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66 049x + 32 639y = 7 967
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66 049 · x + 32 639 · y
66 049 = 32 639 · 2 + 771 1 0
10 403 = 771 · 42 + 257 0 1

771 = 257 · 3 + 0 1 −2
257 −42 85

GOZ�GLZsG�WRDUF8N"GOF8VLILt"tu@8vLZ�v8SwI1SjZUPQx
257
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66 049 · (−42)+32 639 · 85 = 257

7)yzHR>hP]\LN 7 967
257 = 31
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x = −42 ·31 = −1302
Y�S

y = 85 ·31 = 2635
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x ≡ 131117

(9)
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_ ,+`%(#aMb)cAd8e
yzHJ>AP]\ON

ϕ(9) = 6
Y�S

1117 ≡ (−1)17 = −1 (6)
p�D�ZUY�ljP

131117

≡ 13−1 ≡ 4−1 (9)
p�PQDUr%\^P��zBEIh;h>AWRI��
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4 · 2 = 8 ≡ −1 (9)

p"GOZiGOZ
4−1 ≡ −2 ≡ 7 (9)

p
x = 7
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39x5 ≡ 8 (7)
Y�S
G

39x5 ≡ 8 (19)
@LILN"FLl]>ADUN"�UHR\L@Ev8S]SjZ�D�S�BEDUFLI8WR;"\LS]GOHJP[�M@1�"WJv8Nh|�@+�AWRvLN�Gu@LDUPjPQ�LP��
7
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39x5 ≡ 8 (7)
pqGO@+@8ILl

4x5 ≡ 1 (7)
p#�RFLV

x5 ≡ 2 (7)
7:yzHRmLDUW

32 ≡ 2 (7)
p
33 ≡ −1 (7)

p#Y�S
ϕ(7) = 6
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y = ind3 x � <sm^\OWJPQILZ�xOPip%GO@+@8ILlsGLZ�DUF8VLDUN"WJDUPQ�ANA@
35y ≡ 32 (7)

phPQD�r"\^P
5y ≡ 2 (6)

7���NANADUN
y ≡ 4 (6)

p
x ≡ 34 ≡ −3 (7)
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39x5 ≡ 8 (19)
p�GO@+@LI8l

x5 ≡ 8 (19)
7�yzHRmLDUW
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19
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ind2 8 = 3
pkP]DUr"\OP[r%G

x = 2y pOGL@+@LILl 5y ≡ 3 (18)
7 f ZUP)BEDUF8ILWg;hm^G
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y ≡ 15 (18)
p^GOZiGOZ

x ≡ 2y = 215 ≡ −26 ≡ −7
(19)
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39x5 ≡ 8 (931)
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931 = 72 · 19
�
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39x5 ≡ 8 (72)
p

39x5 ≡ 8 (19)@LILN"FLl]>ADUN"�UHRGLlQD�N";ASQZUD�l�BEDUF8ILWg;A\LS]\=m^GOW�7 f rArADUZuG
39x5 ≡ 8 (7)
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f(x) = 39x5 − 8
7 f @+@LILl

f ′(x) = 195x4 ≡ −x4 (7)
p5HRNANAD�N

f(−3) ≡ 21 (49)
Y�S

f ′(−3) ≡ 3
(7)

7 � D�r"\^P:GOZ
x = −3 + 7y

GLWRGL@ � BEDUF8ILWg;A\LSQIL@+l�G�K�DUWR�RlQr"GOPM<?>A@3G

0 ≡ f(−3) + 7y · f ′(−3) (49)
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f(−3)

p
f ′(−3)
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0 ≡ 3 + 3y (7),

PQDUr%\^P
y ≡ −1 (7)
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x = −3 − 7 = −10
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39x5 ≡ 8 (931)
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x ≡ −10 (49)

x ≡ −7 (19)
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49 ·7+19 · (−18) = 1

p
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19−1 ≡ −18 (49)
Y�S

49−1 ≡ 7 (19)
7���NAN"DUN

x ≡ 49 · 7 · (−7) + 19 · (−18) · (−10) ≡ 88 (931)
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m = ±1
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n ∈ N
+ pqGL@+@LILl n
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n = k · m3 pPQI^m^\OtAt%\
k
Y�S

m
D�FLVLY�ljP]DUWRB��k7 �

_ ,+`%(#aMb)cAd8e
f WJ�1SjZ�vLl�HRS�m8DUFLV+�A@�YiSjZ�lQD8p5rAILF8V

k
o%I8N1PQI8S]GON'GO@+@LI8ls@8vLtABEDUN1P]D�S�p5r"GCBEHRN";hDUN

p | k
oAl]�RBESQZ�\LB WJD�FOK�DUW <?DUt"t

BE\8SjIh;hHR@�r"GOPQm^\ON+VLI8N�SQZUD�lQD�o%D�W5@^GONAI8NAHJ@+>"STGLWRGL@�<j\Lt"GON�7
� DUF8VLD�N

n =
r
∏

i=1

pαi

i

p:GOrAI8W
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βi =

⌊

αi

3

⌋ p
γi = αi − 3βi
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m =
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∏

i=1

p
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k · m3 = n
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γi + 3βi = αi
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γi < 3
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n = k · m3 7
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βi = 0
YiS

γi = 0
DUWR�OK�ILl�;h>AWRr"GOP�7 9:Z

n = k ·m3 v8S]SQZUD
K��"FLFLYiSjt#�LW γi +3βi = αi
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γi < 3
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βi =
⌊

αi
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⌋
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γi = αi − 3βi
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op(a) = 6
7
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a2 − a + 1 ≡ 0 (p)��t%��yz>hP�GLS]Sj>"@XBEDUF"p"rAILF8V

a − 1
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1 ≡ a6 (p)
pA@Lv^m8D
PQ@8DUZ�HJ@

0 ≡ a6 − 1 =
(

a3 − 1
) (

a3 + 1
)

=
(

a3 − 1
)

(a + 1)
(

a2 − a + 1
)

(p).
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a3 − 1 ≡ 0 (p)
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a
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a + 1 ≡ 0
(p)
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op(a) = op(−1) ≤ 2
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a2 − a + 1 ≡ 0 (p)
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(a − 1)3 = a3 − 3a2 + 3a − 1 ≡ a(a − 1) − 3(a − 1) + 3a− 1 = a2 − a + 2 ≡ 1 (p)
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op(a − 1)
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a − 1 ≡ 1

(p)
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a ≡ 2 (p)
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op(2) = 6
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26 ≡ 1
(p)

pkGOZiGOZ
p | 26 − 1 = 63

pq�JF8V
p = 3

p5m^GOF8V
p = 7
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o3(2) = 2
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o7(2) = 3
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(a, pq) = 1
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x2 ≡ a (pq)
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x2 ≡ a (pq)
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x2 ≡ a (pq)
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x2 ≡ a (p)
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x2 ≡ a (q)
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y ≡ b (p)
p
y ≡ c (q)���8�

y ≡ b (p)
p
y ≡ −c (q)�M{1�

y ≡ −b (p)
p
y ≡ c (q)���+�

y ≡ −b (p)
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x2 ≡
a (pq)
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y2 ≡ c2 ≡ a (q)
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y2 ≡ a

(pq)
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x2 ≡ a (p)
Y�S

x2 ≡ a (q)
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d ≡ ±b (p)
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d ≡ ±c
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{b1, . . . , bϕ(pq)}
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{b2

1, . . . , b
2
ϕ(pq)}
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