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Classification of linear systems

Time Invariant ODEs

x(t) = Ax(t), x € R"

det(Al — A) =0,
A - characteristic root (exponent)

as. stab. = Re(4,) <0, j = 1,2,..,n

Time Periodic ODEs
x(t) = A)x(), AE+T) =A@

x(T) = @ x(0) Floguet theory

monodromy matrix
(state transition matrix)

4 - characteristic multiplier
as. stab. = |u;| <1, j=12,..,n

Time Invariant DDEs
x(t) = Ax(t) + Bx(t —7), x€ R"
det(Al — A — Be %) = 0,
A - characteristic root (exponent)

as. stab. = Re(4;) <0, j =1,2,..,0

Time Periodic DDEs
x(t) = A(t)x(t) + B(t)x(t — 1)

A(t+T)=A(t), B(t+T)=B(t)
xr = Ux, monodromy operator

X;(s) =x(t +s), s € [—T,0]

as. stab. = |u;| <1, j=12,..,




Machine tool vibrations (chatter)




Machine tool vibrations (chatter)

Ideally rigid tool Real compliant tool
(no vibrations) (vibrations)
h “h(t)

[ workpiece / /Q |

-




Turning process

workpiece

my(t) + ¢, y(t) + kyy(t) = Kyw(ver + y(t — 1) — y(6))1
| J
|
Cutting force

Linearized equation of motion:

my(t) + ky(t) + cy(t) = H(y(t — 1) — y(t))




Turning process Milling process

workpiece

Linearized equation of motion:

my(t) + ky(t) + cy(t) = H(y(t — 1) — y(t))
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Turning process Milling process

workpiece

feed workpiece

NN

m#(t) + cx(t) + kx(t) = —Q(t) (ver + x(t) — x(t — 1))%,

|
Cutting force

Q(t) = Q(t+1)

Linearized equation of motion: Linearized equation of motion:
m:V(t) + kj’(t) + CY(t) — H(y(t = T) _ y(t)) mx(t) + CfC(t) + kx(t)
= —H@®)(x(t) — x(t — 7))




Balancing models




Balancing models

Postural sway feedback torque 7

. b . 39 _ 12 7
@(t) + be(t) +< _Z_I) @(t) = 3 (t)

\ J
|

39
~—-02—<0
21

(Loram, Lakie, Asai, Nomura)
Upper position: unstable position

Stick balancing

stick 0 —6—g ——i
- B0 — L) = - 0.(1)

m,l

feedback force —

6 I
—) B(©) — ap(®) = = Qx(®)

69
a = T system parameter




Balancing models

Frontal plane mediolateral balance
| I $1(t) =G o1 (t) = —C T(D)
(Henry, Fung, Horak, 2001; Bingham, Ting, 2013)

, m ,  — WA 2 T 2
I=2(mpL? + 1) + mr(hra I?’QL )* + Ita

G — —g (7724T(]ITQ’)2 (QZ‘TTTL —+ L7nT)(Q‘52 . LQS))

w2 LWp

WA w W

:> () — ap(t) = —Q(t)

Upper position: unstable position




Balancing models

Stick balancing

i 5(6) = 22 o) = -2
e OEEIOEEETNE

f k
eedback force —

|
= | 50 - ap© = - 0.0

system parameter

Stick balancing:

- Newtonian dynamics

- unstable system

- one degree-of-freedom model




Stick balancing tests

(John Milton, Claremont, 2000-)




Reflex delay

() —ap(t) = —%Q(t) Q) = f(p(¥), ¢(¥), ¢(¥)) Y e[0,t—1]
For example Q(t) = f((t — 1), ¢(t — 7))

Y A most recent
known time available data T
history |
e (. -------------------------------------------------------
desired motion
>
t—r t t

delay for visual tracking
Nasher (1976): 150~250ms
Miall (1993): 200~250ms
Jordan (1996): 100~200ms
Kawato (1999): 150~250ms

delay for stick balancing using cross-correlation:
Cabrera, Milton (2004): 80~200ms




Reflex delay

(a] BLANKOUT

blankout tests: SN S S A S
Mllton (2011) g O Lo ...... ....... ...... ...... ;
~ 230ms RN

88 B4 g 91 92 93 94 95 495 97 983 99 10
o) SUBJECT 1

YELOCITY (mfs)

LCD
shutter

+
A
7
%
F éiz/

YELOCITY (mifs)

g8 8% 8 91 9.2 93 94 95 96 9? a8 95 10

(d) SUBJECT 3

YELOCITY (mfs)

|:| | R e g e :
a4 89 9 a1 92 83 94 945 9B 97 948 99 10
TIME (s}




Delayed PD feedback

Q(t) = —kpp(t — 1) — kq@(t — 1)
\_— feedback delay

P(t) —ap(t) = —kpyp(t — 1) — kg (t — 1)

t=0| ) +kqp(®) + (kpy —a)p(t) =0

a=05

1

03 Stable Stability:

5 1
O_

2 kp>a

-0.5 - ' ‘ ‘
-0.5 0 0.5 | 1.5 2 2.5




Delayed PD feedback

¢(t) —ap(t) = —kpp(t — 1) — kqpp(t — 7)

‘ T# 0 ‘ D-subdivision: w=0: k,=a
(p(t) = AeM 1 =iw)  #0: ky = (w” + a) cos(w7)
2
T=1,a=0.5 kg = w(:a sin(wTt)
W=7 !
st )
Stable
< 1
"""""""""""""""""" w=0
w=0-"
20 0 20 40 0 0.5 1




Delayed PD feedback

¢(t) —ap(t) = —kpp(t —7) —kqp(t —7) =1
a=0.5 a=1 a=1.5 a=2
3 3 3 3 3 3
3 3 ‘ ‘
2 2W@2 2W 2! [\
& 9 T T 2 5y 2
] 1 ~ 1 1 ] D 1
0 0 0 1 0 1
0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
kp ky k, kp
Aeritpp = =5 (Schiirer, 1948) or TeritPD = +/ 2/@
’ T
. - 69
Stick balancing: a = —, T =230ms
6
lpicpp = —2— = 3972 = 156CM
’ Qcrit,PD

Experiments: I . jtpp = 30~50cm (Milton et al., 1990-)




Delayed PD feedback

P(t) —ap(t) = —kpp(t — 1) = kgp(t — 1) t=1
a=0.9 a=1 a=1.5 a=2
3 - 3 3 3 3 3
2 2 2 2W 2 \
< 1 2 ,-;?11@ < b/ 2 < | 2
q

(

What control law does the human
brain use?

Stick balancing: a = 67‘9, T = 230ms

69
Qcrit,PD

= 3gt* = 156Cm

lcrit,PD —

Experiments: I . jtpp = 30~50cm (Milton et al., 1990-)




Different linear control concepts

Time-invariant controllers:
 proportional-derivative (PD)

¢(t) —ap(t) = —kpp(t —7) —kqp(t —7)
 proportional-derivative-acceleration (PDA)
¢(t) —ap(t) = kot —7) —kgp(t —7) —kap (t — 7)
« model predictive (MP) controllers
@(t) —ap(t) = —kppp(t) — kqdp (t)
Time-varying controller:
 act-and-wait (AAW)

@ (t) —ap(t) ={

0 if 0<t<t, (wait)
—kpp(t — 1) —kgo(t—1) if ty<t<ty,+t,=T (act)




Different linear control concepts

Time-invariant controllers:
 proportional-derivative (PD)

<p(t) — afp(t) = —kpp(t — T) —kqo(t — 1)

« model predictive (MP) controllers
¢(t) —ap(t) = —kppp(t) — kqdp (t)
Time-varying controller:

 act-and-wait (AAW)

) ) 0 if  0<t<t, (wait)
PO =a@) =) ot — 1) —kap(t —1) if ty <t <ty+ta=T (act)




Proportional-derivative-acceleration (PDA) controller
@) —ap(t) = —kpp(t —1) —kqp(t —T) — ka@(t — 7)

/ stick / stick

INg-pong
o o

/ racket

No sensory feedback from Sensory feedback from
fingertip = PD fingertip = PDA (?)




Proportional-derivative-acceleration (PDA) controller
@(t) —ap(t) = —kpp(t —1) —kq@(t —T) — ka9 (t — 7)

Neutral Functional Differential Equations (NFDE):

Necessary condition for stability: the difference part must be stable.

QD(t) = —k,¢(t — 1)
U

|kl <1




Proportional-derivative-acceleration (PDA) controller

P(t) —ap(t) = —kyp(t — 1) —kqop(t — 1) — k,¢(t — 7)
=1 a=2 k,=0.5 D-subdivision




Proportional-derivative-acceleration (PDA) controller

P(t) —ap(t) = —kyp(t — 1) —kqop(t — 1) — k,¢(t — 7)

|
N

=1
4 4 4
— // / // k < 1
T | a | b
=g 2 2
( 1
-5 N <
10 2k P4k 7T 6
4 4 4 4
ka - 0.9 7 7 T 7
5
= 5 , 5 , 5 ) 5 5
0 3 311 31 31
5
10
5 4 5 4 5 4 5 4
k.= 0.5 P 1 P e
5 3 3
3 3
I 2 2 2 2
1 1 1 1
-5
| 5| | 5| [ 5 ]
= 2 2 2
1 1 1
5 100 0 50 100 0 50 100 0 50 100
kp kp kp ky




Proportional-derivative-acceleration (PDA) controller

@(t) —ap(t) = kot —1) — kgt — 1) — k¢(t — 7)
a=2 a =4 T:].

5 :
— 8 —] 9 6 0 T
—5 9 - /// /’/
ko = 0.99 1/0// L s % <
s 7 1 5 —
N E: = a
2/7 2 1 2 1
1 2 !
1
0
NIEE |5 — 3
o= 0.9 i 3 ’ ]
2l 3 ) ) _— )
< 2
= /? /W@ 2 1
, 1
1, !
9
5 3
k. = 0.5 af 3 ’ ]
. _—____———_\
3
o= 2 2 2 2
B )
P | 1
1f 1 :
0
5 3
— 3
ko — 0 sty 3
,-.-4:% 2 ——_\\-\ 2
= , _\ 2 2
1
iR 1 1
0
0 2 4 0 2 4 0 2 4 0 2 4




Proportional-derivative-acceleration (PDA) controller
@) —ap(t) = —kpp(t —1) —kqp(t —T) — ka@(t — 7)

0= = =1
’ /x// 9 5 9 7 ’g_r,_
ky = 0.9 : // Y 6 /// /’7/
b= 009) —fngfjlf,,,,/,,—ff*”” ””?f”’_:gjiiijifi:::: s ::;;::Zzz:::::::::* k.l<1
[T | = — al =
P g
2?? 2 1 2 1
1 2 !
9
B 5 — 3
ko, = 0.9 af | ; 3 )
ﬁ3 3 9 5 /—TD
N P z E
i

— AcritPDA = 2 Aeritpp = 4/7 (Sieber, Krauskopf 2005;

1 Insperger, Milton, Stépan 2013)
Z - 1 3 5
1 lcrit,PDA Y lcrit,PD — EQT =|78 cm

ko ko ko Tk,




Different linear control concepts

Time-invariant controllers:
 proportional-derivative (PD)

¢(t) —ap(t) = —kpp(t —7) —kq@(t — 1)
 proportional-derivative-acceleration (PDA)
¢(t) — a<p(t) = —kpp(t —7) —kqp(t = 7) —kap (t —7)

Time-varying controller:
 act-and-wait (AAW)

) ) 0 if 0<t<t, (wait)
PO =a@) =) ot — 1) —kap(t —1) if ty <t <ty+ta=T (act)




Model predictive (MP) controller

¢(t) —ap(t) = —Q(t) Q(t) = f(e(®), (), $(I),Q())
Jel0,t—1], £€€]0,t]

LN most recent
known time available data prediction
history \ /?/
0-Prcemmmmem TN N 3
desired motion exact motion
(=0, =0) (not known)
>
t—T1 t t
Q 4 the control input efferent copies of
;/known% - v the actual control
N o~ N , commands

0~ \/ \/ N~




Model predictive (MP) controller

Predictor-based feedback Mayne (1968), Kleinman (1969)

= - - Manitius and Olbrot (1978)
let_e _SpeCtrym ASSIgnment Michiels, Niculescu, Mondie, Krstic, Jankovic,
Modified Smith predictor Wang, Karafyllis, Mirkin, Zhong, ...

x(t) = Ax(t) + Bu(t — 1)

x0=(30) A= ) B=(°) we-0=0c-0




Model predictive (MP) controller

Predictor-based feedback Mayne (1968), Kleinman (1969)
Finite Spectrum Assignment ~ Manitius and Olbrot (1975)

. ) - Michiels, Niculescu, Mondie, Krstic, Jankovic,
Modified Smith predictor Wang, Karafyllis, Mirkin, Zhong, ...

x(t) = Ax(t) + Bu(t — 1)
Prediction of x(t + t) from x(t):
X,(9) = Ax,(9) + Bu(@ —1%), Je[tt+17), Xp()=x(1)
. e+
Xp(t+17) = eATx(t) + J eA+T=9) By (9 — ¥)dv

t
Controller: faz

u(t) = Kx,(t + #) = KeA%x(t) + K j eA+T-NBu(Y — )dY
t

IfA=AB=Band? = tthenx,(t + %) = x(t + 1)

— u(t—7) = Kx(t) = x(t) = Ax(t) + BKx(t)




Different linear control concepts

Time-invariant controllers:
 proportional-derivative (PD)

¢(t) —ap(t) = —kpp(t —7) —kqp(t —7)
 proportional-derivative-acceleration (PDA)
¢(t) —ap(t) = kot —7) —kgp(t —7) —kap (t — 7)
« model predictive (MP) controllers
¢(t) —ap(t) = —kppp(t) — kqdp (t)
Time-varying controller:
 act-and-wait (AAW)

0 if 0<t<t, (wait)
—kpp(t — 1) —kgo(t—1) if ty<t<ty,+t,=T (act)

@ (t) —ap(t) ={




Act-and-wait (AAW) controller

Motivation: parametric forcing of the inverted pendulum
©

m, |

T4 cos(wt) i u

3 31, w°
p(t) + (—2—‘? - TZ?) cos(wt)) p(t) =0

7

Mathieu equation:  @(t) + (8 + € cos(wt))p(t) =0




Act-and-wait (AAW) controller

Motivation: parametric forcing of the inverted pendulum

5 : ' ' 400 . : .
— Unstable
I Downward N 350 \
ar | E 30 A
= 300 T
= AN g
= Stable
Instable Instable — : '
N Unstable Unstable | 250l
: i
1 .
W Upward o 200t
«t “4{ < Unstable
25 £ 150}
g"' ] J Omax = 9.81 m.-'fll-‘}'z
I ;E 100 ¢
| -
S~ o S0P Y

T S
Unstable ~_ \g

) —— P —————

-1 -0.5 0 0.5 1 5 10 15 20
) Frequency - f [Hz|

3g 3r,w?
<ﬁ(t>+(——g+ :

o ] cos(wt)) p(t)=0

Mathieu equation:  @(t) + (8 + € cos(wt))p(t) =0




Act-and-wait (AAW) controller

Motivation: parametric forcing of the inverted pendulum




Act-and-wait (AAW) controller

Motivation: parametric forcing of the inverted pendulum

y=yo+y1cos{wt)

(Ambrus Zelei, BME, 2006)

Kayaking and canoeing...




Act-and-wait (AAW) controller

9 wait act wait act
x(t) = Ax(¢t) + Bu(t) 1h —o —
u(t) = gKx(t — 1) W T Ten or ¢
(t) = {O if 0<(tmodT)<t, (wait)
=11 if tw < (tmodT) <t,+t, =T (act)

(Insperger, Stépan 2006)




Act-and-wait (AAW) controller

9 wait act wait act
x(t) = Ax(t) + Bu(t) Lr — —o
u(t) = g(OKx(t - 1) w1 Tie or ¢
(t) = {O if 0<(tmodT)<t, (wait)
=11 if tw < (tmodT) <t,+t, =T (act)

(Insperger, Stépan 2006)

r

Step-by-step solution (t,, = T and t; < 7): ’/-\J

t €[0,ty): X(t) = Ax(t) » x(t) =e'x(0) &+ o . 7

e’

t € [ty, T): x(t) = Ax(t) + Kx(t — 7)= Ax(t) + KeA(=Dx(0)

T
o x(1) = (47 + [ eATIBKeA0 | x(0
t

\ w J

Y . - i .
(x € R™) d € RMXN Finite dimensional map




Act-and-wait (AAW) controller

g wait act wait act
x(t) = Ax(t) + Bu(t) Lr — —o
u(t) = g(t)KX(t — 1) A Tf—t\ )T t
(t) = {0 if 0<(tmodT)<t, (wait)
=11 if tw < (tmodT) <t,+t, =T (act)

10

t=1,a=4t,=1t,=1

¢ 5 . : I
Deadbeat control is possible! @—
O ,,,,,,,,,,,,,,,, : r“- T t
0 5 10 15
t x(0)

T
- x(T) = (eAT + f eA(T‘S)BKeA(S‘T)> x(0) Jpp—
\ t

Y . - i .
(x € R™) d € RPXN Finite dimensional map




Why walit?

It might seem unnatural not to actuate at all during the wait period
In a control process, still... consider the way you take a shower...

Constant gain control: slow, continuous
turning

sensation

Act-and-wait: turn and stop, turn and stop

time delay

\ control




Why walit?

It might seem unnatural not to actuate at all during the wait period
In a control process, still...

Bypassing in a narrow corridor...

your colleague

0~ <@




Why walit?

It might seem unnatural not to actuate at all during the wait period
In a control process, still...

Bypassing in a narrow corridor...

Stop and wait!

00




Why walit?

It might seem unnatural not to actuate at all during the wait period
In a control process, still...

Bypassing in a narrow corridor...

And then go!

~0
O~




...or the Lunokhod 2...

Lunokhod 2
January-June, 1973
36 km in 137 days

Earth-Moon-Earth:
2x1.35 = 2.65

Earth-Mars-Earth:
32min

Why walit?




Comparison of different control concepts

 proportional-derivative (PD) lritpp =156 cm
 proportional-derivative-acceleration (PDA)
« model predictive (MP) controllers lerigmp = 0 €M

+ act-and-wait (AAW)




Modelling sensory uncertainties

i ) (Insperger, Milton, Biol Cybern, 2014)
Perceived Sensory Inputs:

© (O = (L+8)e®), 6] <&
&p: Sensory uncertainty radius for the angular position

* (ps(t) =1+ 5V)(p(t)1 |5V| = &y
&,: Sensory uncertainty radius for the angular velocity

* Ps(t) = (1 +6,)9@), bl <&
£,: Sensory uncertainty radius for the angular acceleration

e u(t) =0+ 6 ult), |6yl <ey
£, Sensory uncertainty radius for the efferent copies

€ = [—13% (Arieli 1996; Otmakhov 1993; Shadlen and Newsome 1998)




K4 [Ns/rad]

Modelling sensory uncertainties - PD
QD(t) o a(p(t) — _kp(ps(t o T) o kd¢s(t o T)
P() — ap(t) = —kp (1 + 8,)e(t — T) — kg (1 + 8,)¢(t — T)

0371

0.257¢

0.15¢

0.1F

0.05 ¢

6, <& 16] < &
Parameters:

[=1m, T = 100ms
Ep =& =€

N Boundary of robust stability

with respect to sensory input
uncertainties of +5%




K4 [Ns/rad]

Modelling sensory uncertainties - PD
QD(t) _ a(p(t) — _kp(ps(t — T) o kd¢s(t R T)
QD(t) o CLQD(t) — _kp(l + Sp)QD(t o T) o kd(l + 5V)()b(t o T)

0371

0.257¢

0.15¢

0.1F

0.05 ¢

6, <&, 16yl <&

Parameters:
[=1m, T = 100ms
Ep =& =€

N Boundary of robust stability

with respect to sensory input
uncertainties of +5%

) If 7 = 230ms and € = 0.05,

then I . oo = 306 cm




Modelling sensory uncertainties - PDA

@(t) —ap(t) = _kp(ps(t —T) — kq@s(t —T) — kq@s(t — T)

0.4

035} |

Parameters:
[ =1m, T = 100ms
Ep =& =& =€

If T = 230ms and € = 0.05,

hen
the leritppa = 156 Cm




x(t) = Ax(t) + B (Kef\fxs(t) +K f

Modelling sensory uncertainties - MP

t+7

eAt+T-N By (9 — f)dz?)

Parameters: [ =1m, 7 = 100ms, &, =&, =&, = ¢

K4 [Ns/rad]

4

|- K, =mg

0 200

If T = 230ms and € = 0.05, then

50

400 A00 k0N 0




Modellir

@(t) —ap(t) =]

0

g sensory uncertainties - AAW

if 0<t<t, (wait)

| —kpo(t —7) —kqp(t —7) if ty St <ty+ta=T (act)

65| <& 180l <&y
Parameters:

[=1m, T = 100ms
Ep = & = €

If T = 230ms and € = 0.05,

then |/ . aaw = 146 cm




Comparison of different control concepts

 proportional-derivative (PD) lritpp =156 cm

* proportional-derivative-acceleration (PDA) | l.ritppa = 78 CM
* model predictive (MP) controllers lerigmp = 0 €M

* act-and-wait (AAW) critaaw = 0 cm

I

But, in case of 5% sensory uncertainties: lcritpp = 306 cM

(Insperger, Milton, Biol Cybern, 2014)
lcrit,PDA = 156 cm

I

critMP — 67 cm

lcrit,AAW = 146 cm




Intermittent control concepts
¢(t) —ap(t) = -Q(t)
Clock-driven (time-dependent, parametrically forced)
or

Event-driven (sensory dead zone, state-dependent dead zones)




Intermittent control concepts
() = ap(t) = —Q(1)

Clock-driven (time-dependent, parametrically forced)

- Intermittent predictive controller
(Gawthrop, Wang, Loram, Gollee, Lakie)

Q(t) — f(t' (P(ti), (p(tl))J t € [ti' ti+1]

- Act-and-wait controller (insperger, Stépan)

B 0 if 0<t<t, (wait)
Q(t) = kpo(t —T)tkqp (t—1) if tyy <t <ty +t, =T (act)

- Semi-discretization (Insperger, Stépan)
sampling + zero-order hold (~ digital effect)




Semi-discretization of delayed systems

original equation:
(x € R", u € R™)

approximate (semi-discrete) equation:

X

~ time-varying delay Kx(t — §(t))

OA =3 OA T D
RO
T T T T > >
0 At t o t

x(t) = Ax(t) + Bu(t)
u(t) = Kx(t — 1)

} x(t) = Ax(t) + BKx(

x(t) = Ax(¢t) + Bu(t;),
u(t;) = Kx(4; —rat), L =
solution over a discretization step:

x(tjp1) = et x(¢;) +
j+1 Sl |

t —1)

t € [¢, tjr1)

jAt

At
J eA A=) ds B u(t;)
0

J

Y
g R

finite dimensional discrete map:

/t“)\ POO---OR/

(t+r) K 00 - 0 0
(+r1)_010 0 0

“(tj+z) 0 0 0 - (l) 0

\u(ge) / 000 L9\

[
P € R(n+rm)x(

x(t;)
“(tj+r—1)\

u(tjsr_2)

“(tj.'+1)
a(ty) /

n+rm)

(Insperger, Stépan, 2002)




Intermittent control concepts
() = ap(t) = —Q(1)

Event-driven (state-dependent, nonlinear)

- Sensory dead zone, discontinuous feedback (Eurich, Milton, Ohira)

(C if @t —1) = @
Q(t) =4 0 if |t —1)| <@g
—C if @(t—1) < —@y

- Different sensory thresholds (insperger, Milton, Stépan)
Q(t) = Qp(t)+Qq ()
koo(t—1) if |et—1)=0¢

0 if | —1)| <@g

ket =) if |9t -1 > we
Qd(”‘{ 0 if [¢(t—1)| < ws




Intermittent control concepts
() = ap(t) = —Q(1)

Event-driven (state-dependent, nonlinear)

- State-dependent threshold (Asai, Nomura, Suzuki, Casadio, Morasso, Bottaro)

0(t) = {kpm +kapn if @a(Pa— agy) = 0and pp? + ¢p° > 12

0 if otherwise
or = @(t — 1) i
(pA _ (,0 (t _ T) Inactive (Off) region Active (On) region
\.\\,\> ®
Active (On) region Inactive (Off) region

(Asai et al. PLOS ONE, 2009)




The effect of sensory dead zones
0 if ot —1)] <@

Modelling sensory dead zones: ¢(t) —a ¢(t) = 6 _
—— Q@) if et —1)| 2 ¢s

Time domain simulations ~ transient chaos?
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Bounded motions (chaos) rather then stability?




The effect of sensory dead zones

0 if |o(t—1)| <@gt

Modelling sensory dead zones: ¢(t) —a ¢(t) = 6 _
—— Q@) if et —1)| 2 ¢s

Simplifying the model (Eurich, Milton, 1996): (1) an unstable upright position
_ In the absence of feedback
x@)+C i x(t—1)<-1 (2) stabilizing time-delayed
x()=1 x@®) if -1<x(t—-71)<1 feedback
x(t)—C if x(@t-1)>1 (3) a sensory dead zone

Even more simplified model (discrete-time model):

(a x(tj) + b if x(tj) < -1
X(tj+1) = < ClX(tj) if —1< X(t]) <1
a x(tj) — b if x(tj) > 1

(Insperger, Milton, Stépan, SIAM ADS, 2015)




The effect

@\ Tes /]
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MC2 _
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Siey U
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of sensory dead zones

MC1 MC2

Even more simplified model (discrete-time model):

X(t]+1) = <

(a x(tj) + b if x(tj) < -1

a x(t;)
a x(tj) —b if x(tj) > 1

if —-1<x(t)<1

(Insperger, Milton, Stépan, SIAM ADS, 2015)

- (Compact invariant set)

- Sensitivity to initial conditions

- Topological transitivity (mixing)
U

Both permanent and transient

chaos are possible!!!




The effect of sensory dead zones

MP control — escape time diagram
Red: linear stability boundary (no dead zone)
Gray shading: escape time (|| > 20deg) in case of dead zone (2.86deq)
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The effect of sensory dead zones

MP control — escape time diagram
Red: linear stability boundary (no dead zone)

30

¢ =56cm

-

Lo ma

besc S]

200

Gray shading: escape time (|| > 20deg) in - *| s 150
case of dead zone (2.86deQ) R .. - <l 100
50
0
50 100
kpﬂ
20 20 5
egy [V e’ "
e e
g—Z{} ; : : 9_20 i ; ;
0 10 20 30 40 ) 10 20 30 40
20 - - . . .
¥ (
[deg] ° | . _ _ _
20 ' - - - -
0 10 20 30 40 0 10 20 30 40
20 : - 20 : : : -
Q C 2 : E
[deg] © | [deg] °[! o o
=20 ; : : =20 : : :
0 10 20 30 40 0 10 20 30 40
t|s] t[s]




The effect of sensory dead zones

MP control — escape time diagram

Red: linear stability boundary (no dead zone)
Gray shading: escape time (|| > 20deg) in

case of dead zone (2.86deq)

Different initial conditions at point E
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Conclusions

Feedback delay presents a strong limitation for human balancing
abilities (among other factors such as uncertainties, dead zones,
quantization...).

. 1
lcrit,PDA — E lcrit,PD-

For the MP and AAW controllers [..;+ = 0, but they are sensitive to
uncertainties.

Transiently bounded motion instead of stability.

Still don’t know what control concept do we use during stick
balancing. (\Vote for MP or some nonlinear controller.)

Whatever we do during stick balancing, we are doing it in a pretty
good way!




Thank you!




