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Reaction networks and polynomial dynamical systems

Remark. Any dynamics that can be obtained using polynomial

dynamical systems on the positive orthant can also be obtained
using mass-action systems.

In particular: if one could solve Hilbert's 16™ problem for mass-
action systems, then this would solve the problem in general.
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Polynomial dynamical systems in 2D: Hilbert’s 16™ problem

Hilbert s 16" problem: What can be said about the number and
location of [imit cycles (isolated closed orbits) of a planar
polynomial vector field with components of degree n?

Problem 1. Is it true that a planar polynomial vector field has but a finite number
of limit cycles?

Problem 2. Is it true that the number of limit cycles of a planar polynomial vector
field is bounded by a constant depending on the degree of the polynomials only?

The bound on the number of limit cycles in Problem 2 is denoted by H(n) and
known as the Hilbert number.  Linear vector fields have no limit cycles; hence
H(1) = 0. It is still unknown whether or not H(2) exists.

Yulij Ilyashenko, Centennial history of Hilbert's 16th problem, Bull. AMS 2002.




A short history of Hilbert’s 16™ problem

P—Poincaré; H—Hilbert, D—Dulac, P-L—Petrovskii-
Landis, E—Ecalle, I—Ilyashenko;

Yulij Ilyashenko, Centennial history of Hilbert's 16th problem, Bull. AMS 2002.
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Fully general
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Fully general

Degree Weakly reversible  Source and target Mass action (not mass action)
n Ma(n)
2 =0
3 > > 1
4 >1 >1
as n — 0o > O(n?)
2m-1 2m 2m+1
Theorem, There exists a reversible chemical system of order 4N + 2 that has N algebraic limit cycles

for all N € N. In particular, we have W%(4N +2) > N.
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