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11 413 FHG E 10 403 G 6H7:9<;IAJ=LK�MINOE:MIP(;(QBQRA(S(6HS G ; G 6�TVU:>W7XT FHG EIYZ>@?BAC9<K�M[E

11 413x +
10 403y = (11 413, 10 403)

Y\DL;:]^E(NIT_D`A'? G K�M(P(KHNB=LK�T
K�MIPa9<K�M(;I=LYO7 G 7XTHbc $'dfe gh#�iBjIk
l ?BA'=LDmY\K G 6�DnE(=`MI;(o_DpT_9�? GVG E:= G 6H7(9<;(=LqXE�A:E:r\>@?BA"s\tB;IM(P

11 413 · x + 10 403 · y
11 413 = 10 403 · 1 + 1010 1 0
10 403 = 1 010 · 10 + 303 0 1
1 010 = 303 · 3 + 101 1 −1

303 = 101 · 3 −10 11
101 31 −34

E:68E:6uEv=LK�MINOE:MIP(;(QBQwA(S(6�S G ; G 6�T_U 101 F8G 11 413 · 31 + 10 403 · (−34) = 101
3

x\3
yuK�o_K G_GVz A�9<K�M�E:6
x5 + x2 + x + 1 ≡ 0 (27)A(;(NOM(o_?BK�NO{�DLE|S G_G 6HK G 9<K�MI;(=mYB7 G 7XT8bc $'dfe gh#�iBjIk

} DL?\T_7(N
27 = 33

sIK�6 F oWT,;(=mYZ>@?BA|9<KHM�K�=L~ G 6�SIo�9v;BY\?B=L; 3
3��56

x1 ≡ 0 (3)
NOK�9�9<KHM(;(=mYB7 G s(K�6 F oWT (x1, 3) = 19<D`N Y\K�N09<K�MI;(=mYB7 G o_EBs.TVK�t 7XT5E(6 x2

1
≡ 1 (3)

E:6H;(NB; GVG 7:M(;XT�A'D`tOE G 6HNO7:=LqXE 0 ≡ x5

1
+ x2

1
+ x1 + 1 ≡ x1 + 1 +

x1 + 1 ≡ 2x1 + 2 (3)
sB�LM(P

x1 ≡ 2 (3)
3

yuK�o_K G_GVz A x5 +x2 +x+1 ≡ 0 (32)
9vKHM(;I=LYB7 G 7:T x2 = x1 +3y

E:=mE:A'QOE(N�3%��K�MIP(K�N
f(x) = x5 +x2 +x+1

s
�LM(P�E(6uK�M(P(KHNB=LK�T

0 ≡ f(2 + 3y) ≡ f(2) + 3yf ′(2) (32)
sOE:68E:6

0 ≡
f(2)

3
+ yf ′(2) (3).

} DL?\T_7(N
f(2) ≡ 3 (32) FHG f ′(2) ≡ 1 (3)

snE:6�TuA:E:r\T_?BA"s�tB;(MIP
0 ≡ 1 + y (3)

snE:9<D`Qf~I=
y ≡ 2 (3)

s�TVK�t 7XT
x2 ≡ 2 + 3 · 2 = 8 (32)

3
� F M z = x5 + x2 + x + 1 ≡ 0 (33)

9<KHM(;(=mYB7 G 7(tB;(6�=LK�MIP(K�N x3 = x2 + 32y
sB�LM(P

0 ≡ f(8) + 32yf ′(8) (33)
3

� P'DL=LqX7:N
f ′(8) ≡ f ′(2) ≡ 1 (3)

snTV;XqX7(QBQO7
f(8) ≡ 9 (33)

snTVKHtO7XT�E(6<KHM(P(KHNB=`K�T
0 ≡ 9 + 32y (33)

s�E:6HE(6
0 ≡ 1 + y (3)

3 l 6�KHA G 6�KHoVDLNIT
D G 9 F T y ≡ 2 (3)
s\TVK�t 7XT

x3 ≡ 8 + 32 · 2 = 26 (33)
3�����K�N G K�=`��]�KH=`KH9<K�= FHG oV~I=

G 6�U(=LU|T F TVKH= G 6�K�o_DLNIT
9�7 G 9<K�MI;(=mYB7 G E�NBKH9�=LK�tBK�T5E<A(;(NBMIoV?BKHNO{�Dm7:NOE:A"3
��KHtBK�TVT z NOAJq(;(=LNOE z MIP(K G K�QBQfKHA�D G s�=L7:TVtOE:TVU�?OM(PIE:NOD G s�tB;(MIP −1

MIP(S(A(K
f(x)

��NBKHAf3 } DL?\T_7(NCA'D G 6H7(9<;(=`TV?BA"stB;IM(P�9<;\Y\?O=`;w��K�MIP(K�TV=LK�N�9vKHM(;I=LYB7 G�� x1 ≡ 2 (3) � q:E:N�sfTV;XqX7:QBQ 7�tB;IM(P f ′(x1) 6≡ 0 (3)
s�9<7(o�TV? YZ>@?BA�E(6

K�=L~(QOQ�K�9<=L�pT_K�TWT5T F TVKH=`Qf~(=�sBtB;IM(Pa9<;\Y\?B=L; 3n D G K�MIP(K�T_=`KHNw9<KHM(;(=mYB7 G qXE:N�sOE:9<D�{ G E(A −1
=`KHtBK�T83

�B3 } KHNBN.P'D
13

oVKHNOYZ>@K�9v;BY\?B=L;
49 �c $'dfe gh#�iBjIk

� ?OYZ>@?BA"s tB;(MIP
o49(13) | ϕ(49) = 42

sOK�6 F oVT 42 = 2 · 3 · 7
; G 6�TVU(DLqXE(="A(KH=`=�{ G E:A�rBo_U(QO7(=`A(;I6�N.?ONBA"3

132 ≡ 22
(49)

s
133 ≡ −8 (49)

s
136 ≡ 15 (49)

s
137 ≡ −1 (49)

3��5TVU(QOQBD`QfUI=
1314 ≡ 1 (49)

sBTVK�tO7:T
o49(13) = 14

3
� 3
yuK�o_K G_GVz NBA�rBo_D`9<D`TV�Lq�M(P(SIA(S:T�9<;\Y\?B=L;a�:�O3���EXT 7:o_;(6�6H?BA�9<K�M�E(6

x26 ≡ 31 (50)

S G_G 6�K G 9<KHM(;(=mYB7 G 7:TH3c $'dfe gh#�iBjIk
ϕ(50) = 20

s�TVK�t 7XT�;I=`PIE(N+K�=LK�9<K�T�AIK�oVK GWz NBA"s�E(9vDLNBKHA�x(��Ewo_K�N YZ>@K<9<;\Y\?B=L;��(�B3v�¡��>@U0D G =LK G 6(¢ 32 ≡ 9
(50)

s
34 ≡ 31 (50)

s
35 ≡ −7 (50) FHG 310 ≡ −1 (50)

3
��E

x = 3y snE:A'A(;(ouE:6vK�MIP(K�NB=LK�T 326y ≡ 34 (50)
s�T_K�tO7:T

26y ≡ 4 (20)
snE:6HE(6

3y ≡ 2 (10)
s
y ≡ 4 (10)

3
� K�tO7:T

y ≡ 4 (20)
q:E:M(P

y ≡ 14 (20)
sBKH6 F oVT x ≡ 34 ≡ 31 (50)

qXE(M(P
x ≡ 314 = 34 · 310 ≡ −31 (50)
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YZ>@?BAw9<K�M�E(6�T5Ev=LK�MIA.D G K�QBQ z
rf;I6�D`TV�LqaKHM F8G 6 G 6H7(9<;:T8s\E(9vKH=`P'o_K

17
∑

a=1

(a2 − 13)16 ≡ z (17).

c $'dfe gh#�iBjIk
��A'D G5£ KHoV9�EXTV�hT F T_K�= G 6�KHoVDLNIT (a2 − 13)16 ≡ 1 (17)

sOtOE
a2 − 13 6≡ 0 (17)

3 } D`?\T 7:N
(

13

17

)

=

(

−4

17

)

=

(

−1

17

)

·

(

2

17

)2

= (−1)
17−1

2 = 1,

K�6 F oVT02H��N F M(P'6�K�TVK�=LK�90s�E:9<DLQf~(=�A(SZq(K�TVA(KH6�DLAfs�tB;IM(PCrf;(NIT_; G E:N¤A F T�;(=LPIE:N a ∈ {1, 2, . . . , 17} G 6H7:9¥q:E:N�s
E:9<DLoVK

a2 ≡ 13 (17)
3 l o_o_KaE�A F T a

��o E
(a2 − 13)16 ≡ 0 (17)

3 l 6�KHA G 6�K�o_D`N.T�A F T|N.?B=L=m7XT FHG 2Z��KHM(P(K G TE(YB?BNBA�S G_G 6HK(s\E(6HE(6 z ≡ 15 (17)
3

¦B3
��E:T_7(oV;I6�6�?OA§9<K�MuE:6�S G_G 6HK G ;(=LPIE:N m ≥ 2
KHM FHG 6 G 6H7:9<;:T8s:E:9<K�=LP�oVKHNOY\K�=LA(K�6HD`A�E�A(SXq(K�T_A(K�6H~5TV?B=mEX>WY\;(N G 7(M(MIE(=h¢

tOE
a ∈ Z

s
a 6≡ 0 (m)

E:A'A(;Io�9<DLNOY\K�N
n ∈ N

K G K�T F N an 6≡ 0 (m)
3

c $'dfe gh#�iBjIk
�¡N F MIP.6HK�T_9vKHNIT_K G�G 687:9<;(A'o E�DLMIE(6�Ew]¨KHNITVD,TV?B=mEX>WY\;(N G 7(MO3a��E0?BM(PIE(NBD G m

N F MIP'6�K�T_9<K�NIT_K G s�E(A'A(;(o a 6≡ 0
(m)

��Qf~I=,A(SZq(K�TVA(K�6HD`A"s�tB;IM(P
m

qXE(=LE(9vKH=`P'DLA
p
rBoV�L9<; G 6�T_U:>WE�NBKH9©; G 6�T^>WE a

��TH3 l A.A(;Io�q'D G 6�;INIT a G K�9<K�=LP'D`AtOE:TVqX7(N.PI7:T�NBK�9ª; G 6�T^>WE p
s\T_K�tO7:T

m G K�903
��EwrfKHYBD`M

m
NBK�9«N F MIP'6�K�T_9<K�NIT_K G s"9<;INOYZ>@?BA p2 | m

s�E(A'A(;(o�r F =mYB7:?O= a = m
p

KHM F8G 6Is�E:9<K�=LP(K�TuNBK�9«; G 6�T
m
sBYBK

a2 = m · m
p2 ≡ 0 (m)

sBtBD G 6�K�N m
p2

K�M FHG 6 G 6H7:903
¬ 3 } ?\T E G_G ?OA<9<KHMOs'tB;IM(P (m1,m2) = d

K G K�T F N�E:6
x ≡ c1 (m1)

s
x ≡ c2 (m2)

A(;(NBMIoV?OK�NO{�DLE(oVK�NOY G 6�K�o�E:A'A(;(o
FHG { G E:A�E:A'A(;Io�;I=LY\t EXTVU<9<K�MOsBtOE

c1 ≡ c2 (d)
3

� 4\K�M(�`T GVF M ¢+tOE
c1 ≡ c2 (d)

s5E(A.A(;Io�9�?\T E G_G ?BA­9<K�M s
tB;(MIP­E
dy ≡ d (m1)

s
dy ≡ 0 (m2)

o_K�NOY G 6�KHo9<K�MI;(=mY\tOEXT_U FHG x = y(c1 − c2) + c2

9<KHM(;(=mYB7 G E|E(6uK�o_KHY\K�T_D�A(;INBM(o_?BKHNO{�Dm7:A'NOE:Af3 �c $'dfe gh#�iBjIk
� K�MIP z A<]¨KH=hsOtB;(MIPaEvA(;INBM(o_?BK�N {�DmE:oVK�NOY G 6�KHo�9vKHM(;I=LY\t EXTVU s x K�MIPa9<K�M(;I=LYO7 G 3 l A'A(;(o x ≡ ci (mi) F8G d | mi9<DLE:TWT

x ≡ ci (d)
D G s\TVKHtO7XT c1 ≡ x ≡ c2 (d)

sOE:6HE(6uE|]¨K�=`T F TVK�= G 6 z A GVF M(K G 3} KHM:]¨;(o Y\�`TVq:EBs:=LK�MIP(K�N
d | c1−c2

3��565®\T_9�?\T_E:T_7 G,G 6�KHoVDLNIT,K�= >W7:o_qXE�TVKHA'D`N.T GVz AvE dy ≡ d (m1)
s
dy ≡ 0 (m2)A(;(NOM(o_?BK�NO{�DLE(oVK�NOY G 6�KHoWTH3 } DLNOY\A(K�TVTV~(Tu=LK�; G 6�T_qXE d

��q(K�=�s�E:6�TuAXE(r'>@?BA"s�tB;IM(P
y ≡ 1 (m1

d
)
s
y ≡ 0 (m2

d
)
s�E(9vD

9<K�MI;(=mY\tOEXT_UaE�A'�LNOE:D�9�E:o E(Y F A.T F T_K�= G 6�K�o_DLNITHsftBD G 6�KHN (m1

d
, m2

d
) = 1

3��nK�M(PIK�N
x = y(c1 − c2) + c2 = yd ·

c1−c2

d
+c2

3 } DL?\T 7:N c1−c2

d

KHM F8G 6 G 6H7:9�E�]¨K�=`T F TVKH= G 6HK�o_D`N.THs(�`MIP dy ≡ d (m1)
9<DLE:TWT

x ≡ d · c1−c2

d
+c2 = c1

(m1) F8G dy ≡ 0 (m2)
9<DLE:TWT

x ≡ 0 · c1−c2

d
+ c2 = c2 (m2)

3 l 6�6HK�= QfK�=m7XTWT_?BA"sItB;(MIP
x
q:E:=LU(QOE(Nv9<K�M(;I=LYO7 G EEvA(;INBM(o_?BK�NO{�DLE(oVK�NOY G 6�KHoVNBK�A"3�56�KHM(P F oVTVKH=`9�¯ GWF M(oV~(=�EvA(SZq(K�TVA(KH6�~v9v;INOY\tOE:TVU ¢��E

x1

9<K�MI;(=mYB7 G sBE:A'A(;(o x2 ∈ Z
rf;INIT_; G E:N0E:A'A(;(o
9vKHM(;I=LYB7 G s\tOE x1 ≡ x2 (D)

sOE(tB;(=
D = [m1,m2]

3���E
?BMIPIE:NBD G x1 FHG x2

9vKHM(;I=LYB7 G ;IAfs E(A.A(;Io x1 − x2 ≡ ci − ci = 0 (mi)
s"E(9vDLQf~(=�A(SXq(K�T_A(K�6�DLA"s tB;(MIP

x1 − x2; G 6�T_tOEXT_U m1 FHG m2

=`KHM(A'D G KHQBQaA(S(6HS G TVS(QOQ G 6HS(o_S GVF q(K�=OD G 3���E�rfK8Y\D`M x1

9vKHM(;I=LYB7 G�F8G x2 ≡ x1 (D)
s\E:A'A(;(o

rfK�o G 6�K x2 ≡ x1 (mi)
D G sOE:9<DLQf~(=�=m7XT G 6HD`A"s\tB;IM(P x2

D G 9<K�M(;I=LYO7 G 3

x


