA���;>�_vEA>�[CRSE'O b \;?�@ a | p

Ow_H> b U�_b Q p | a
R G RJ? Q [�O Q E1EA\AM a FCG p Q GHG [�\1sCRSUAIJ_ Q E'O Q [ Q [ b

>C?�@ GNF ?D: � Q p - a
O Q E]EA\;M=�1R G [�\;B]_ Q��>�IJ_ F _v>�I G [C>�MHRJB]_ R = (p, a) = (ab, a) = (a)

O Q [ Q [ a
>�?A@ GHF ?D:�d:=X RS[C\AB]@1^J_ GHa E P >AO b \A?A@¡_H>�_ G [C�;IJ>C?A> G K

_v> G _ FCG n � \A[CR`_v^J�¢>�? FCG [�> G >�_ F B Q [ R = K[x]/(xn)?�@.LdMHL�>C?A@;>�_vIS>�B � MH^SK�RJTD>CUAI�~ Q (x)/(xn)
:

g /]h',jilk�m7nAo
<#>�?A@;>CB

J E K[x]/(xn) � MH^JK�RSTd>eUAI�OZ>�E1EA\AM£� Q B�\;IJ@ Q B I E K[x]
O

I ⊇ (xn)
O Q K�>CI`@1MH>

J = I/(xn)
: q � Q E]_H\;MCO Q [ Q [ (K[x]/(xn))

/

(I/(xn)) ∼= K[x]/I
B a ISIS\ G [�_Hp;K�>CBw_v> G O Q K�R>�?A@ P >CB Q [�_�R G ~N>CIS>�B]_HR�O b \A?A@ I � MN^SK�RJTD>eU�I K[x] V P >�BW:�¤ G Q E b \;?A@ I
_ Q MN_ Q ISK Q [C[ Q xn >�IS>�Kt>�_eO^J?A@ b Q x 6∈ I

�;\;ISB Q O Q E]EA\;M x
\ G [�_�U�IJ@ Q BD>�KtB a IJI Q BDRSI � \A_v>�B G >CIS>�K � F�G ^S?A@¥� Q ISp1TDR7B a ISIS\ G [ V_Hp � IS>�BDBD> K[x]/I V P >�BW: ��> b U�_ I ⊇ (x)

O FCG KtR a _�U�B (x)
K Q�¦ RSKtUAI`R G RSTD>CUAI K[x] V P >�BWO'^J?A@

I = (x)
O Q K�RSBw_�U�ISIS^§_v\�_H_ a E':¨ :=<#>�?A@;>CB
R © >�TD>CE]RSBdT V ?A@1LDMNLWO I E R

RJTD>eU�I�O
I 6= 0

O
I 6= R

:¥� a _ Q GHGHa E�K�>C?DO b \A?A@ R/I?�@.LdMHL � \AB]_H\ G Q B Q E]EA\AM�� F ISRJ?;>C?�@ G [C>�MHLWO b Q I
E]�DIS�AB P �;[�� � MN^SK�RJTD>eU�IJ\;E G [C\AMH[ Q _ Q :ª78�0«/]h',)i�k�m7nAo� Q L E R/I �lP7Q I � RJTD>CUAI�O Q E]EA\;M¬� Q B�\;I`@ Q B J E R

O
I ⊆ J

O Q Kt>�IJ@1MH> L = J/I
: � IJ@;>�B

JQ [C\;B P7Q B�s G Q Eu� F ?A> G­G \;EuIS> b >�_eO b R G [C>�B I ⊆ J
K�R Q _N_ J V P >�B�KtRJBDTD>�B � MH^JKtRJTd>eUAI�E]R G > PDP� Q ?A@®>C?A@;>�BDIJ� b Q _H��U�B]@;\;B G [C>CMN> � >CI�O#KtRJB]_ I V P >CBf: ��> b U�_ R/I V BD>�E®K�RSBDTd>CBDE F �D� >CB�s G Q E� F ?;> G=G \;EcRSTD>CUAI�~ Q � Q BfO7>C[ F MN_ q MN_HRSB V ?A@1LDMHLW:



<#>�?A@;>CB«>CIS� G [C�AM I =
∏k

i=1
Pi

E]�DIJ�;B P �;[�� � MH^JKtRJTD>CUAIJ\AE G [C\AMH[ Q _ Q : � Q L = J/I E R/IBdRSI � \�_v>CB G �lP7Q I � RJTD>CUAI�O Q E]EA\;M�� Q B¢\;IJ@ Q B n ∈ N
O b \;?A@

Ln = 0
: q [Y>�IS�;[�� P >CEA>�[CT FCG�G [�>CMHRJB]_Q [­R G RJ? Q [AO b \;?�@ J =

∏k

i=1
P βi

i

� Q I Q K�>�IJ@ βi ∈ {0, 1} G [CUAK�\;E]M Q :�{3E]EA\;M

0 = Ln = (J/I)n = Jn/I =

(

k
∏

i=1

P n·βi

i

)

/

I,

>�[ F MN_ ∏k

i=1
P n·βi

i ⊇ I =
∏k

i=1
Pi

OW_H> b U�_
n · βi ≥ 1

O Q KtR P �;I βi ≥ 1
EA�¯�;>�_HEA>C[CRJE'O�_v> b U�_K�RSBdTD>CB

i V MN> βi = 1 FCG ^J?A@ I = J
O Q [ Q [ L = J/I = 0

:��u>C?AK a _ Q _N_ a E'O b \;?A@ R/I
q MN_vRJB

F�G BDRJBDs G P >�BDBD>�B a ISISU�_vp;IjE]�DIJ�;B P �A[C��BDRJI � \�_v>CB G �lP7Q I � RJTD>eU�I�O1_v> b U�_ R/I
� F ISRJ?;>C?�@ G [C>�MHLW:� Q I

Bd>CK°E]�DIS�AB P �;[���RJTD>eU�IS\;E G [C\AMH[ Q _ Q O b Q BD>�K I =
∏k

i=1
P αi

i FCG � F IJT7U a I α1 > 1
O Q E]EA\AM

(

P1

∏k

i=2
P αi

i

)

/

I
BD>CK�B a IJI Q BDRJI � \A_H>CB G �lP7Q I � RJTD>eU�I�~ Q R/I V BD>�E � b R G [C>CB α1

b Q _H��UAB]@1M Q>�Kt>�IJ�;>­± � :�{ PDP >�B Q [­> G >�_ P >�Bu_v> b U�_ R/I
BD>CK²� F IJRS?;>�?A@ G [�>CMNLW:%W8�0«/]h',)i�k�m7nAo� Q I =

∏k

i=1
P αi

i

O Q E]EA\;M Q E]^SB Q RWK Q M Q T F Ew_ F _v>CI G [C>�MHRSBw_

R/I = R
/

(

k
∏

i=1

P αi

i

)

∼=

k
⊕

i=1

R
/

P αi

i .

� Q αi = 1
O Q E1EA\AM R

/

P αi

i

_v> G _ ��© >�TD>CE]RSBdT V ?�@.LdMHL P >CB Qz� MN^SK�RJTD>eU�IJ\;E¢>�?A@ P >CB6K Q�¦ RJK£U�IJR VG Q E � Oj_H> b U�_ b Q I
E]�DIS�AB P �;[�� � MN^SK�RJTD>eU�IJ\;E G [�\;MH[ Q _ Q O Q E]EA\;M R/I

_H> G _H>CEuTdRSMH>�Ew_�� GNG [�>C?;>�O^J?A@¢� F IJRS?;>�?A@ G [�>CMNLW: � Q � Q I Q Kt>�IJ@ i V MH> αi > 1
O Q E]EA\;M³�1R G [�\;B]_ R/I V P >CB Pi/P

αi

i

BD>�KtB a ISI QBdRSI � \�_v>CB G RSTD>CUAI�O._v> b U�_ R/I
BD>CK²� F IJRS?A>C?A@ G [�>CMNLW:´.:�µ¬ISI�~N\;B

R
?A@1LDMHL Q [u� GHG [C> G 2 × 2 V > G >C? FCG [�>�IS>�K¥L¶��>CI G � b U�MH\;K G [��;?«KtU�_vMNR ¦ \;E P p;I �lQ [� GHG [�> Q TDU G¬F�G=G [�\;MH[CU G Q K£U�_HMHR ¦ \;E G [�\;E�U G \ G K¥Ld�;>CIJ>�_v>�R � :

��Q;�
· >CMH> GHG �DE¸K�>C? R
� GHG [C> G � MHRJKtR`_H^`��RSTD>�K � \�_v>CB G >CIJ>CK F _C: � e ∈ R � MHRJKtR`_H^`��RSTD>�K V� \A_v>�B G O b Q RJTD>CK � \A_v>�B GtFCG BD>�K P \;B]_ b Q _vp+� Q ISp1TDR�K�p1TD\;B�>�?A@1K£U G M Q K�>CMH�AIS>�?;> GRSTD>�K � \�_v>�B G >�E6� GNG [�>C? F MH>AO'_H> b U�_ e = e1 + e2

O
e2

1
= e1

O
e2

2
= e2 FCG e1e2 = e2e1 = 0> G >�_ F B e1 = 0

� Q ?A@ e2 = 0
: �

��P'� q T�~ a BDEcKt>�? e1, e2 ∈ R \ {0}
>�IS>�Kt>�EA>�_CO Q K�>CIJ@1E]MH> R = Re1 ⊕ Re2

:
g /]h',jilk�m7nAo
� Q A =

(

a c
0 b

) O Q E]EA\;M A2 = A Q [�_ Q T�~ Q O b \A?A@ a2 = a
O
b2 = b FCG (a + b − 1)c = 0

O
Q KtR P �;I a, b ∈ {0, 1} F�G c = 0

� Q ?A@ {a, b} = {0, 1}
: · �ABDB]@1L¹>�ISIJ>CBD�;MNRS[�BDR�O b \;?A@ Q [>�?A@ GHF ?;>CIJ>CK � RSTD>�B]_HRJ_�U G KtU�_vMNR ¦D� E]R`� F _v>�I F �;>CI�>�[C>�E6KtRJBDT � MHR`_vK�R`_v^§�£RJTD>CK � \A_v>�B G >�E':� Q B a IJ_ a E¡?A@ Q EA\;MHI Q _v\ABWO b \;?A@ Q K�>CBdB]@1R P >�B e ∈ R

RSTd>CK � \A_v>�B G O Q E]EA\;M R = Re⊕R(1−
e)
OD_H> b U�_ � F IJT7U a I

e1 =

(

1 c
0 0

) O
e2 =

(

0 −c
0 1

)

K�>C?���>CIS>�IS�z��UAI Q G [�_�U G :



ºd:=<#>�?A@;>CB
R
>C?A@ GNF ?;>�IS>�Kt> G ?A@1LDMNLWO M � >CTDRJ?¬sCRJE1IJRSE aDG � >�?A@�>�IS>�KtK�>CI;?;>CBd>CMvU�I b Q _Hp �WP7Q IJ\;IST Q IJR

R V Kt\1T a I aDG :�� a _ Q GHGHa EuK�>C?dO b \A?A@
� Q B®\;IJ@ Q B L P7Q IJRSTD>CUAI R V P >CBWO b \;?�@ M
RJ[C\;K�\;M»� Q [

R/L P7Q IS\;IJT Q I`R R V K�\1T a I adGHG Q I�:ª78�0«/]h',)i�k�m7nAo¼ @ Q EA\;MNI Q _H\;BtRS? Q [C\;I`_ a E'O b \;?A@t>�?A@ k
>CIJ>CK�Kt>�I)?A>CBD>�MvUAI b Q _vpzK�\1T a I aDG b \AKt\;K�\;M»�WE F � > Q

k
M Q BD?Ax G [ QAP7Q T�K�\1T a I aDG B Q E):�½ � >Cs�RyU�ISR G Q Bu>C?�@usCRJE1IJRSE aDG Kt\1T a I aDG b \;K�\;K�\;MN��E F � > R VBd>CE': q K�\1T a I aDG \AE1M Q �;\;B Q _vEA\;[�p b \AKt\AKt\;M»r Q _ F _H>CI G [�>CMNRSB]_ b Q ϕ : R → M G [��DM�~N>�Ew_v^J�)OQ E1EA\AM R/ Ker ϕ ∼= M

:z¾ F ?;�dI Ker ϕ
M FCG [CK�\1T a I aDG Q R V BD>�E'O�^J?A@®>�?A@ P >CB P7Q ISRSTd>eUAI�~ Q R G O_H> b U�_

L = Ker ϕ
Kt>�?A��>CIJ>CIJ�¥��UAI Q G [�_vU G :%W8�0«/]h',)i�k�m7nAo<#>�?A@;>CB

M
?;>�BD>CMHU�_v\;M Q m

O�>�E]EA\;M
M = Rm F�G IS>�?A@;>CB L = Ann(m) = {r ∈ R :

rm = 0}
:¬¿�@.RJIJ��UAB

L P7Q IJRSTD>CUAI�OD_v\¯��U PDP U R/L ∼= M
O a ?A@ Q BDR G Q [ [r]L 7→ rm

IS>�E F � >�[ F�GEA�ABDB]@;>�B®IyU�_ b Q _Hp Q B6K�\1T a I aDG»V RS[�\;K�\AMNrD[CK aDG :


