
A3 exam test solutions, 2020. jan. 28.

1.

y′ =
y

x
+

y2

x2
, u =

y

x
, u + u′x = u + u2,

u′ · 1

u2
=

1

x
, − 1

u
= ln |x|+ c, u = − 1

ln |x|+ c
,

y(x) = x · u(x) = − x

ln |x|+ c
.

2.

y′ +
2

x
· y = x2 y′h +

2

x
· yh = 0 yh(x) = c · 1

x2

c(x) =

∫
x2

1/x2
dx c(x) =

x5

5
yp(x) = c(x) · 1

x2
=

x3

5

y(x) = yp(x) + yh(x) =
x3

5
+

c

x2
.

3.

y′ = p(y), y′′ = p′(y)p(y), 2y2p′p = p3, p 6= 0

p′ · 1

p2
=

1

2y2
, −1

p
= − 1

2y
+ c, c = 0,

y′ = 2y, y = c · e2x, c = 1

y(x) = e2x.

4. P (at least one six) = 1−
(
5
6

)6
= 0.665.

5. Let A be the event that the �rst �ip is a head and B that exactly two are heads
out of the three �ips.

P (A | B) =
P (AB)

P (B)
=

1

2
·
(
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1

)
1

22(
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2

)
1

23

=
2

3
.

6. If X is the lifetime of the battery then by the exercise X ∼ Exp(1/3).

(a) P (2 < X < 4) = (1− e−4/3)− (1− e−2/3) = 0.250.

(b) By the memoriless property P (X > 5 | X > 3) = P (X > 2) = 1 − (1 −
− e−2/3) = 0.513.



7. Let X be the rainfall in a year. Then by the exercise X ∼ N(600,75).

(a) p = P (X > 750) = P
(
X−600

75
> 750−600

75

)
= 1− Φ(2) = 0.023.

(b) Ha Y év múlva lesz ilyen év, akkor Y ∼ Geo(p), tehát EY = 1
0.023

= 43.9.

8. Using the di�erential operator D we can rewrite the system as:

(2D − 4)x+(D − 1)y=et

(D + 3)x + 1 · y =0

from where

∆ =

∣∣∣∣∣∣∣∣
2D − 4 D − 1

(D + 3) 1

∣∣∣∣∣∣∣∣ = −D2 − 1 6= 0,

hence

∆x =

∣∣∣∣∣∣∣∣
et D − 1

0 1

∣∣∣∣∣∣∣∣ = et, ∆y =

∣∣∣∣∣∣∣∣
2D − 4 et

D + 3 0

∣∣∣∣∣∣∣∣ = −4et,

azaz

−x′′ − x = et, −y′′ − y = −4et.

The solutions ofor these di�erential equations are (for instance by using the
method of undetermined coe�cients):

x(t) = −1

2
et + c1 cos t + c2 sin t, y(t) = 2et + c3 cos t + c4 sin t.

Plugging these back to the second equation of the original system we obtain
c2 + 3c1 = −c3,−c1 + 3c2 = −c4, hence the general slution for the system is

x(t) = −1

2
et + c1 cos t + c2 sin t, y(t) = 2et + (−3c1 − c2) cos t + (c1 − 3c2) sin t.



9. If Xi is the number of requests in the ith second then by the exercise Xi ∼
∼ Poisson(1.3), i = 1, . . . ,60, therefore EX = D2X = 1.3. If S = X1+· · ·+X60

then by the CLT

P (S ≥ 120) =

= P

(
S − 60 · 1.3√

60 · 1.3
≥ 120− 60 · 1.3√

60 · 1.3

)
= 1−P

(
S − 60 · 1.3√

60 · 1.3
≤ 119.5− 60 · 1.3√

60 · 1.3

)
≈

≈ 1− Φ

(
119.5− 60 · 1.3√

60 · 1.3

)
= 1− Φ(4.699) = 1.308 · 10−6.

(The exact value is 1−
∑60

i=0
(60·1.3)i

i!
e−60·1.3 = 6.163 · 10−6.)


