
Random
 

m
atrices 

and the 
geom

etry of 
their 
random

 
eigenstates

Zaránd
Gergely (BM

E)

BM
E

W
erner M

iklós
Korm

osM
árton

G
rabaritsAndrás

Pascu
M

oca
(N

agyvárad)
Hetényi Balázs(Bilkent)

FU Berlin   Felix von O
ppen

and Alex Penner

TU M
unchen

LovasIzabella

Trondheim
  Arne Brataas

UniversitaetKöln  M
artin Zirnbauer

O
utline

•
Introduction, exam

plesof random
 m

atricesin 
physicsW

igner’sidea and eigenvalue
sta0s0cs

Sca3
ering

proper0esand circularensem
bles

•
Random

 m
atrix

m
odelsforquantum

w
ork

•
Q

uantum
Geom

etric
Tensorand itsstatistics

•
Sum

m
ary



Introduc)on:
Eigenvalue sta)s)cs

W
igner’s

observation
•

Spectrum
of nucleiis corrlated, and universal...

T.A
.B
rody

etal.:
R
andom

-m
atrix

physics

earlier
review

s
to
the

stationarity
properties

of
the

m
easures

(the
w
ay

in
w
hich

they
vary

over
the

spec-
trum

);
w
e
consider

the
effects

of
collectivities

and
sym

-
m
etries

on
the

strength
distributions.

W
e
consider,

m
oreover,

the
ergodic

properties
of the

ensem
bles

w
hich

w
e
are

m
ainly

concerned
w
ith,

draw
ing

on
quite

recent
w
ork

of
Pandey

(1979),
w
hich

goes
far

tow
ard

giving
a
theoretical

justification
for

the
use

of
random

-
m
atrix

ensem
bles.

W
e
consider

the
energy-level

fluctuations
first,

leaving
until

later
the

strength
fluctuations,

the
under-

standing
of
w
hich

m
akes

use
of
the

sam
e
concepts.

The
study

of
both

kinds
of
fluctuations

has
developed

because
of
the

rem
arkable

series
of
resonances

found
in
the

scattering
of
slow

neutrons
on

heavy
nuclei.

The
reso-

nances
are

narrow
ed

because
of
the

strong
surface

re-
flection

of
long-w

avelength
neutrons,

and
as
a
conse-

quence
one

can
often

observe
up
to
a
few

hundred
reso-

nances,
essentially

all
(if
the

target
state

is
even-even)

w
ith

the
sam

e
"exact"

quantum
num

bers
(J,

w
;
isospin

is
also

good,
but

is
usually

irrelevant).
These

levels
occur

typically
at
6
to

8
M
eV

excitation
and

are
sepa-

rated
from

the
ground-state

dom
ain

by
a
"no-m

an's
land

'
containing

perhaps
a
m
illion

levels
w
hose

proper-
ties

are
not

easily
accessible

to
study.

Itis
not

then
surprising

that
there

has
been

little
attem

pt
to
recon-

cile
the

concepts
used

in
the

tw
o
energy

regions,
the

consequence
being

an
(unnecessary)

splitting
of
the

sub-
3ect

into
tw
o
noncom

m
unicating

dom
ains.

In
order

to
span

the
no-m

an's
land,

and
for

other
purposes

as
w
ell,

w
e
shall

m
ake

use
not

only
of
experim

ental
data

in
both

dom
ains,

but
of
shell-m

odel
calculations

as
w
ell.

W
e

shall
see,

as
w
e
proceed,

that
the

fluctuation
proper-

ties
extend

over
the

entire
spectrum

(in
the

sense
that

a
run

of
levels

taken
at
any

excitation
displays

alm
ost

the
sam

e
properties),

and
indeed

over
the

entire
Periodic

Table,
a
result

w
hich

w
e
regard

as
of
real

significance.
Insofar

as
averaged

properties
(as

opposed
to
fluctua-

tions)
are

concerned,
the

barrier
betw

een
high

and
low

excitations
has

been
breaking

dow
n
during

recent
years;

it.is
a
good

thing
now

that
the

sam
e
thing

is
happening

for
the

fluctuations.

B
.
Level

repulsion
in
spectra

C
onsider

the
set.of

spectra
show

n
in
Figs.

1(a) —1(c),
w
here

w
e
have

brought
together

runs
of
50
levels

taken
from

three
very

different
sources:

the
slow

-neutron
resonance

region
of
'87Er

(I iou
etal.,

1972),
the

neigh-
borhood

of
an
isobaric-analogue

state
in

48V
(Prochnow

eta/.
,
1972),

and
a
section

of
a
large

shell-m
odel

cal-
culation

w
ith

a
realistic

interaction
(Soyeur

and
Zuker,

1972).
The

levels
in
each

spectrum
have

the
sam

e
(8,

&
),

and
the

scales
have

been
chosen

so
that

the
average

spacing
D
is
the

sam
e
for

each.
The

spectra
are

sim
ilar

in
their

general
nature;

for
exam

ple,
the

num
ber

of
spacings

m
uch

sm
aller

than
the

average
spacing

is
statistically

the
sam

e
for

all
three,

as
w
e
have

m
ade

evident
by

m
arking

those
w
hich

are
sm
aller

than
D
/4.

The
sim

ilarity
of
the

spectra
is

m
ade

m
ore

obvious
in
Figs.

2(a)-2(c),
w
hich

give
his-

togram
s
of
the

nearest-neighbor
spacings

for
each

spectrum
.

They
resem

ble
each

other
closely

enough
that

w
e
m
ay
regard

the
three

spectra
of
Figs. 1(a}-1(c}

(b)
(e)

as
having

the
sam

e
nearest-neighbor

spacing
distribu-

tions~
U
M
S
exhlbltlng

a
regulal'lty

ofa
statistlckl

na-
ture,

even
though

the
spectra

them
selves

differ
in
the

three
exam

ples.
The

continuous
curve

show
n
in
the

fig-
ures

(W
igner's

distribution,
w
hose

theoretical
basis

w
e

discuss
below

)
fits

them
quite

w
ell.

Sm
all

spacings
in
our

exam
ples

have
a
sm
all

proba-

20-
n+

Er
l66

loo~
Poisson

10-
(a)

2
0

a
I

0
E

)00-

48
p+

Tt=0

40~

20-f

40-

20

Q
/D

0

S, /D

FIG
. 2.

N
earest-neighbor

spacing
histogram

s
for

the
six

cases
ofFig. 1,

constructed
by
considering

all
the

available
levels

instead
of
the

50
used

in
Fig. 1.

Spacings
80
are

expressed
in

term
s
of
the

local
spacing

unit
D
,
deriv

9
via

uie
unfolding

op-
eration

ofSec.G
I.A
,
w
here

necessary.
The

W
igner

distribu-
tion,

Eq.(1.5),
is
show

n
for

a11cases,
and

the
Poisson

dis-
tribution

(1.4)
also

for
the

last
three.

f)+'
6Er

p+
T]

(ds)
2'0

Poisson
rl+'

'Tp

FIG
.1.

Segm
ents

of
com

plex
spectra,

each
containing

50
lev-

els
and

rescaled
to
the

sam
e
spectrum

span.
The

first
tw
o

show
experim

ental
results

for
neutron

and
proton

resonances,
w
hile

Fig.
1(c)

show
s
the

central
region

of
a
1206-dim

ensional,
J»
=2',

T
=0,

shell-m
odel

spectrum
;

in
these

three
cases

all
the

states
have

the
sam

e
exact

sym
m
etries.

Figure
1(d)

show
s

a
Poisson

sequence,
w
hile

Figs.
1(e)

and
1(f)

show
spectra

w
ith

m
ixed

exact
sym

m
etries,

the
first

an
experim

ental
spectrum

w
ith
J=3', 4'

and
the

second
a
shell

m
odel

spectrum
w
ith
J

The
arrow

heads"
xnark

the
occurrence

of
pairs

of
levels

w
ith

spacings
sm
aller

than
one

quarter
of
the

average.

R
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A
tom

ic
spectra

sm
ooth

transition
from

the
orthogonalor

sym
plectic

en-
sem

bles
to

the
unitary

ensem
ble.W

e
discuss

the
transi-

tion
from

the
G

aussian
orthogonal

ensem
ble

(G
O

E
)

to
the

G
aussian

unitary
ensem

ble
(G

U
E

),
follow

ing
Pan-

dey
and

M
ehta

(1983,see
also

M
ehta

and
Pandey,1983;

M
ehta,1991).
T

he
com

plex
H

erm
itian

M
3

M
m

atrix

H
5
H

0 1
iaA

(6)

is
decom

posed
into

a
real

sym
m

etric
m

atrix
H

0
and

a
real

antisym
m

etric
m

atrix
A

w
ith

im
aginary

w
eight

ia
.

(H
ere

w
e

denote
the

m
atrix

dim
ension

by
M

instead
of

N
to

avoid
a

confusion
of

notation
later

on
in

this
re-

view
.)

T
he

tw
o

m
atrices

H
0

and
A

are
independently

distributed
w

ith
the

sam
e

G
aussian

distribution,so
that

the
distribution

ofH
is

P
~ H

! }
expS

2
(i,j F ~ R

e
H

i
j ! 2

4v
2

1
~ Im

H
i
j ! 2

4v
2a

2
GD .

(7)

T
he

variance
v

2
determ

ines
the

m
ean

level
spacing

d
5

p
v / A

M
at

the
center

of
the

spectrum
for

M
@

1
and

a
!

1.
[T

o
have

the
sam

e
m

ean
level

spacing
for

all
a

,
one

should
replace

v
2

by
v

2(1
1

a
2)

2
1.]T

he
distribution

of
H

interpolates
betw

een
the

G
O

E
for

a
5

0
and

the
G

U
E

for
a

5
1.T

he
transition

is
effectively

com
plete

for
a

!
1.

Indeed,
the

spectral
correlations

on
the

energy
scale

d
are

those
ofthe

G
U

E
w

hen
the

effective
strength

v
a

of
the

term
in

E
q.

(6),
w

hich
breaks

tim
e-reversal

sym
m

etry,exceeds
d,hence

w
hen

a
*

1/ A
M

.
T

o
relate

the
param

eter
a

to
the

m
agnetic

field
B

,w
e

consider
the

shift
d

E
i of

the
energy

levels
for

a
!

1.O
n

the
one

hand,from
the

H
am

iltonian
(6)

one
obtains,to

leading
order

in
a

,

d
E

i 5
a

2(jfi
i

A
i
j

2

E
i 2

E
j .

(8)

In
order

of
m

agnitude,
ud

E
i u

.
a

2v
2/d

.
M

a
2d.

O
n

the
other

hand,
the

typical
curvature

of
the

energy
levels

around
B

5
0

is
given

by
the

T
houless

energy:
ud

E
i u

.
E

c (
eF

/
h

)
2,w

here
F

is
the

m
agnetic

flux
through

the
system

.T
aken

together,these
tw

o
estim

ates
im

ply

M
a

2
.

S
eFh

D
2

E
c

d
.

(9)

T
he

G
O

E
-G

U
E

transition
is

com
pleted

on
the

energy
scale

E
if

ud
E

i u*
E

,
hence

if
F

*
(
h

/
e) A

E
/
E

c .
Since

d
!

E
c in

a
m

etal,it
requires

m
uch

less
than

a
flux

quan-
tum

to
break

tim
e-reversalsym

m
etry

on
the

scale
of

the
levelspacing.

M
icroscopic

justification
for

the
probability

distribu-
tion

of
E

q.(7)
has

been
provided

by
D

upuis
and

M
on-

tam
baux

(1991)
(for

a
disordered

ring)
and

by
B

ohigas
e
t

a
l.(1995)

(for
a

chaotic
billiard).T

he
precise

relation
betw

een
a

and
B

depends
on

the
geom

etry
of

the
sys-

tem
and

on
w

hether
it

is
disordered

or
ballistic.

For
a

d
is

o
r
d

e
r
e
d

tw
o-dim

ensional
disk

or
three-dim

ensional
sphere

(radius
R

m
uch

greater
than

m
ean

free
path

l)
the

relation
betw

een
a

and
F

5
p

R
2
B

is
(Frahm

and
Pichard,1995a)

M
a

25
S

eFh
D

2\
v

F
l

R
2d

3H
p

/4
disk,

2
p

/15
sphere.

(10)

H
ere

v
F

is
the

Ferm
i

velocity.
For

a
b

a
llis

tic
disk

or
sphere

(
R

!
l),

w
hich

is
chaotic

because
of

diffuse
boundary

scattering,the
relation

is
instead

M
a

25
S

eFh
D

2\
v

F

R
d

3H 4/3
disk,

8
p

/45
sphere.

(11)

For
a

ballistic
tw

o-dim
ensional

billiard
(area

A
)

w
ith

a
chaotic

shape,
B

ohigas
e
t

a
l.

(1995)
find

M
a

2

5
c(

eF
/
h

)
2\

v
F /d A

A
,w

ith
c

a
num

ericalcoefficient
de-

pending
only

on
the

shape
of

the
billiard.In

each
case,

M
a

2
}

E
c

in
accordance

w
ith

E
q.(9),the

T
houless

en-
ergy

being
given

by
E

c
.

\
v

F
R

2
2m

in(
l,R

).

4.
Brow

nian
m
otion

In
the

previous
subsection

w
e

considered
the

m
agnetic-field

dependence
of

the
energy

levels
around

B
5

0,
to

investigate
the

transition
from

the
orthogonal

to
the

unitary
ensem

ble.
O

nce
the

transition
is

com
-

pleted,
the

level
distribution

becom
es

B
independent.

Individual
energy

levels
still

fluctuate
as

a
function

of
B

in
som

e
random

w
ay

(see
Fig.2).T

hese
spectralfluc-

tuations
are

a
realization

of
the

B
row

nian-m
otion

pro-
cess

introduced
by

D
yson

(1962c,
1972)

as
a

dynam
ical

m
odel

for
the

C
oulom

b
gas.

A
review

of
this

topic
has

been
w

ritten
by

A
ltshuler

and
Sim

ons
(1995).Since

it
is

not
directly

related
to

transport,
w

e
restrict

ourselves
here

to
the

basics.
Follow

ing
L

enz
and

H
aake

(1990,
see

also
H

aake,
1992),w

e
consider

the
H

am
iltonian

H
5

e
2

tH
0 1

~ 1
2

e
2

2
t! 1/2H

G
U

E
,

(12)

w
hich

interpolates
betw

een
the

M
3

M
com

plex
H

erm
it-

ian
m

atrices
H

0
and

H
G

U
E

as
the

param
eter

t
increases

FIG
.2.

Illustration
ofthe

m
agnetic-field

dependence
ofenergy

levels
in

a
chaotic

system
(m

agnetic
field

B
and

energy
E

in
arbitrary

units).T
his

plot
is

based
on

a
calculation

of
the

spec-
trum

ofthe
hydrogen

atom
in

a
strong

m
agnetic

field
by

G
old-

berg
e
t

a
l.(1991).

735
C
.W

.J.Beenakker:
R
andom

-m
atrix

theory
ofquantum

transport

R
ev.M

od.Phys.,Vol.69,N
o.3,July

1997

Spectrum
of Hydrogen

in m
agneticfield

„A
rtificialatom

s”

Ennslin group (ETH Zurich)

A
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eller, L. Peeters, C
. P. M

oca, I. W
eym

ann, 
D

. M
ahalu, V

. U
m

ansky, G
.Z

., and D
. 

G
oldhaber-G

ordon, N
ature 526, 237 (2015)



Sensitivity
of eigenvalues

•
Accidentaldegeneraciesare

rare...

!
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Spectrum

H
am

ilton operator

(levels)

Levelsare
sensitive

to
externalvoltagesand potentials

Rare
degeneracies

To see degeneracy, fine-tuning of param
eters needed !

Assum
e

In appropriate
basis

degeneracies
are

rare

change, e.g.



W
igner’s

idea

•
U

niversality
sym

m
etriesm

atteronly

•
Ham

ilton m
atrix

is a random
 Herm

iDan
m

atrix

•
Basisis irrelevantforspectrum

m
easure

in 
space

of Ham
iltonian m

atrices

D
istribution

: 

Basic sym
m

etry
classes

Tim
e reversalsym

m
etry

basisw
here

is

Spectrum
is basisinvariant: 

is notessential(only
setsenergy

scale) 

realw
ith

any
orthogonalm

atrix

Gaussian O
rthogonalEnsem

ble
= GOE



Basic sym
m

etry
classes

•
Tim

e reversalsym
m

etry
2

•
N

o tim
e

reversalsym
m

etry

Gaussian U
nitaryEnsem

ble
= GUE

w
ith

any
unitary

m
atrix

w
ith

any
sym

plectic
m

atrix

Gaussian Sym
plecticEnsem

ble
= GSE

H
erm

i0an

Joint
eigenvalue

probability
density

•
G

O
E :

•
G

U
E :

•
G

SE :

Ram
ark: levelrepulsion

in prefactor... 



W
igner surm

ise T.A
.
B
rody

et
al.:

R
andom

-m
atrix

physics

earlier
review

s
to
the

stationarity
properties

of
the

m
easures

(the
w
ay

in
w
hich

they
vary

over
the

spec-
trum

);
w
e
consider

the
effects

of
collectivities

and
sym

-
m
etries

on
the

strength
distributions.

W
e
consider,

m
oreover,

the
ergodic

properties
of the

ensem
bles

w
hich

w
e
are

m
ainly

concerned
w
ith,

draw
ing

on
quite

recent
w
ork

of
Pandey

(1979),
w
hich

goes
far

tow
ard

giving
a
theoretical

justification
for

the
use

of
random

-
m
atrix

ensem
bles.

W
e
consider

the
energy-level

fluctuations
first,

leaving
until

later
the

strength
fluctuations,

the
under-

standing
of
w
hich

m
akes

use
of
the

sam
e
concepts.

The
study

of
both

kinds
of
fluctuations

has
developed

because
of
the

rem
arkable

series
of
resonances

found
in
the

scattering
of
slow

neutrons
on

heavy
nuclei.

The
reso-

nances
are

narrow
ed

because
of
the

strong
surface

re-
flection

of
long-w

avelength
neutrons,

and
as
a
conse-

quence
one

can
often

observe
up
to
a
few

hundred
reso-

nances,
essentially

all
(if
the

target
state

is
even-even)

w
ith

the
sam

e
"exact"

quantum
num

bers
(J,

w
;
isospin

is
also

good,
but

is
usually

irrelevant).
These

levels
occur

typically
at
6
to

8
M
eV

excitation
and

are
sepa-

rated
from

the
ground-state

dom
ain

by
a
"no-m

an'
s

land
'
containing

perhaps
a
m
illion

levels
w
hose

proper-
ties

are
not

easily
accessible

to
study.

It
is
not

then
surprising

that
there

has
been

little
attem

pt
to
recon-

cile
the

concepts
used

in
the

tw
o
energy

regions,
the

consequence
being

an
(unnecessary)

splitting
of
the

sub-
3ect

into
tw
o
noncom

m
unicating

dom
ains.

In
order

to
span

the
no-m

an's
land,

and
for

other
purposes

as
w
ell,

w
e
shall

m
ake

use
not

only
of
experim

ental
data

in
both

dom
ains,

but
of
shell-m

odel
calculations

as
w
ell.

W
e

shall
see,

as
w
e
proceed,

that
the

fluctuation
proper-

ties
extend

over
the

entire
spectrum

(in
the

sense
that

a
run

of
levels

taken
at
any

excitation
displays

alm
ost

the
sam

e
properties),

and
indeed

over
the

entire
Periodic

Table,
a
result

w
hich

w
e
regard

as
of
real

significance.
Insofar

as
averaged

properties
(as

opposed
to
fluctua-

tions)
are

concerned,
the

barrier
betw

een
high

and
low

excitations
has

been
breaking

dow
n
during

recent
years;

it.is
a
good

thing
now

that
the

sam
e
thing

is
happening

for
the

fluctuations.

B
.
Level

repulsion
in
spectra

C
onsider

the
set.of

spectra
show

n
in
Figs.

1(a) —1(c),
w
here

w
e
have

brought
together

runs
of
50
levels

taken
from

three
very

different
sources:

the
slow

-neutron
resonance

region
of
'87Er

(I
iou

etal.,
1972),

the
neigh-

borhood
of
an
isobaric-analogue

state
in

48V
(Prochnow

et
a/.

,
1972),

and
a
section

of
a
large

shell-m
odel

cal-
culation

w
ith

a
realistic

interaction
(Soyeur

and
Zuker,

1972).
The

levels
in
each

spectrum
have

the
sam

e
(8,

&
),

and
the

scales
have

been
chosen

so
that

the
average

spacing
D
is
the

sam
e
for

each.
The

spectra
are

sim
ilar

in
their

general
nature;

for
exam

ple,
the

num
ber

of
spacings

m
uch

sm
aller

than
the

average
spacing

is
statistically

the
sam

e
for

all
three,

as
w
e
have

m
ade

evident
by

m
arking

those
w
hich

are
sm
aller

than
D
/4.

The
sim

ilarity
of
the

spectra
is

m
ade

m
ore

obvious
in
Figs.

2(a)-2(c),
w
hich

give
his-

togram
s
of
the

nearest-neighbor
spacings

for
each

spectrum
.

They
resem

ble
each

other
closely

enough
that

w
e
m
ay
regard

the
three

spectra
of
Figs. 1(a}-1(c}

(b)
(e)

as
having

the
sam

e
nearest-neighbor

spacing
distribu-

tions~
U
M
S
exhlbltlng

a
regulal'lty

ofa
statistlckl

na-
ture,

even
though

the
spectra

them
selves

differ
in
the

three
exam

ples.
The

continuous
curve

show
n
in
the

fig-
ures

(W
igner's

distribution,
w
hose

theoretical
basis

w
e

discuss
below

)
fits

them
quite

w
ell.

Sm
all

spacings
in
our

exam
ples

have
a
sm
all

proba-

20-
n+

Er
l66

loo~
Poisson

10-
(a)

2
0

a
I

0
E

)00-

48
p+

Tt=0

40~

20-f

40-

20

Q
/D

0

S, /D

FIG
. 2.

N
earest-neighbor

spacing
histogram

s
for

the
six

cases
of
Fig.

1,
constructed

by
considering

all
the

available
levels

instead
of
the

50
used

in
Fig.

1.
Spacings

80
are

expressed
in

term
s
of
the

local
spacing

unit
D
,
deriv

9
via

uie
unfolding

op-
eration

ofSec.G
I.A
,
w
here

necessary.
The

W
igner

distribu-
tion,

Eq.(1.5),
is
show

n
for

a11cases,
and

the
Poisson

dis-
tribution

(1.4)
also

for
the

last
three.

f)+'
6Er

p+
T]

(ds)
2'0

Poisson
rl+'

'Tp

FIG
.1.

Segm
ents

of
com

plex
spectra,

each
containing

50
lev-

els
and

rescaled
to
the

sam
e
spectrum

span.
The

first
tw
o

show
experim

ental
results

for
neutron

and
proton

resonances,
w
hile

Fig.
1(c)

show
s
the

central
region

of
a
1206-dim

ensional,
J»
=
2',

T
=0,

shell-m
odel

spectrum
;

in
these

three
cases

all
the

states
have

the
sam

e
exact

sym
m
etries.

Figure
1(d)

show
s

a
Poisson

sequence,
w
hile

Figs.
1(e)

and
1(f)

show
spectra

w
ith

m
ixed

exact
sym

m
etries,

the
first

an
experim

ental
spectrum

w
ith
J=3', 4'

and
the

second
a
shell

m
odel

spectrum
w
ith
J

The
arrow

heads"
xnark

the
occurrence

of
pairs

of
levels

w
ith

spacings
sm
aller

than
one

quarter
of
the

average.

R
ev.

trod.
Phys., V

ol.63, N
o.3, July
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Scattering: Circular ensem
bles
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N
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Scattering
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Scattering
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w
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Scattering
m
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random
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Sca?
ering

problem

C
onductance

(Landauer-Büttiker)

D
im

ensionless conductance: 

Sym
m

etry classes

O
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U
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Sym
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Ensem

ble

&
=
tr{++ '}

Som
e

interes@
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Theory
of quantum

w
ork

tim
e

tim
e

Som
e

nanocircuit...

•
Role of avoided level crossings ? 

•
Fullenergy

distribution
after„quench” ?

•
Probability

of adiabatic
evolution

?

Landau-Zenertransitions

Ques@ons

Random
 M

atrix Setup

M
otion

in random
 m

atrixensem
ble

I. Lovas, A.G
rabarits, M

.Korm
os, and G

.Z., Phys. R
ev. R

esearch, 2
2643 (2020);

, A.G
rabarits, I. Lovas, M

.Korm
os, and G

.Z., subm
itted (2021).

Tim
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ula for

from
G

U
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O
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Fubini-Study
m

etric
D

istance
of states in H

ilbert space? 

|φ
/
⟩

Consider sm
ooth fam

ily of (norm
alized) states in Hilbert space 

(e.g., ground  state as a function of external param
eters) 
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m
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Random
 M

atrixtheory
of Q

GT

*
/

eigenstates 

6,- (/)7
Each level  is characterized by som

e random
 Q

G
T :

Consider fam
ily of random

 H
am

iltonians (tuned by external nobs)

|(
.
/
⟩
$.

/

w
hatis

!(7
)
=
?

RM
T approach

(Berry and Shukla, (2020)) 

*(>,?)=
*
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1

•
*
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random
 m

atrices

•
(>,?)

tw
o-param

eterm
anyfold

Supersym
m

etriccalculation
forGUE

Exact distribution
(A. Penner, F. von Oppen, G.Z., M

. Zirnbauer)

2

(1)
im

p
lies

th
at

th
e
qu

antu
m

geom
etric

ten
sor

g
(
n
)

↵
�
qu

ite
gen

erally
govern

s
th
e
b
eh

avior
of

system
s
u
n
d
er

qu
antu

m
qu

en
ch
es

w
h
ich

involve
sm

all
ch
an

ges
of

th
e
p
aram

eters.
F
ollow

in
g
B
erry

an
d
S
hu

kla
[8],

w
e
con

sid
er

a
fam

ily
of

H
erm

itian
N

⇥
N

H
am

ilton
ian

s

H
=

H
0
+

x
H

x
+
y
H

y
,

(3)

w
h
ich

d
ep

en
d
s
on

tw
o
real

p
aram

eters
x
an

d
y.

E
valu

-
atin

g
th
e
d
erivatives

in
E
q.

(2)
at

x
=

y
=

0,
on

e
can

exp
ress

th
e
qu

antu
m

geom
etric

ten
sor

in
term

s
of

th
e

eigen
en

ergies
E

n
an

d
eigen

states
|ni

of
H

0 ,

g
(
n
)

↵
�
=

Xm
(6=

n
) h
n|H

↵ |m
ih
m
|H

� |ni
(
E

n
�

E
m
)
2

(4)

w
ith

↵
,
�
2
{
x
,
y}.

F
irst

con
sid

er
th
e
d
istrib

u
tion

fu
n
ction

of
in
d
ivid

u
al

m
atrix

elem
ents

of
th
e
qu

antu
m

geom
etric

ten
sor

for
an

N
⇥

N
m
atrix

H
am

ilton
ian

H
0
of

an
integrab

le
system

,
w
h
ose

en
ergy

eigenvalu
es

are
statistically

in
d
ep

en
d
ent.

In
th
is

case,
th
e
m
atrix

elem
ents

of
th
e
qu

antu
m

geo-
m
etric

ten
sor

in
E
q.

(4)
are

su
m
s
over

N
�
1
statistically

in
d
ep

en
d
ent

term
s,

g
(
n
)

↵
�
=

P
m

(6=
n
)
x
m
,
an

d
on

e
exp

ects
th
eir

p
rob

ab
ility

d
istrib

u
tion

s
P
in
t (
g)

to
converge

to
a

stab
le

d
istrib

u
tion

in
th
e
lim

it
N

!
1
.
In

th
e
ab

sen
ce

of
correlation

s
b
etw

een
th
e
eigenvalu

es
an

d
thu

s
of

level
rep

u
lsion

,
th
e
d
istrib

u
tion

of
th
e
in
d
ivid

u
al

term
s
in

th
e

su
m

falls
o↵

as
1
/|x| 3

/
2
at

large
|x|,

w
ith

large
valu

es
of

|x|
origin

atin
g
from

n
ear

d
egen

eracies
in

th
e
sp
ectru

m
of

H
0 .

Im
p
ortantly,

b
oth

th
e
average

an
d
th
e
varian

ce
d
iverge

for
th
is

d
istrib

u
tion

.
A
s
a
resu

lt,
th
e
su
m

(4)
d
oes

n
ot

con
stitu

te
a
stan

d
ard

ran
d
om

w
alk,

for
w
h
ich

th
e
central

lim
it
th
eorem

p
red

icts
a
n
orm

al
d
istrib

u
tion

.

In
stead

,
th
e
m
atrix

elem
ents

g
(
n
)

↵
�

can
b
e
view

ed
as

a
L
evy

fl
ight

an
d
its

p
rob

ab
ility

d
istrib

u
tion

is
a
L
evy

sta-
b
le

d
istrib

u
tion

.
T
h
e
term

s
in

th
e
su
m

h
ave

ran
d
om

sign
s
for

th
e
real

an
d

im
agin

ary
p
arts

of
o↵

-d
iagon

al
m
atrix

elem
ents,

b
u
t
are

strictly
p
ositive

for
d
iagon

al
elem

ents,
lead

in
g
to

d
i↵
erent

stab
le

d
istrib

u
tion

s.
F
or

th
is

p
articu

lar
asym

p
totic

d
ecay,

on
e
fi
n
d
s
d
istrib

u
tion

s
P
in
t (
g)

=
R

d
↵

2
⇡
e
i
↵
g
P̃
in
t (
↵
)
w
ith

ch
aracteristic

fu
n
ction

s
[25]P̃

in
t (
↵
)
=

(
e � p

12 |�
↵
|(1�

i
sg

n
↵
)

d
iagon

al

e � p
|�

↵
|

o↵
-d
iagon

al
,

(5)

w
h
ere

�
controls

th
e
scale.

D
u
e
to

th
e p

|↵|sin
gu

larity
of

th
e
ch
aracteristic

fu
n
ction

,
th
e
d
istrib

u
tion

s
P
in
t (
g)

fall
o↵

as
1
/|g| 3

/
2
at

large
|g|,

im
p
lyin

g
th
at

th
ey

are
d
om

-
in
ated

by
in
d
ivid

u
al

term
s
in

th
e
su
m

(4).
P
hysically,

th
is
b
road

d
istrib

u
tion

is
a
d
irect

con
sequ

en
ce

of
th
e
fact

th
at

th
e
level

sp
acin

g
d
istrib

u
tion

of
integrab

le
system

s
rem

ain
s
n
on

zero
in

th
e
lim

it
of

zero
sp
acin

g.
Join

t
distribution

fun
ction

for
the

G
U
E
.—

In
gen

eric
system

s,
levelrep

u
lsion

su
p
p
resses

th
e
likelih

ood
of

sm
all

en
ergy

d
en

om
in
ators

an
d
th
e
d
istrib

u
tion

of
m
atrix

ele-
m
ents

of
th
e
qu

antu
m

geom
etric

ten
sor

d
ecays

faster.
If

w
e
continu

e
to

assu
m
e
th
at

th
e
m
atrix

elem
ents

are
d
om

in
ated

by
in
d
ivid

u
al

term
s
in

th
e
su
m

(4),
th
e
tail

of
th
e
d
istrib

u
tion

can
b
e
p
red

icted
on

th
e
b
asis

of
ran

d
om

2
⇥

2
G
U
E

m
atrices,

yield
in
g
a
faster

asym
p
totic

d
ecay

as
1
/|g| 5

/
2
[8].

In
ad

d
ition

to
su
p
p
ressin

g
th
e
p
rob

ab
il-

ity
w
ith

w
h
ich

n
ear

d
egen

eracies
occu

r,
level

rep
u
lsion

introd
u
ces

correlation
s
b
etw

een
th
e
term

s
in

th
e
su
m

in
E
q.

(4).
A
s
a
resu

lt,
th
e
d
istrib

u
tion

of
th
e
qu

antu
m

ge-
om

etric
ten

sor
n
o
lon

ger
b
elon

gs
to

th
e
fam

ily
of

L
evy

stab
le

d
istrib

u
tion

s.
R
em

arkab
ly,

h
ow

ever,
it
can

still
b
e

com
p
u
ted

exactly.
W
e
n
ow

focu
s
on

large
ran

d
om

m
atrices

d
raw

n
from

th
e

G
au

ssian
u
n
itary

en
sem

b
le

(G
U
E
)
w
h
ich

n
eith

er
ob

eys
tim

e-reversal
sym

m
etry

n
or

im
p
oses

any
oth

er
(anti)sym

m
etry

(sym
m
etry

class
A

in
th
e

A
ltlan

d
-

Z
irnb

au
er

classifi
cation

[26,
27]).

T
h
e
m
atrices

H
0 ,

H
x ,

an
d
H

y
are

d
raw

n
from

th
ree

statistically
in
d
ep

en
d
ent

G
au

ssian
u
n
itary

en
sem

b
les,

P
(
H

0
,
H

x
,
H

y )d
H

0 d
H

x d
H

y

/
e �

12
N

tr(
H

20
+
H

2x
+
H

2y
) Yi

,j

d
(
H

0 )
i
j d
(
H

x )
i
j d
(
H

y )
i
j
,(6)

w
h
ere

th
e
averages

over
H

x
an

d
H

y
are

introd
u
ced

for
conven

ien
ce.

W
e
com

m
ent

b
elow

on
th
e
case

w
h
en

th
e

average
is

over
H

0
on

ly.
E
xp

loitin
g

H
erm

iticity,
w
e

p
aram

etrize
th
e
qu

antu
m

geom
etric

ten
sor

as
g
(
n
)
=

g
(
n
)

0
+

g
(
n
)·⌧

,
w
h
ere

⌧
d
en

otes
th
e
vector

of
P
au

li
m
a-

trices
an

d
g
(
n
)

0
=

12 tr
g
(
n
),

g
(
n
)

1
=

R
e
g
(
n
)

y
x
,
g
(
n
)

2
=

Im
g
(
n
)

y
x
,

an
d
g
(
n
)

3
=

12 tr(
⌧
3
g
(
n
)).

N
otice

th
at

g
(
n
)

2
is
ju
st

th
e
B
erry

cu
rvatu

re
an

d
g
(
n
)

0
,
g
(
n
)

1
,
g
(
n
)

3
p
aram

etrize
th
e
qu

antu
m

m
etric

ten
sor.

W
e
can

th
en

d
efi

n
e
th
e
joint

p
rob

ab
ility

d
istrib

u
tion

of
th
e
qu

antu
m

geom
etric

ten
sor

th
rou

gh

P
(
g)/

*
X

n

�(
E

n
)
�(
g
0 �

g
(
n
)

0
)
�(g

�
g
(
n
)

0
) +

H
0
,H

x
,H

y

.(7)
H
ere,th

e
b
rackets

d
en

ote
th
e
ran

d
om

m
atrix

average
an

d
th
e
fi
rst

�-fu
n
ction

en
su
res

th
at

w
e
con

sid
er

th
e
qu

antu
m

geom
etric

ten
sor

for
states

w
h
ich

are
at

th
e
center

of
th
e

sp
ectru

m
w
ith

a
fi
xed

level
sp
acin

g
[28].

T
h
e
corresp

on
d
in
g
ch
aracteristic

fu
n
ction

d
efi

n
ed

via
P
(
g)

=
R

d
↵

0
2
⇡

d
↵

(2
⇡
)
3
e
i[↵

0
g
0
+
↵
·g

]P̃
(
↵
0
,↵

)
takes

th
e
form

P̃
(
↵
0
,↵

)/
*
X

n

�(
E

n
)
e �

i[↵
0
g
(n

)
0

+
↵
·g

(n
)] +

H
0
,H

x
,H

y

.(8)
In

th
e
lim

it
of

N
!

1
,
th
e
ran

d
om

-m
atrix

averages
can

b
e
p
erform

ed
exp

licitly.
W
e
d
efer

tech
n
ical

d
etails

to
fu
rth

er
b
elow

an
d
th
e
su
p
p
lem

ental
m
aterial

(S
M
),

an
d

focu
s
fi
rst

on
d
iscu

ssin
g
ou

r
resu

lts.
R
esults.—

W
e
fi
n
d
th
at

th
e
ch
aracteristic

fu
n
ction

for

3

th
e
q
u
an

tu
m

geom
etric

ten
sor

takes
th
e
ex
act

form

P̃
(
↵
0
,↵

)
=

r(
12 p

�
↵
+
,
12 p

�
↵
�
)
e �

1�
i

2
( p

�
↵

+
+
p
�
↵

�
)

(9)

w
ith

↵
±
=

↵
0

±
|↵

|
an

d
th
e
ration

al
fu
n
ction

r(
a
,
b)

=
1
+
(1

�
i)(

a
+
b)�

2
i3
(
a
2
+
3
a
b
+
b
2)�

1
+

i

12

a
4
+
9
a
3
b
+
17

a
2
b
2
+
9
a
b
3
+
b
4

a
+

b
�

130
a
b(5

a
2
+
16

a
b
+
5
b
2)

+
1
�

i

180

a
2
b
2(13

a
2
+
29

a
b
+
13

b
2)

a
+

b
+

i30
a
3
b
3
+

1
+

i

240

a
4
b
4

a
+
b
+

1

2160

a
5
b
5

(
a
+

b)
2

(10)

F
or

th
e
sp
ecifi

c
scalin

gs
of

th
e
G
U
E

m
atrices

in
E
q
.
(6),

w
e
fi
n
d
�
G
U
E

=
4
N
.
N
otice

th
at

P̃
(0
,0

)
=

1,
so

th
at

P
(
g)

is
n
orm

alized
.
E
q
u
ation

s
(9)

an
d
(10)

give
th
e
ex
act

ch
aracteristic

fu
n
ction

of
th
e
d
istrib

u
tion

of
th
e
q
u
an

tu
m

geom
etric

ten
sor

for
large

G
U
E

m
atrices,

an
d

are
th
e

cen
tral

resu
lts

of
th
is

p
ap

er.
W
e
fi
rst

sp
ecify

E
q
s.

(9)
an

d
(10)

to
th
e
d
istrib

u
tion

of
in
d
iv
id
u
al

m
atrix

elem
en
ts

of
g.

T
h
e
ch
aracteristic

fu
n
ction

of
th
e
d
istrib

u
tion

of
th
e
d
iagon

al
elem

en
ts

g
xx

an
d
g

yy
can

b
e
ob

tain
ed

b
y
settin

g
↵
0
=

±
↵
3
=

↵
an

d
↵
1
=

↵
2
=

0.
In
terestin

gly,
th
e
resu

ltin
g
ex
p
on

en
tial

factor
in

E
q
.
(9)

h
as

ju
st

th
e
sam

e
form

as
in

E
q
.
(5).

T
h
e
sam

e
h
ap

p
en

s
for

th
e
d
istrib

u
tion

s
of

R
e
g

yx
an

d
th
e

B
erry

cu
rvatu

re
Im

g
yx
,
w
h
ich

are
ob

tain
ed

from
E
q
.
(9)

b
y
settin

g
↵
1
=

↵
or

↵
2
=

↵
,
resp

ectively,
w
ith

all
oth

er
↵

j
=

0.
T
h
u
s,

it
is

th
e
ration

al
p
refactor

in
E
q
.
(9)

th
at

accou
n
ts

for
th
e
sp
ectral

correlation
s
in
tro

d
u
ced

b
y

th
e
G
au

ssian
u
n
itary

en
sem

b
le.

E
x
p
an

d
in
g
th
e
ex
p
o-

n
en
tial

in
E
q
.
(9),

w
e
ob

serve
th
at

th
e
lead

in
g
n
on

an
a-

ly
ticity

of
P̃
(
↵
0
,↵

)
is
of

th
e
form

|↵
| 3/

2,
w
h
ich

con
trasts

w
ith

th
e
lead

in
g

|↵
| 1/

2
sin

gu
larity

of
th
e
ch
aracteristic

fu
n
ction

P̃
in
t (
↵
)
in

E
q
.
(5).

T
h
is

im
p
lies

th
at

for
th
e

G
U
E
,
th
e
d
istrib

u
tion

fu
n
ction

of
th
e
q
u
an

tu
m

geom
et-

ric
ten

sor
in
d
eed

falls
o!

as
P
(
g)

/
1
/|g| 5/

2
for

large
|g|

an
d
th
u
s
faster

th
an

th
e
corresp

on
d
in
g
d
istrib

u
tion

P
in
t (
g)

/
1
/|g| 3/

2
for

in
tegrab

le
sy
stem

s,
corrob

oratin
g

th
e
ex
p
ectation

b
ased

on
2
⇥

2
G
U
E

m
atrices

[8].
O
u
r
an

aly
tical

d
istrib

u
tion

fu
n
ction

s
of

th
e
d
iagon

al
an

d
o!

-d
iagon

al
com

p
on

en
ts

of
th
e
q
u
an

tu
m

m
etric

ten
-

sor
are

in
ex
cellen

t
agreem

en
t
w
ith

n
u
m
erical

resu
lts

for
G
U
E

ran
d
om

m
atrices

as
sh
ow

n
in

F
igs.

1(a)
an

d
(b
).

M
oreover,

w
e
fi
n
d

th
at

th
e
o!

-d
iagon

al
elem

en
t
of

th
e

q
u
an

tu
m

m
etric

ten
sor

h
as

th
e
sam

e
d
istrib

u
tion

as
th
e

B
erry

cu
rvatu

re
[9].

T
o
com

p
are

ou
r
an

aly
tical

resu
lts

to
n
u
m
erical

sim
u
lation

s
for

G
U
E
ran

d
om

m
atrices

in
m
ore

d
etail,

w
e
n
ote

th
at

P
(
g)

ob
tain

ed
b
y
F
ou

rier
tran

sform
-

in
g
E
q
.
(9)

d
ep

en
d
s
on

th
e
q
u
an

tu
m

geom
etric

ten
sor

on
ly

th
rou

gh
its

eigen
valu

es
g±

=
g
0

±
|g

|.
W
ritin

g
g
=

U
d
iag[g

+
,
g�

]U
†,

th
e
d
istrib

u
tion

fu
n
ction

is
in
d
e-

p
en

d
en
t
of

th
e
d
iagon

alizin
g
u
n
itary

m
atrix

U
,
an

d
it

is
u
sefu

l
to

d
efi

n
e
th
e
corresp

on
d
in
g
join

t
eigen

valu
e
d
istri-

b
u
tion

p(
g
+
,
g�

)
th
rou

gh

P
(
g)
d
g
=

p(
g
+
,
g�

)
d
g
+
d
g�

d
µ
(
U
)
,

(11)

w
h
ere

d
µ
(
U
)
is

th
e

in
varian

t
m
easu

re
of

th
e

u
n
itary

grou
p
,
w
ith

th
e
grou

p
volu

m
e
n
orm

alized
to

u
n
ity.

W
e

fi
n
d

p(
g
+
,
g�

)
=

i(
g
+
�

g�
)

32
⇡
2

!
d
↵
+
d
↵
�
(
↵
+
�

↵
�
)

⇥
P̃
(
↵
0
,↵

)
e �

i2
(g

+
↵

+
+

g
�
↵

�
)

(12)

A
3D

p
lot

of
th
is

d
istrib

u
tion

is
sh
ow

n
in

F
ig.

1(c)
an

d

F
igure

1.
D

istribution
functions

of
(a)

the
diagonaland

(b)
the

o!
-diagonal

m
atrix

elem
ent

(real
part)

of
the

quantum
geom

etric
tensor.

N
um

erical
data

for
large

random
m

atrices
(blue

lines)
are

com
pared

to
the

Fourier
transform

of
the

an-
alytical

result
obtained

from
E

q.
(9)

(orange
dots).

(c)
3D

plots
of

the
distribution

function
p(g

+
,g

!
)

based
on

the
ana-

lyticalresultin
E

q.(12).
(d)C

orresp
onding

3D
plots

obtained
num

erically
for

large
random

m
atrices.

T
he

num
ericaldistri-

butions
are

obtained
by

averaging
over

10
6

realizations
of

H
in

E
q.

(3)
w

ith
H

0 ,
H

x ,
and

H
y

draw
n

indep
endently

from
the

G
U

E
w

ith
N

=
100.

Insets
in

(a)
and

(b):
Log-log

plots,
em

phasizing
the

asym
ptotic

1
/|g| 5

/
2

decays
(black

line).

3

the
quantum

geom
etric

tensor
takes

the
exact

form

÷P(!
0 ,!

)
=

r(
12 !

"!
+

,
12 !

"!
!

)e
!

1
!

i
2

( "
!"

+
+

"
!"

!
)

(9)

w
ith

!
±

=
!

0
±

|!
|

and
the

rationalfunction

r(a,b)
=

1
+

(1
"

i)(a
+

b)
"

2i3
(a

2
+

3
ab

+
b

2)
"

1
+

i
12

a
4

+
9

a
3b

+
17

a
2b

2
+

9
ab 3

+
b

4

a
+

b
"

130 ab(5a
2

+
16

ab
+

5
b

2)

+
1

"
i

180
a

2b
2(13a2

+
29

ab
+

13
b

2)
a

+
b

+
i30 a

3b
3

+
1

+
i

240
a

4b
4

a
+

b
+

1
2160

a
5b

5

(a
+

b) 2
(10)

For
the

sp
eciÞ

c
scalings

of
the

G
U

E
m

atrices
in

E
q.

(6),
w

e
Þ

nd
"

G
U

E
=

4
N

.
N

otice
that

÷P(0,0
)

=
1,

so
that

P
(g)is

norm
alized.

E
quations

(9)and
(10)

give
the

exact
characteristic

function
ofthe

distribution
ofthe

quantum
geom

etric
tensor

for
large

G
U

E
m

atrices,
and

are
the

centralresults
of

this
pap

er.
W

e
Þ

rst
sp

ecify
E

qs.
(9)

and
(10)

to
the

distribution
of

individual
m

atrix
elem

ents
of

g.
T

he
characteristic

function
of

the
distribution

of
the

diagonalelem
ents

g
xx

and
g

yy
can

b
e

obtained
by

setting
!

0
=

±
!

3
=

!
and

!
1

=
!

2
=

0.
Interestingly,

the
resulting

exp
onential

factor
in

E
q.

(9)
has

just
the

sam
e

form
as

in
E

q.
(5).

T
he

sam
e

happ
ens

for
the

distributions
ofR

eg
yx

and
the

B
erry

curvature
Im

g
yx ,

w
hich

are
obtained

from
E

q.
(9)

by
setting

!
1

=
!

or
!

2
=

!
,

resp
ectively,

w
ith

allother
!

j
=

0.
T

hus,
it

is
the

rational
prefactor

in
E

q.
(9)

that
accounts

for
the

sp
ectralcorrelations

intro
duced

by
the

G
aussian

unitary
ensem

ble.
E

xpanding
the

exp
o-

nential
in

E
q.

(9),
w

e
observe

that
the

leading
nonana-

lyticity
of

÷P(!
0 ,!

)
is

of
the

form
|!

| 3/
2,

w
hich

contrasts
w

ith
the

leading
|!

| 1/
2

singularity
of

the
characteristic

function
÷P

int (!
)

in
E

q.
(5).

T
his

im
plies

that
for

the
G

U
E

,
the

distribution
function

of
the

quantum
geom

et-
ric

tensor
indeed

falls
o!

as
P

(g)
#

1/|g| 5/
2

for
large

|g|
and

thus
faster

than
the

corresp
onding

distribution
P

int (g)
#

1/|g| 3/
2

for
integrable

system
s,

corrob
orating

the
exp

ectation
based

on
2$

2
G

U
E

m
atrices

[8].
O

ur
analytical

distribution
functions

of
the

diagonal
and

o!
-diagonalcom

p
onents

of
the

quantum
m

etric
ten-

sor
are

in
excellent

agreem
ent

w
ith

num
ericalresults

for
G

U
E

random
m

atrices
as

show
n

in
F

igs.
1(a)

and
(b).

M
oreover,

w
e

Þ
nd

that
the

o!
-diagonal

elem
ent

of
the

quantum
m

etric
tensor

has
the

sam
e

distribution
as

the
B

erry
curvature

[9].
To

com
pare

our
analyticalresults

to
num

ericalsim
ulations

for
G

U
E

random
m

atrices
in

m
ore
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