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'C redits

I'll be describing joint work with Elisenda Feliu (Copenhagen).
Preprint at:

https://arxiv.org/abs/2409.06877

Many of the ideas arise from work on bifurcations, done jointly
with Balazs Boros (Szeged) and Josef Hofbauer (Vienna).

I'll also use some recent results on bifurcations, soon to be arXived.
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'Motivating example: a (2,4, 2) quadratic network

K1
X——0

K
0—2> X +Y K+Y
K
X 4+Y 25 3% / .

Raq
2X —> 3X ——— —

_r K A xA
< -1 1 2 1 ) K1 1 0 X
01 -1 0 K 00 1
. A 2
x= r(ﬁ ox ) stoichiometric matrix R3 11 Xy
Ka 20 X2
rate constants exponent matrix monomials

(2,4,2) means: 2 species; 4 reactions; rank 2 (i.e., I' has rank 2). This

network is quadratic as row-sums of A are all < 2; equivalently, the

A

monomials in x”* are at-most-quadratic.
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'A bound on positive nondegenerate equilibria

Claim. No (2, m,2) network with these sources (0, X, 2X, X +Y) can
admit more than two positive nondegenerate equilibria.

An easy calculation tells us this. We augment the exponent matrix A
with a column of ones, and find a basis for the kernel [A]1]":

w [A]1]

(2 -1 0 —1) 1 01
basis of ker[A | 1] T 0 0|1 — 0
1 1|1 '

2 01

augmented exponent matrix

The sum of positive elements of W is < 2, and this implies the claim.
Let's do a few more calculations.
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'The solvability equation

We find a basis of ker I

I basis of ker I': [vy |vs]

-11 21
01 -1 0

stoichiometric matrix

O W
= O O =

We can parameterise the positive part of ker[. For a € (0, 1), define
h(a) :=avi + (1 —a)w = 2a +1,a,a,1 —a)". Then

ker TMRY = {Ah(a) : A€ Ry, o € (0,1)}.
For any k € Ri, positive equilibria are in

smooth, one-to-one correspondence with
solutions « € (0,1) to the solvability

equation  h(a)V =&W.
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'The solvability equation h(a) — k" =0

In this example, we calculate h(a)W — &":

2a+1) (2 -1 0 -1) ki) (2 -1 0 —1)
« K2
« B K3
11—« Ka

le., h(@)V — k" = (2a+1)2a7a®(1 — a) ™! — k2ky K3k, .

Clearing denominators in h(a)" — k" = 0 gives:

2
K1

fla,0) :=(4+0)a®>+(4—0)a+1=0, where 0=0(k):= .
RoRa4

Note that this equation is (at-most) quadratic precisely because the sum
of positive entries in W is < 2.
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' Parameter sets for multistationarity and bifurcations

Parameter set for multistationarity and fold bifurcations. From

f(a,0) = (4+0)a®+(4—0)a+1=0, (9:: "ﬁ),

the theory tells us that this network has:

2
1

@ no positive equilibria for .~

o < 12;
2
1

@ two positive nondegenerate equilibria for H’ZM

> 12;

@ a nondegenerate fold bifurcation, unfolded by k, at o 12,

K2R,

provided that k3 # 2k4/3. (Nondegeneracy and transversality follow
from the trivial calculations: f,,(12,1/4) # 0 and fp(12,1/4) # 0).
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'Parameterising the positive equilibrium set

Define A, := {a € (0,1) : f(a, ) = 0}. Observe that

G [Al1]

1 -1 0 0 1 0|1
-1 010 0 01 B (1) (1) 8
0 1 00 1 1|1 B 00 1

generalised inverse of [A|1] 2 0|1

augmented exponent matrix

Let G be the top two rows of G. Then positive equilibria admit the
parameterisation x = {(h(a)/k)® : a € A}, namely,

QatD/m N\ (1 %1 5) ra(20+1)
( X ) _ /Ko _ ( e )
y 01/53 K1
(1 _ Oé)/lﬁ‘,4 k3(2a+1)
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'Parameterising the positive equilibrium set

Recalling that
Ag={a€(0,1) : (4+60)a®+(4—0)a+1=0},

we can be more explicit. For x3/(kaks) > 12, we get two branches of
equilibria:

X %ﬂn) 4/&% + 21@1\//&% — 12KoK4
= ! , where Wi(k):= .
y H1 K2 — Akpkg £ K1\/K3 — 12Koks

r3Wi (k)
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'The general idea

The ideas behind this simple example extend naturally to any mass
action network (including networks with conservation laws). We
can always

@ Obtain parameterisations of equilibria.

@ Write down alternative systems of equations.
© Use these to make claims about:

o the geometry of the equilibrium set (e.g., toricity);

e the maximum number of positive nondegenerate equilibria on
stoichiometric classes;

e bifurcations.

The alternative equations may be simplified if the network factors
over a partition.
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' Conservation laws (stoichiometric classes)

The vector field I'(k o x4) is
everywhere parallel to im . The
intersections of cosets of im I
with R are positive
stoichiometric classes. (These
may be bounded or unbounded.)

For an (n, m, r) network, these take the form:
{xeR] : Zx = K}

where Z is an (n — r) x n matrix encoding linear conservation laws
whose rows form a basis of ker ' ", and K is a constant vector.
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'Partitions by example

Consider the (2,4, 2) network:

XLy X4+Y, Y 25X, 2Y EsY4+Z, Y+Z-ESov.

We have
-1 1 0 0

= 1 -1 -1 1
0 0 1 -1

so a basis of ker I is {(1,1,0,0),(0,0,1,1)}.
We say the network factors over the partition P = {{1,2},{3,4}} as

ker I is the direct sum of its projections onto the coordinate hyperplanes
associated with blocks of P, i.e.,

ker r = Span{(l, ].7 0, 0)} @ Spa'n{(ov 07 13 1)} N
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The construction (trivial partition only)

(mainly because the notation gets quite messy)

We work with an arbitrary (n, m, r) network.
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'Positive equilibria and the positive flux cone

We define the positive flux
cone:

m
ker,[:=ker[ N R7. R
When ker [ is nonempty, its
closure is a (closed) convex,

polyhedral cone of dimension
m-—r.

Positive equilibria of x = ['(k o x) on the stoichiometric class defined by
Zx = C satisfy:

xeRl, Zx=C, kox?eker, T
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'Parameterising the positive flux cone

We parameterise ker. I as follows: choose (any) flat cross section of
kery I, say C, and an affine bijection

h:YCR"™ "¢,
where Y is an (m — r — 1)-dimensional bounded polytope in R™~ "1,
We then write a general
point in kery I uniquely as
Ah(a)

where (A,a) e Ry x Y. («
chooses a ray in kery )
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' Positive equilibria of mass-action networks |

So, x € R is an equilibrium of x = I'(k o x*) iff
kox?ekery T,

namely, iff there exist (A\,a) € Ry x Y s.t.
kox™ = \h(a).

)T

Taking logarithms, writing 1 for (1,1,...)", and rearranging gives

In x

Ink +[A]1] < - > — In h()
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' Finite dimensional linear algebra digression!

Fredholm alternative. Given a matrix M: R” — R™, and some
vector v € R, the (inhomogeneous) equation

Mu = v (%)

has solution(s) if and only if (y,v) =0 for all y € R™ such that
y M = 0. Equivalently, given any matrix W whose rows are a
basis of ker(M "), we must have Wv = 0.

If Wv =0 ("“solvability equation”), the general solution to () is
ugp + ker M, where ug is any particular solution of (x).

Choose uy = Gv, where G is any generalised inverse of M.

If @ is a matrix whose columns are a basis of ker M, the general
solution to (x) is
{Gv+Qw : weR}.
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' Positive equilibria of mass-action networks Il

Applied here, a solution (x, ) to

In x

Ink + [A] 1] < - > — In h(a)

exists if and only if, for any matrix W whose rows are a basis of
ker[A|1]T,

Wnk = W Inh(a), equivalently h(a)W = k"

This is the solvability equation. We may always assume (w.l.0.g.)
that W is an integer matrix, in which case, clearing denominators,
we get a polynomial system (in «).
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' Positive equilibria of mass-action networks |l

For fixed k, define
Ao ={acY : ha)¥ ="}

to be solution set of the
solvability equation. (If W is
empty, A, :=Y.)

When « € A,, as above we get the general solution
( _::; ) =GIn(h(a)/&)+ Qlnp,

where G is a generalised inverse of [A|1], the columns of @ are a basis
of ker [A]1], and p is an arbitrary positive vector.
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'Positive equilibria of mass-action networks IV

Define @, Q to be the top n rows of G, @ respectively to get

~

(f::i):Gln(h(a)/nHanu = Inx:@'"((a>/“) Qln
& x=(h(a)/K)C o t Fala, p).

So: the positive equilibria of x = I'(k o x*) can be parameterised as:

= | {(h(@)/m)® o u? | € RE?} (+)

a€A,

where s :=rank [A| 1] — 1 is the “source rank” of the network.

Remark. Equation (x) expresses &, as a disjoint union of toric sets,
{CopQ: peRI°} If #A, =1, then &, is toric.
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' The “alternative equations”

Let Sk € R7 be the positive stoichiometric class defined by Zx = K. In
(v, i) space, these correspond to the pair of equations:

ha)W =&Y, Z[(h(e)/K)C o u®] = K ()

@ The first equation (solvability equation) defines A, equivalently, a
set of rays in the positive flux cone.

@ The second equation tells us the conservation laws are satisfied.
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'Thm: the alternative equations (more formally)

For fixed &, define F,.: Y x R]™° — R" by

Fo(a, ) := (h(a)/r)C o 2.
Then

@ F. is a smooth, injective, semialgebraic map between the solutions
(,p) € Y xRI° to

h)W =&Y, Z[(h(a)/K)C o u® = K ()

and &, N Sk (the set of positive equilibria on Sk).

@ Given (a, p) € Ax x R™°, define x := F(a, p) and K := Zx.
Then x is a degenerate equilibrium of x = I'(k o x?) if and only if
(v, i) is degenerate as a solution of ().
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'The case with a nontrivial partition

The more general construction is very similar. For example, if a
4-reaction network factors over P := {{1,2},{3,4}}, then we replace

0
by 173 =

T
OO - =
=)

This (possibly) modifies W, Q, G, A,.. The parameterisation is still:

Eni= || {(h(@)/k)® o pu® | u e R} (+)
acA,

where now p is the number of blocks of the partition and
sp :=rank[A|1p] — p. The alternative equations are exactly as before.
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'Remarks

@ The alternative system (*x) is “square”: it has the same number of
equations and variables (n+ m — r — sp — p).

@ The matrices Z, W, @ and G are in general not unique (and W, (3
and G depend on the partition). There are various interesting
special cases where some of Z, W and Q are empty.

@ Z, W and Q can always be chosen to be integer matrices. When G
can be chosen to be an integer matrix, then the alternative
equations are polynomial.
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Some more examples
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' The example involving a nontrivial partition

Recall the (3,4, 2) network:
XLy X4+Y, Y 25X, 2Y E5Y4+7Z, Y+Z-ESov.

where the stoichiometric matrix is
M= 1 -1 -1 1

and ker [ has a basis {(1,1,0,0),(0,0,1,1)}.

So the network factors over the partition P = {{1,2},{3,4}}.
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' Partition example continued...

X Lo X+Y, Y 25X, 2Y 25Y47Z, Y+Z-E50v.

In light of the partition, we are interested in the matrix:

[Al1p] =

o oOoON
—= N RO
= O O O
OO ==
—= = 0O O

Observing that rank[A|1p] = 4, and Q :=(1,2,2,—2,—4) € ker[A|1p],
we get a monomial parameterisation of positive equilibria:

{(xy.2) = ((k2/m2) P 2, (w3 /wa)pi®) = € Ry}

It is then trivial to see that for any k € ]Ri, each positive stoichiometric
class has a unique (nondegenerate) equilibrium.
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'Example with more complicated behaviour

Consider the bimolecular (3,4, 2) mass-action network
XY, Y27, 2X 2027 Y+Z 552X

We obtain the rational parameterisation of positive equilibria:

X 0:1(1 —«)/2
y | =1 ba(l—a)/4 ,
z 030712 — a)

where (a,0(k)) € (0,1) x R3. When x +y + z = K € R, positive
equilibria correspond to zeros in (0,1) of the cubic:

f(a;01,02,03,K) :=2601a(1 — @) + 0,0°(1 — @) + 465(2 — a) — 4K

We can find explicit descriptions of the parameter regions for

@ cusp bifurcations @ three isolated equilbria @ etc.
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'Example with more complicated behaviour continued

Cusp bifurcations.
XY, Y27, 2X 2027 Y+Z- 252X

If we complete the calculations, we find that given
(a, 8,7) € (0,1/3) x R x Ry, a nondegenerate cusp bifurcation,
unfolded by k, occurs at

(1-3a)(1-0a) al—a) a2(2—a)>
4 ’ 4 7 8 ’

-

when the rate constants are

( ) ¥ 2 1 4 8
K1,Kp,K3,K4) = — — | .
1 2s B3, e BA\(1—=3a)” 77 (1-3a)28" a2
This fuIIy characterises the cusp bifurcation set in this network.
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Some theoretical consequences
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' Theorem: ‘“source deficient” networks

Thm. If the dimension of the affine hull of the source complexes of a

mass-action network is less than its rank, then

(i) positive equilibria exist for at most an exceptional set of parameters;

(i) all positive equilibria are degenerate.

For example:

. 2Y
2¥ —— Y

K

X+ Y —2> 2y Y
K

X — > 3X

AN

X+

—
—_—

2X. 3X

The three sources lie on a line, but the reaction vectors span the plane.
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'Theorem: quadratic (n, n, n — 1) networks

Thm. Quadratic (n, n, n — 1) networks admit no more than two positive
nondegenerate equilibria on any stoichiometric class. (The smallest n for
which this bound is achieved is n = 3.)

Proof approach. If the network is not degenerate, then the equilibrium
set is toric, and the alternative system is a single equation of the form:

Z[(v/K)€ o p® = K.
in the variable u € R, where v € R and Z € R" are constant vectors,

and K € R is a real constant. A lemma on the form of ker [A|1] tells us
that this reduces to an at-most-quadratic equation in .

Murad Banaji Positive equilibria in mass action networks



'Quadratic full rank networks with few sources

Claim. Quadratic (n, m, n) networks with < n + 2 distinct sources admit
easily computed bounds on positive nondegenerate equilibria
dependent on their sources alone.

The idea. With any exponent matrix, we associate a so-called “SR

graph”. E.g.,

rn
r
r3
r
s

(%)
et

OO O N

o, R EHOY

&

r

== O OO
i
g
&

Iy S3

The bounds correspond to labellings of this graph, satisfying certain

criteria.
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'Cusp in quadratic (n,n + 1,n — 1) networks

Thm. Quadratic (n,n+ 1, n — 1) networks with affinely dependent
sources forbid (nondegenerate, fully unfolded) cusp bifurcations.

Proof sketch. Either a network is degenerate, or the alternative equations
decompose into a pair of scalar equations of the form

0=h(e, k), 0=hlapk)

We find that cusp bifurcations are forbidden by examining the subsystems
independently.

Remark. This is a slightly subtle result: the networks can admit cusp
points, and have “enough parameters” to allow cusp bifurcations, and yet
they forbid these bifurcations.
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'Closing remarks

@ I've presented only a few of many results. There is a whole lot
of additional theory associated with quadratic networks.

@ The proof that the alternative equations capture
nondegeneracy and transversality of fold and cusp bifurcations
is forthcoming.

@ There are many interesting open questions... for example,

o How do we make various choices? (Different choices of
matrices lead to different alternative equations.)
e When are the bounds we obtain sharp?

@ The implementation of these results as algorithms is only
partial at the moment.
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Thank you for listening!

Main reference:

B. and Feliu, Positive equilibria in mass action networks: geometry
and bounds (2025), https://arxiv.org/abs/2409.06877

(Plus work in preparation with Baldzs and Josef; plus work in
preparation on bifurcations.)

Murad Banaji Positive equilibria in mass action networks


https://arxiv.org/abs/2409.06877

