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Background

a wide class of (nonnegative) dynamical systems can be modeled in
the kinetic (CRN) framework

in many applications, the incorporation of time delay is essential to
describe the observed phenomena

model class introduced and explained in: (Roussel, M. R. (1996). The
use of delay differential equations in chemical kinetics. The Journal of
Physical Chemistry, 100(20), 8323-8330)

there are important relations between reaction graph structure and
qualitative dynamics (naturally, fewer results on delayed networks)

related contributions to be mentioned by M. Mincheva, M.R. Roussel,
G. Craciun, C. Pantea, P.Y. Yu, H. Komatsu, H. Nakajima, G. Lipták,
K.M. Hangos, G. Szederkényi
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Delayed chemical reaction networks: idea

Basic idea: assign time delays to certain reactions

consumption of reactants is immediate, while formation of products is
delayed (discrete or distributed)

delayed reactions may substitute cascades (subsystems) or describe
transport delays, infection delays etc.

Simple compartmental (linear) example (e.g., a mass convection network):
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Introduction

The dynamics of mass action kinetic systems can be given as

ẋ(t) =

M∑
k=1

κkx
yk(t)

(
yk′ − yk

)
= Y KΓ

(
x(t)

)
, (1)

where

x(t) ∈ RN+ is the state vector (concentration of species),

there are M reactions, with stoichiometric vectors yk, yk′ ∈ NN ,
κk > 0 is the reaction rate constant,

vector exponential: xy =
∏N
i=1 x

yi
i ,

the Y complex matrix contains yk vectors as columns,

K is the weighted negative Laplacian of the reaction graph,

the elements of the Γ(x) column vector are xyk ,

the set of stoichiometric vectors is K.
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Motivation

We wish to generalize certain stability results of (1) to include
non-mass-action (e.g., Michaelis-Menten or Hill-type) kinetics. We
consider systems of the form

ẋ(t) =

M∑
k=1

κkγ
yk
(
x(t)

)(
yk′ − yk

)
= Y KΓ

(
x(t)

)
, (2)

where γ(x) =
[
γ1(x1) γ2(x2) · · · γN (xN )

]⊤
.

The γi functions

are increasing and continuously differentiable,

satisfy γi(0) = 0,

satisfy further technical regularity assumptions.

Some examples:

mass action kinetics: γi(s) = s,

Michaelis-Menten-type kinetics: γi(s) =
s

k+s for some k > 0.

Hill-type kinetics: γi(s) =
sn

k+sn for some k > 0 and n > 0.
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Positive stoichiometric compatibility classes

The reaction vector of reaction k is yk′ − yk. The linear span of the
reaction vectors is the stoichiometric subspace S, defined as

S = span
{
yk′ − yk

∣∣k = 1, 2, . . . ,M
}
.

For p ∈ RN+ the positive stoichiometric compatibility class Sp is given as

Sp =
{
x ∈ RN+

∣∣x− p ∈ S
}
.

Integrating (2) yields

x(t) = x(0) +

(
M∑
k=1

κk

∫ t

0
γyk
(
x(t)

)
dt

)(
yk′ − yk

)
showing that x(t) ∈ Sx(0) for t ≥ 0; that is, the positive stoichiometric
compatibility classes are positively invariant under (2).
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Quasi-thermostatic CRNs

A positive vector x ∈ RN+ is called a positive equilibrium of (2) if x(t) ≡ x
is a solution.

We define ρ(x) = log
(
γ(x)

)
and say that a kinetic system is

quasi-thermostatic w.r.t. the positive vector x if the set of positive
equilibria is identical to

E =
{
x̃ ∈ RN+

∣∣ρ(x̃)− ρ(x) ∈ S⊥},
where the logarithm is taken element-wise. Such a system is
quasi-thermostatic w.r.t. to any element of E , thus we usually omit x from
the definition.

Theorem

Assume that (2) is quasi-thermostatic. Then every positive stoichiometric
compatibility class contains exactly one positive equilibrium.
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Quasi-thermodynamic CRNs

We say that a kinetic system is quasi-thermodynamic w.r.t. the positive
vector x it the system is quasi-thermostatic w.r.t. x and(

ρ(x)− ρ(x)
)
· f(x) ≤ 0 (3)

holds for x ∈ RN+ , with equality holding of f(x) = 0 or, equivalently, if
ρ(x)− ρ(x) ∈ S⊥. Again, such a system is quasi-thermodynamic w.r.t.
any element of E .

Theorem

Assume that (2) is quasi-thermodynamic. Then, each positive
stoichiometric compatibility class contains precisely one positive
equilibrium and that equilibrium is locally asymptotically stable, and there
is no nontrivial periodic trajectory along which all species concentrations
are positive.
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Quasi-thermodynamic CRNs

The proof relies on the entropy-like logarithmic Lyapunov function

V (x, x) =

N∑
i=1

∫ xi

xi

(
log γi(s)− log γi(xi)

)
ds ,

since (3) is equivalent to ∇V (x, x) · f(x) ≤ 0.

We say that the Lyapunov function is entropy-like, since for mass action
kinetic systems it has the form

V (x, x) =

N∑
i=1

(
xi(log xi − log xi − 1) + xi

)
=

N∑
i=1

(
xi log

xi
xi

+ xi − xi

)
.
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Complex balanced CRNs

An equilibrium x is called complex balanced if KΓ(x) = 0 or, equivalently,
if for every complex η ∈ K we have that∑

k:η=yk

κkγ
yk(x) =

∑
k:η=yk′

κkγ
yk(x).

Theorem

If a kinetic system admits a positive complex balanced equilibrium, then
every positive equilibrium is complex balanced.

Theorem

A complex balanced kinetic system is quasi-thermodynamic.
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Delayed CRNs

We consider delayed kinetic systems of the form

ẋ(t) =

M∑
k=1

κk

(
γyk
(
x(t− τk)

)
yk′ − γyk

(
x(t)

)
yk

)
, (4)

where τk ≥ 0. The initial data is a continuous function that maps [−τ, 0]
into RN+ ; that is, it is an element of C+,τ = C([−τ, 0],RN+ ), where
τ = maxk τk. The set of positive initial data is denoted by C+,τ .

The solution corresponding to an initial function ψ ∈ C+,τ at time t ≥ 0 is

denoted by xψ(t) ∈ RN+ . When we want to refer to the solution as a

function, we denote it by xψt ∈ C+,τ .

A positive vector x ∈ RN is called a positive equilibrium of (4) if x(t) ≡ x
is a solution. Thus, the equilibria of the delayed system (4) and the
nondelayed system (2) coincide.
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Compatibility classes of delayed CRNs

The delayed positive stoichiometric compatibility classes are defined as

Dθ =
{
ψ ∈ C+,τ

∣∣cv(ψ) = cv(θ) for all v ∈ S⊥},
where the functional cv is given by

cv(ψ) = v ·

[
ψ(0) +

M∑
k=1

(
κk

∫ 0

−τk
γyk
(
ψ(s)

)
ds

)
yk

]
, ψ ∈ C+,τ .

Clearly, ψ ∈ Dθ if and only if ψ ∈ C+,τ and

ψ(0)− θ(0) +

M∑
k=1

(
κk

∫ 0

−τk

(
γyk
(
ψ(r)

)
− γyk

(
θ(s)

))
ds

)
yk ∈ S.
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Compatibility classes of delayed CRNs

Theorem

For every θ ∈ C+,τ the positive stoichiometric compatibility class Dθ is a
closed subset of C+,τ . Moreover, Dθ is positively invariant under (4); that

is, if ψ ∈ Dθ, then x
ψ
t ∈ Dθ for all t ≥ 0.

H. Komatsu and H. Nakajima.

Persistence In Chemical Reaction Networks With Arbitrary Time Delays .

SIAM Journal on Applied Mathematics, 79(1):305–320, 2019.

H. Komatsu and H. Nakajima.

The Deficiency Zero Theorem and global asymptotic stability for a class of
chemical reaction networks with arbitrary time delays.

Systems & Control Letters, 136:104601, 2020.
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Quasi-thermostatic delayed CRNs

Since the equilibria of (4) and (2) coincide, we do not have to modify our
definition of quasi-thermostaticity.

Theorem

Assume that the kinetic system (4) is quasi-thermostatic. Then, for every
θ ∈ C+,τ the corresponding delayed positive stoichiometric compatibility
class Dθ of the system (4) contains exactly one positive equilibrium.
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Quasi-thermodynamic delayed CRNs

We define the Lyapunov-Krasovskii functional

V (ψ, x) =

N∑
i=1

∫ ψi(0)

xi

(
log γi(s)− log γi(xi)

)
ds

+

M∑
k=1

κk

∫ 0

−τk

(
γyk
(
ψ(s)

)(
log γyk

(
ψ(s)

)
− log γyk(x)− 1

)
+ γyk(x)

)
ds .

We say that a delayed kinetic system is quasi-thermodynamic w.r.t. x if it
is quasi-thermostatic w.r.t. x (we can omit x as before) and

V̇ (xt, x) ≤ 0.

Theorem

Assume that the kinetic system (4) is quasi-thermodynamic. Then, every
positive equilibrium of the system is Lyapunov stable relative to its positive
stoichiometric compatibility class.
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Complex balanced delayed CRNs

Theorem

Assume that the delayed kinetic system (4) is complex balanced. Then it
is quasi-thermodynamic. Moreover, each positive equilibrium is locally
asymptotically stable relative to its positive stoichiometric compatibility
class and there is no nontrivial periodic trajectory along which all species
concentrations are positive.
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Interpretation of delayed entropy

V (ψ, x) =

N∑
i=1

∫ ψi(0)

xi

(
log γi(s)− log γi(xi)

)
ds

+

M∑
k=1

κk

∫ 0

−τk

(
γyk
(
ψ(s)

)(
log γyk

(
ψ(s)

)
− log γyk(x)− 1

)
+ γyk(x)

)
ds.

first sum describes the entropy (or free energy) of the current
concentration configuration

the second sum describes the ’residual’ entropy of the history

Why does the second term resemble the mass action entropy?

N∑
i=1

(
xi(log xi − log xi − 1) + xi

)
M. A. Vághy (PPCU-FIT) Stability of delayed complex balanced CRNs 5th of November, 2024 19 / 32



Chain method

Let us assume that there is only one delayed reaction.

ẋ(t) =

M−1∑
k=1

κkγ
yk
(
x(t)

)(
yk′ − yk

)
+ κM

(
γyM

(
x(t− τM )

)
yM ′ − γyM

(
x(t)

)
yM

)
.

(5)

Idea is to approximate the delayed reaction yM ·X κM ,τM−−−−→ yM ′ ·X with a
cascade of nondelayed mass action reactions:

yM · Z κM−−→ V1
L/τM−−−→ V2

L/τM−−−→ · · · L/τM−−−→ VL
L/τM−−−→ yM ′ · Z.

I. Györi.
Two approximation techniques for functional differential equations.
Computers & Mathematics with Applications, 16(3):195–214, 1988.

B. Krasznai, I. Győri, and M. Pituk.
The modified chain method for a class of delay differential equations arising in neural
networks.
Mathematical and Computer Modelling, 51(5–6):452–460, 2010.
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Chain method

The approximating dynamics is given by

ż(t) =

M−1∑
k=1

κkγ
yk
(
z(t)

)(
yk′ − yk

)
+

L

τM
vL(t)yM ′ − κMγ

yM
(
z(t)

)
,

v̇1(t) = κMγ
yM
(
z(t)

)
− L

τM
v1(t),

v̇i(t) =
L

τM
vi−1(t)−

L

τM
vi(t), 2 ≤ i ≤ L.

(6)

If (5) is complex balanced, then (6) is complex balanced as well.
If the initial data of (5) is θ(t), then if the initial data of (6) is set to

z(0) = θ(0), vi(0) = κM

∫ −(i−1)
τM
L

−i τM
L

γyM
(
θ(s)

)
ds,

then the equilibrium of (6) is

z = x, vi = κM
τM
L
γyM (x).
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Chain method

The Lyapunov function can be given as

V L
(
z(t), v(t), z, v

)
=

N∑
i=1

∫ zi

zi

(
log γi(s)− log γi(zi)

)
ds+

L∑
i=1

(
vi log

vi
vi

+ vi − vi

)

=

N∑
i=1

∫ zi

xi

(
log γi(s)− log γi(xi)

)
ds

+

L∑
i=1

(
vi log

vi
κM

τM
L γ

yM (x)
+ κM

τM
L
γyM (x)

)
.
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Chain method

We introduce the approximations

z(t) ≈ x(t),

vi(t) ≈ κM

∫ t−(i−1)
τM
L

t−i τM
L

γyM
(
x(s)

)
ds ≈ κM

τM
L
γyM

(
x

(
t− i

τM
L

))
to get

V L
(
z(t), v(t), z, v

)
≈

N∑
i=1

∫ xi

xi

(
log γi(s)− log γi(xi)

)
ds

+
L∑
i=1

κM
τM
L

[
γyM

(
x

(
t− i

τM
L

))
log

γyM
(
x
(
t− i τML

))
γyM (x)

+γyM (x)− γyM

(
x

(
t− i

τM
L

))]
.

Taking the limit L→ ∞ yields our Lyapunov-Krasovskii functional.
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Example 1

2X1
κ1=1−−−−−−−−⇀↽−−−−−−−−

κ2=2,τ2=0.5
X2.

If we assume mass action kinetics, then the system takes the form

ẋ(t) = κ1

(
x21(t)

[
0
1

]
− x21(t)

[
2
0

])
+ κ2

(
x2(t− τ2)

[
2
0

]
− x2(t)

[
0
1

])
.

The stoichiometric subspace and its orthogonal complement is

S = span

{[
−2
1

]}
S⊥ = span

{[
1
2

]}
.

It is easy to verify that [2 2]⊤ is a positive complex balanced equilibrium,
and thus the positive equilibria are given by

E =

{
x ∈ R2

+

∣∣∣∣∣
[
log x1 − log 2
log x2 − log 2

]
∈ S⊥

}
.

M. A. Vághy (PPCU-FIT) Stability of delayed complex balanced CRNs 5th of November, 2024 24 / 32



Example 1

With γ1(s) =
s2

1+s and γ2(s) =
s3

1+s the transformed system takes the form

ẋ(t) = κ1

(
x41(t)(

1 + x1(t)
)2 [01

]
− x41(t)(

1 + x1(t)
)2 [20

])

+ κ2

(
x32(t− τ2)

1 + x2(t− τ2)

[
2
0

]
− x32(t)

1 + x2(t)

[
0
1

])
.

Is it easy to verify that
[√

5
2 + 1

2 1
]⊤

is a positive complex balanced

equilibrium, and thus the positive equilibria are given by

E =

{
x ∈ R2

+

∣∣∣∣∣
[
log

x21
1+x1

− log 1

log
x32

1+x2
− log 1

2

]
∈ S⊥

}
.
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Example 1
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Example 2

Let us consider the set of reversible reactions

3X1

κ1=
1.4
3−−−−⇀↽−−−−

κ2=
2.8
3

3X2

3X1
κ3=0.1−−−−−−−−−−⇀↽−−−−−−−−−−

κ4=0.126,τ4=0.4
2X1 +X2

3X2
κ5=0.1−−−−−−−−−−⇀↽−−−−−−−−−−

κ6=0.063,τ6=0.6
2X1 +X2

with the transformations γ1(s) = s and γ2(s) =
s2

1+s . The stoichiometric
subspace and its orthogonal complement are

S = span

{[
−3
3

]}
S⊥ = span

{[
3
3

]}
.
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Example 2

The system takes the form

ẋ(t) = κ1

(
x31(t)

[
0
3

]
− x31(t)

[
3
0

])
+ κ2

(
x62(t)(

1 + x2(t)
)2 [30

]
− x62(t)(

1 + x2(t)
)2 [03

])

+ κ3

(
x31(t)

[
2
1

]
− x31(t)

[
3
0

])

+ κ4

(
x21(t− τ4)

x22(t− τ4)

1 + x2(t− τ4)

[
3
0

]
− x21(t)

x22(t)

1 + x2(t)

[
2
1

])

+ κ5

(
x62(t)(

1 + x2(t)
)2 [21

]
− x62(t)(

1 + x2(t)
)2 [03

])

+ κ6

(
x21(t− τ6)

x22(t− τ6)

1 + x2(t− τ6)

[
0
3

]
− x21(t)

x22(t)

1 + x2(t)

[
2
1

])
.
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Example 2

It is easy to verify via the Cardano formula that

x =

 3
√
2

3

√
1
2 +

√
23
108 + 3

√
1
2 −

√
23
108


is a positive complex balanced equilibrium, and thus the positive equilibria
are given by

E =

{
x ∈ R2

+

∣∣∣∣∣
[

log x1 − log x1

log
x22

1+x2
− log

x22
1+x2

]
∈ S⊥

}
.
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Example 2
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Summary

stability of a wide class of delayed non-mass-action CRNs was studied

quasi-thermostatic property =⇒ one positive equilibrium on each
positive compatibility class

quasi-thermodynamic property =⇒ each positive equilibrium is
Lyapunov-stable

Lyapunov-Krasovskii functional given (actual + ’residual’ entropy)

complex balance =⇒ quasi thermodynamic + local asymptotic
stability (within positive compatibility class)
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