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W Motivation 1.

HDR)

Determine the stability properties of self-similar flows

Disturbance wave

Boundary layer
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Motivation 2.

Modelling self-excited flows
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| Analytical approximation of the jet velocity profile

HDR)

Plane jet

U(y) = sech?*(y™)

n=1: - the self-similar profile in the far field
- non-dimensional Bickley profile
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' The perturbed NS equations

The non-dimensional Navier-Stokes equations
(conservation of mass and momentum):

\7°gt=0 ;+ut'\7ut=—\7pt+R—eAﬁ
Apply perturbation, u,, p,,
u=U+uy, P =P +pp

If U, P are known, time-independent variables, describe the base flow,
fulfil the governing equations. u,= ( Uy, U, wp)

If U(y) is independent of x (parallel flow, or self-similar flow), the
perturbation can be assumed in a complex wave form:

v, = v(y) e'@*-@b o: wavenumber, w: angular frequency
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Temporal and spatial instability
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u: growth rate vp =v(y) e
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Here, spatial stability investigation: u = p, = —Im(a)
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| The Orr-Sommerfeld equation

HDR)

Substituting the perturbation into the NS equation,
linearising and simplifying, the equation system can be
expressed in terms of v, leading to a fourth order linear
ordinary differential equation:

v — 2a%v" + a*v = i Re [(aU — w)[v" — a?v] — aU"v]

v, = v(y) ei(ocx—oot)

U(y),U"(y) describe the flow (known)

Re is a parameter (known)

v(y) is the eigenfunction (unknown)

o, w are the eigenvalue pairs (one is a parameter, the other
one is unknown)
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d The OS equation in the far field

The Orr-Sommerfeld equation:

v —2a%v" + a*v = iRe [(aU — 0)[v" — a?v] — aU''v]

In the far field (y —» «) it becomes a constant coefficient linear

differential equation because U(y) is a constant:
Up = lim U(y), limU"(y) =0
y—)OO y—)OO

T — 2029 + a*P = i Re [(aUyp — 0)[P" — a?7]]

Analytical4solution in the far-field:

& — [_ a, _Qr a, Q]T

Q:=+a? —iRe(aUy, — w)
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d The OS equation in the far field 2.

Analytical solution in the far field:

4 4
= ZE 59 (y) = Z
i=1

& — [_ a, _Qr a, Q]T

= Ja? —iRe(aUy, — )

If Re » 1 then |Q]| » |a| the differential equation becomes stiff.

Special method: the Compound Matrix Method
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' Transformation of variables

HDR)

In the far fjeld the perturbation vanishes v (y - o) =v'(y - ) =0
fj(Y) — Ei elliy & - [_ a, _Q' , Q]T —_— k3 - k4 =0
i=1

The ,,true” solution reduces to

2
v(y) = Z k; p® () In the far field: »®¥ (y » ) = A ()
i=1

Let us transcribe the 4t order diff. eq. into a first order diff. eq.

system:

¢ — [v’ vl, vll, vlll]
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' Transformation of variables 2.

¢ = [v,v",v",v""] = [¢1, P2, P3, P4]

Use the so-called compound matrix variables:

(/51(1) (/5(2) (1), (2) (2) (1) (1) ,.1(2) (2) (1)
n = det| ¢(2) = ¢, b, ;= v v = v
2
(1 2 1 2 (1 2
e )¢() - ()¢() et )C/)() .
2 1 )’ 13— 1 2 1 2 6
(1) ¢() (1) ¢() (1) (f)()
In the far field:
U(l) (y)Ne—ay n, = o (@) _ v(z)vl(l) ~ —(0 + a) e~ (@+Q)y
U(Z) ()/)Ne_Qy 772 ~ — (Qz —_ az)e_(a-l'Q)y’ ey T]6 ~ e_(a+Q)y

The problem of stiffness is solved! Furthermore, by introducing the 7j =

n
—( () q ) —((1+Q)y

variable, non-homogenous bc.s can be prescribed at ,,infinity”
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' Boundary conditions in the near field

HDR)

The far field boundary conditions (v (y = o) = v'(y = o) = 0) are

fulfilled after transformation. Two other boundary conditions are

necessary. Near field boundary conditions

Symmetric profile v'(0) = v""'(0) = 0 - 7j5(0) = ()/ﬁi_/i/

Jet

Antisymmetric profile v(0) = v/ (0) = 0 -» 7,(0) = %

Wall v(0) =v'(0) =0-17,(0) =0
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' Shooting method

The boundary value problem should be solved as an initial value
problem. The solution can be initialised at a point (y, = L), where the
velocity is approximately constant U (y - o) = U(L)

The integration should start from there towards y = 0.

The a, w parameters should be tuned to fulfil the boundary conditions

at y=0 and find the correct missin

"

Desired BC —/

y — L (CZ, (1)) y — O
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Thumb curve
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Jet: thumb curves

Sym n=1
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Sym n=3
Antisym n=1
————— Antisym n=2
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Bickley profile: n =1
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Results: sim.—antisym.
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Numerical velocity profiles 1.

The analytical profiles do not describe

* The planar jet with parabolic velocity profile at the orifice

e The effect of the nozzle wall thickness

* The transition of the velocity profiles. The parameter n must be integer.

Y

Calculate the base flow with CFD software. (Computational

Fluid Dynamics = numerical flow simulation)
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Numerical velocity profiles II.
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Numerical velocity profiles III.
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On the sensitivity of planar jets

Re(x) =




Jupl

[ue| = U + uy
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Growth rates for various velocity profiles

Parabolic , Top hat”

W[

5 rfd=1———x/d= i’|

Wall BC, and symmetric perturbation
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Symmetric-antisymmetric

Boundary condition around the orifice

Opening Wall

Parab. sym Parab. antisym —-—-— "Top-hat" sym —-—-— "Top-hat" antisym

x/6 =0.1
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’Strange” mode
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Why is the jet more sensitive at the exit?

There are three reasons for the increased sensitivity of laminar,
plane jets close to the orifice.

1., the steeper velocity profile amplifies the disturbances at a
higher growth rate.

2., the local length scale is smaller close to the orifice, meaning
that the dimensional growth rate of disturbances is larger than
that in downstream region.

3., the disturbances excited upstream have more space to grow

exponentially.
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Application for boundary layers: motivation

Aim: drag reduction

Examples in nature:
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W Laminar-turbulent transition I.
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Laminar-turbulent transition I1.
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Forras: YouTube
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Simple controller II.

Orr-Sommerfeld equation
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u(t) = &,1(t — At)
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Passive coating

y
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Thank you for your attention!
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