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Two-factor Hull-White model

In�ation:
dt i (t) = κi (θi (t)� i (t)) dt + σidtWi ,

Interest rate:

dt r (t) = κr (θr (t)� r (t)) dt + σrdtWr ,

Wiener-processes Wi and Wr have a constant ρ correlation;
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Jarrow-Yildirim model
FX-analogy

Forward nominal interest rate:

dt fn (t,T ) = µn (t,T ) dt + σn (t,T ) dtW P ,

Forward real interest rate:

dt fr (t,T ) = µr (t,T ) dt + σr (t,T ) dtW P ,

Index:
dt I (t)
I (t)

= µI (t) dt + σI (t) dtW
P ,

σn (t,T ) = σn exp (an (T � t)) ,
σr (t,T ) = σr exp (ar (T � t)) ,

σI (t) = σI ,

W P is a multi-dimensional Wiener-process;
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Jarrow-Yildirim model
Implied dynamics 1.

n (t) denotes the instantaneous nominal interest rate:

n (t) = fn (t, t) ,

r (t) denotes the instantaneous real interest rate:

r (t) = fr (t, t) ,

B (t) is the nominal money market account (the numeraire of the
spot measure Q):

B (t) = exp
�Z t

0
n (s) ds

�
,

Br (t) denotes the real money market account in real units:

Br (t) = exp
�Z t

0
r (s) ds

�
,
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Jarrow-Yildirim model
Implied dynamics 2.

Pn (t,T ) stands for the price of a bond paying 1 at time T :

Pn (t,T ) = exp
�
�
Z T

t
fn (t, u) du

�
,

Pr (t,T ) stands for the price in real units of a bond paying 1 real
unit at time T :

Pr (t,T ) = exp
�
�
Z T

t
fr (t, u) du

�
,

PI (t,T ) is the price of an index-linked bond paying the value I (T )
at time T :

PI (t,T ) = Et

�
I (T ) � B (t)

B (T )

�
,

Î (t,T ) denotes the forward index for time T :

Î (t,T ) =
PI (t,T )
Pn (t,T )

.
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Jarrow-Yildirim model
Nominal dynamics 1.

Z (n) (t) =
Pn (0, t)
Bn (t)

= exp
�
�
Z t

0
n (s) ds �

Z T

t
fn (t, s) ds

�
needs to be a martingale.

So

dPn (t,T )
Pn (t,T )

=

 
n (t) +

1
2

�Z T

t
σn (t, u) du

�2
�
Z T

t
µn (t, u) du

!
dt

�
�Z T

t
σn (t, u) du

�
dtW .
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Jarrow-Yildirim model
Nominal dynamics 2.

Whence

µn (t,T ) = σn (t,T ) �
Z T

t
σn (t, u) du.

Thus

dt fn (t,T ) =
�

σn (t,T )
Z T

t
σn (t, u) du

�
dt + σn (t,T ) dtW

and
dPn (t,T )
Pn (t,T )

= n (t) dt �
�Z T

t
σn (t, u) du

�
dtW .
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Jarrow-Yildirim model
Nominal dynamics 3.

fn (t,T ) = fn (t0,T ) +
Z T

t0

�
σn (s,T )

Z T

s
σn (s, u) du

�
ds

+
Z T

t0
σn (s,T ) dsW ,

hence

n (t) = fn (t0, t)+
Z t

t0

�
σn (s, t)

Z t

s
σn (s, u) du

�
ds+

Z t

t0
σn (s, t) dsW .

Thus

dtn (t) = an

��
∂2fn (0, t)

an
+ fn (0, t) +

σ2n
2a2n

�
1� e�2ant

��
� n (t)

�
dt

+σndtWn.
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Jarrow-Yildirim model
Index dynamics

Z (I ) (t) =
I (t) � Br (t)
Bn (t)

= I (t) � exp
�Z t

0
r (s) ds �

Z t

0
n (s) ds

�
needs to be a martingale. Hence

dt I (t)
I (t)

= (n (t)� r (t)) dt + σI dtWI .
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Jarrow-Yildirim model
Real dynamics 1.

Z (r ) (t) =
I (t) � Pr (0, t)

Br (t)

= I (t) � exp
�
�
Z T

t
fr (t, s) ds �

Z t

0
r (s) ds

�
.

needs to be a martingale.

Similarly as in the nominal case, we derive

dPr (t,T )
Pr (t,T )

=

 
r (t) +

1
2

�Z T

t
σr (t, u) du

�2
�
Z T

t
µr (t, u) du

!
dt

�
�Z T

t
σr (t, u) du

�
dtWr ,
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Jarrow-Yildirim model
Real dynamics 2.

µr (t,T ) = σr (t,T )
�Z T

t
σr (t, u) du � σI (t)

�
,

dt fr (t,T ) = σr (t,T )
�Z T

t
σr (t, u) du � σI (t)

�
dt+σr (t,T ) dtWr .

dPr (t,T )
Pr (t,T )

=

�
r (t) + σI (t)

Z T

t
σr (t, u) du

�
dt

�
�Z T

t
σr (t, u) du

�
dtWr ,
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Jarrow-Yildirim model
Real dynamics 3.

r (t) = fr (t0, t) +
Z t

t0

�
σr (s, t)

Z t

s
σr (s, u) du � σI (s)

�
ds

+
Z t

t0
σr (s, t) dsWr .

Thus

dt r (t) =

240@ ∂2fr (0,t)
ar

+ fr (0, t)

+
σ2r (1�e�2ar t)

2a2r
� ρr ,IσIσr

1A� r (t)
35 dt

+σrdtWr .
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Jarrow-Yildirim model
Zero couopon in�ation swaps with delayed payment

V infZCS (t;T ,Tpay )

= Et

��
I (T )
I (T0)

� 1
�
� B (t)
B (Tpay )

�
=

B (t)
I (T0)

Et

�
e
log I (T )

B (T )+log
1

B(Tpay )
�log 1

B (T )

�
� Pn (t,Tpay )

= Pn (t,Tpay ) �
Î (t,T )
I (T0)

� exp
�Z T

t

�
σÎ (t ,T ) (s)

Z Tpay

T
σn (s, u) du

�
ds
�

�Pn (t,Tpay ) .
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Jarrow-Yildirim model
Monte Carlo simulation for the index 1.

Let a = Covt (log I (T ) , log B (T ))
Dt [log I (T )]

and

RI (T ),B (T ) =
�
Dt [log I (T )] 0

a
p
D2t [logB (T )]� a2

�
.

Let ξ be 2-dimensional standard normal random variable, and let X
and Y be random variables such that�

X
Y

�
= RI (T ),B (T ) � ξ.

Máté Gy½ory (Morgan Stanley) In�ation Modelling 18 November 2008 15 / 26



Jarrow-Yildirim model
Monte Carlo simulation for the index 1.

Let a = Covt (log I (T ) , log B (T ))
Dt [log I (T )]

and

RI (T ),B (T ) =
�
Dt [log I (T )] 0

a
p
D2t [logB (T )]� a2

�
.

Let ξ be 2-dimensional standard normal random variable, and let X
and Y be random variables such that�

X
Y

�
= RI (T ),B (T ) � ξ.

Máté Gy½ory (Morgan Stanley) In�ation Modelling 18 November 2008 15 / 26



Jarrow-Yildirim model
Monte Carlo simulation for the index 2.

B (t)
B (T )

� I (T ) � exp (X � Y ) � PI (t,T ) � exp
�
�D

2
t [log I (T )]

2

�
� exp

�
�D

2
t [logB (T )]

2
+ Covt (log I (T ) , logB (T ))

�
,

B (t)
B (T )

� exp (�Y ) � Pn (t,T )

� exp
�
�D

2
t [logB (T )]

2

�
,

I (T ) � exp (X ) � Î (t,T )

� exp
�
�D

2
t [log I (T )]

2
+ Covt (log I (T ) , logB (T ))

�
.
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Jarrow-Yildirim model
Monte Carlo simulation for the index 3.

D2t [log I (T )] =
Z T

t

�Z T

s
(σn (s, u)� σr (s, u)) du + σI (s)

�2
ds,

D2t [logB (T )] =
Z T

t

�Z T

s
σn (s, u) du

�2
ds,

Covt (log I (T ) , logB (T ))

=
Z T

t

�Z T

s
σn (s, u) du �

Z T

s
σr (s, u) du + σI (s)

��Z T

s
σn (s, u) du

�
ds.
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2-factor model
Compounding e¤ect 1.

dt i (t) = κi (θi (t)� i (t)) dt + σidtWi ,

dt r (t) = κr (θr (t)� r (t)) dt + σrdtWr .

Now logB (T ) =
R t
0 r (s) ds and log I (T ) =

R t
0 i (s) ds are normally

distributed, and

log Et

�
I (T )
I (t)

�
= � log I (t) + Et [log I (T )] +

D2t [log I (T )]
2

= � log I (t) + Et
�
log

I (T )
B (T )

�
�Et

�
log

1
B (T )

�
+
D2t [log I (T )]
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2-factor model
Compounding e¤ect 2.

= � log I (t) +

0@log Et � I (T )B (T )

�
�
D2t
h
log I (T )

B (T )

i
2

1A
�

0@log Et � 1
B (T )

�
�
D2t
h
log 1

B (T )

i
2

1A
+
D2t [log I (T )]

2
= � log I (t) + logPI (t,T )

� logP (t,T ) + Covt (log I (T ) , logB (T ))
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2-factor model
Compounding e¤ect 3.

= log Î (t,T )� log I (t) + Covt (log I (T ) , logB (T ))
= log Î (t,T )� log I (t)

+
ρσiσr
κiκr

 
T � t + 1�e�(κi+κr )(T�t)

κi+κr

� 1�e�κi (T�t)
κi

� 1�e�κr (T�t)
κr

!
.
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Disclaimer 1.

This material was prepared by sales, trading, banking or other non-research personnel of one of the following: Morgan Stanley &

Co. Incorporated, Morgan Stanley & Co. International Limited, Morgan Stanley Japan Limited, Morgan Stanley Capital Group

Inc. and/or Morgan Stanley Dean Witter Asia Limited (together with their a¢ liates, hereinafter �Morgan Stanley�). Unless

otherwise indicated, these views (if any) are the author�s and may di¤er from those of the Morgan Stanley �xed income or equity

research department or others in the �rm.

This material has been prepared for information purposes only and is not a solicitation of any o¤er to buy or sell any security,

commodity or instrument or related derivative (hereinafter �instrument�) or to participate in any trading strategy. Any such

o¤er would be made only after a prospective participant had completed its own independent investigation of the instrument or

trading strategy and received all information it required to make its own investment decision, including, where applicable, a

review of any prospectus, prospectus supplement, o¤ering circular or memorandum describing such instrument or trading

strategy. That information would supersede this material and contain information not contained herein and to which prospective

participants are referred. If this material is being distributed in connection with or in advance of the issuance of asset backed

securities, information herein regarding any assets backing any such securities supersedes all prior information regarding such

assets. We have no obligation to tell you when information herein is stale or may change. We make no representation or

warranty with respect to the accuracy or completeness of this material, nor are we obligated to provide updated information on

the instruments mentioned herein.
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Disclaimer 2.

This material may have been prepared by or in conjunction with Morgan Stanley trading desks that may deal as principal in or

own or act as market maker or liquidity provider for the instruments mentioned herein. Where you provide us with information

relating to your order or proposed transaction (�Information�), we may use that Information to facilitate the execution of your

orders or transactions, in managing our market making, other counterparty facilitation activities or otherwise in carrying out our

legitimate business (which may include, but is not limited to, hedging a risk or otherwise limiting the risks to which we are

exposed). Counterparty facilitation activities may include, without limitation, us taking a principal position in relation to

providing counterparties with quotes or as part of the ongoing management of inventories used to facilitate counterparties.

Trading desk materials are not independent of the proprietary interests of Morgan Stanley, which may con�ict with your

interests. Morgan Stanley may also perform or seek to perform investment banking services for the issuers of instruments

mentioned herein.

Any securities referred to in this material may not have been registered under the U.S. Securities Act of 1933, as amended, and,

if not, may not be o¤ered or sold absent an exemption therefrom. In relation to any member state of the European Economic

Area, a prospectus may not have been published pursuant to measures implementing the Prospectus Directive (2003/71/EC)

and any securities referred to herein may not be o¤ered in circumstances that would require such publication. Recipients are

required to comply with any legal or contractual restrictions on their purchase, holding, sale, exercise of rights or performance of

obligations under any instrument or otherwise applicable to any transaction.
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Disclaimer 3.

The securities, commodities or other instruments (or related derivatives) discussed in this material may not be suitable for all

investors. This material has been prepared and issued by Morgan Stanley for distribution to market professionals and

institutional investor clients only. Other recipients should seek independent investment advice prior to making any investment

decision based on this material. This material does not provide individually tailored investment advice or o¤er tax, regulatory,

accounting or legal advice. Prior to entering into any proposed transaction, recipients should determine, in consultation with

their own investment, legal, tax, regulatory and accounting advisors, the economic risks and merits, as well as the legal, tax,

regulatory and accounting characteristics and consequences, of the transaction. You should consider this material as only a

single factor in making an investment decision.

Options are not for everyone. Before purchasing or writing options, investors should understand the nature and extent of their

rights and obligations and be aware of the risks involved, including the risks pertaining to the business and �nancial condition of

the issuer and the underlying instrument. A secondary market may not exist for certain of these instruments. For Morgan

Stanley customers who are purchasing or writing exchange-traded options, please review the publication �Characteristics and

Risks of Standardized Options,�which is available from your account representative.
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Disclaimer 4.

The value of and income from investments may vary because of changes in interest rates, foreign exchange rates, default rates,

prepayment rates, securities, prices of instruments, market indexes, operational or �nancial conditions of companies or other

factors. There may be time limitations on the exercise of options or other rights in instruments (or related derivatives)

transactions. Past performance is not necessarily a guide to future performance. Estimates of future performance are based on

assumptions that may not be realized. Actual events may di¤er from those assumed and changes to any assumptions may have

a material impact on any projections or estimates. Other events not taken into account may occur and may signi�cantly a¤ect

the projections or estimates. Certain assumptions may have been made for modeling purposes only to simplify the presentation

and/or calculation of any projections or estimates, and Morgan Stanley does not represent that any such assumptions will re�ect

actual future events. Accordingly, there can be no assurance that estimated returns or projections will be realized or that actual

returns or performance results will not materially di¤er from those estimated herein. Some of the information contained in this

document may be aggregated data of transactions executed by Morgan Stanley that has been compiled so as not to identify the

underlying transactions of any particular customer.
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Disclaimer 5.

Notwithstanding anything herein to the contrary, Morgan Stanley and each recipient hereof agree that they (and their

employees, representatives, and other agents) may disclose to any and all persons, without limitation of any kind from the

commencement of discussions, the U.S. federal and state income tax treatment and tax structure of the transaction and all

materials of any kind (including opinions or other tax analyses) that are provided to it relating to the tax treatment and tax

structure. For this purpose, �tax structure� is limited to facts relevant to the U.S. federal and state income tax treatment of the

transaction and does not include information relating to the identity of the parties, their a¢ liates, agents or advisors

In the U.K., this communication is directed in the U.K. to those persons who are market counterparties or intermediate

customers (as de�ned in the U.K. Financial Services Authority�s rules). In Japan, this communication is directed to the Quali�ed

Institutional Investors as de�ned under the Securities Exchange Law of Japan and its ordinances thereunder. For additional

information, research reports and important disclosures see https://secure.ms.com/servlet/cls. The trademarks and service

marks contained herein are the property of their respective owners. Third-party data providers make no warranties or

representations of any kind relating to the accuracy, completeness, or timeliness of the data they provide and shall not have

liability for any damages of any kind relating to such data.

This material may not be sold or redistributed without the prior written consent of Morgan Stanley.
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