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687:9<;5=.=>70?A@CB�DFE(G0H5D5IJ9.B
9.=LK�MONPBQD5BR=
p SUT.V @,E α S H5KQWX9 VPY B�DOZQ=LK8ZR=

f(x)
B�DOZQ=LK

B�DOI\[:9>9.G0;19.]O= S H5N^WP_UHO@`BR=>B�9LZ�_
a ;Ob

f(z + pαy) ≡ f(z) + pαyf ′(z) (pα+1) caed bfG0;
f(z) ≡ 0 (pα)

ZQ=
f ′(z) 6≡ 0 (p)

E(;g?\?5H T f(z + pαy) ≡ 0 (pα+1)@CB�DOH5Nih:G0;g9L]
y jkT ;�ZQ=
;l@CBQD5H5NihUmO=�@lHUh:7UNPH p

B�D5IOZ T 9.B�N^@�no4
p:4 arq�s�tUu�s
vXwyx
s
vPs�z�s
vP{
u b
| B T BQ=.=L[U?�@CB�D�;gK 5x22 ≡ 6 (72)

?5H5_UD T 7UBQ_0}
Wi;�~�=L=LK�BQ=(@lBQD5HON^hUmO=Lmg9Q�
a ;Ob���Nih���7U?�@CB�D�B�N^MO=LK�~ T f(x) = 5x22 − 6 ≡ 0 (7) j B
9Q4aed b,��;

f(c) ≡ 0 (7)
Eo=LKQm5@lHg��70?�?�W

f(c) mod 72
Z T 9LZQ?5Z
9��5�5�1� u��U�1���1�1t �5� w� ��u =.;gN�4���K�;,?5~ Y B
9.?5B�KQMg9���BQNPBQ_O9.Wr��G0;19<m T H5K�KQ7U?8@CB�D�; c

E
c2
E
c4
E
c8
E
c16=LKQm5@lHO?1;g9�@CH:h:7UN^H

72
ZR=�G0;5=LK�_0m5N ��70?�?�W�E�GUH5DOI

22 = 16 + 4 + 2
@lWi;19L9

c22 ≡ c16c4c2 (72)
4

a }Rbf��K
f(x) ≡ 0 (72)

@CB�DOH5NihUm5=.m19
x = c + 7y

;gNi;g? d ;g_f?5B T BR=L=L[U?�4��2K�B�N^M5KQM� BQN^;OhU;19�=>K�B T W^_O9 0 ≡ f(x) = f(c + 7y) ≡ f(c) + 7yf ′(c) (72)
4

 U4 | B T BQ=.=L[U?�@CB�D�;gK
a ;Ob

x5 − 23 ≡ 0 (27) caed b
x5 − 23 ≡ 0 (25) ca }Rb
x18 + 3x − 4 ≡ 0 (49) ca h0b

• x11 + x + 1 ≡ 0 (363)
4

?5H5_0D T 7UB�_0}�W^m5?C~�=L=LK�BR=�@lBQD5HON^hUmO=Lmg9(;C��B�_0=LB�N j � BQNPBQ@CB�N^ZQ=
=LB�D V 9<=>ZQD5Z Y B�N�4
¡ 4

• ¢ BQD5I\[U? � BQNrEFG0H5D5I p SUT.V @,E α ≥ 2
BQD5ZQ=LK�ZQ=

f(x)
BQD5ZQ=LK�B�D5I\[:9L9LG0;g9L]�= S HON^WP_UHO@�E;g@CBQNPI T B f(x1) ≡ 0 (p)

4�£¤W^K�HO_�I V 9.=L7U? d B5EUGUHOD5I
a ;Obf;5@lBQ_U_�I\W d B�_

f ′(x1) 6≡ 0 (p)
E\;5?\?5H T @CH:h:7UN^H pα

B�DOI5B
9.NPBQ_�H5N^IO;g_
xα Y ;g_oE;5@lBQNPI T B f(xα) ≡ 0 (pα)

ZR=
xα ≡ x1 (p) caed b,;5@lBQ_U_�I\W d B�_

f ′(x1) ≡ 0 (p)
E¥;g?\?5H T ;5K�B�N^M d0d W�B�DOI5B�_UN^B
9�@lBQD5HON^hUmO=L;5WP_F;g?=LKQm5@C;lHO=LK
9LGF;19L]

p j�Y BQNrEU;5KQ;5K

|{xα ∈ Z : f(xα) ≡ 0 (pα), xα ≡ x1 (p)
ZQ=

0 ≤ xα < pα}|

H�=>K�9LG0;g9L]
p jkY B�N�4

¦:4
• § B�D5I5BQ_ p SUT.V @¨ZR=���B�N^~5N ��B�;gK

f(x) ≡ 0 (p)
?5H5_UD T 7UBQ_0}
Wi; a @lHUh:7UN^H p S m T HO_U?5Z�_O9?\[UN^~5_ d ~OK�M\b©@CB�D5HON^h0m5=.;gW^_0;g?�=LKQm5@Cmg9

r
4 § mO=L=L7U? d B5EUGUH5DOI

r ≡ −

p∑

a=1

f(a)p−1 (p).


