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Abstract

This paper deals with ratio-dependent predator-prey systems
with delay. We will investigate under what conditions delay can-
not cause instability in higher dimensions. We give an example
when delay causes instability.
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1. Introduction

Let us consider the following ratio-dependent ecological system, in which
n different predator species (the i-th predator quantities at time ¢ are
denoted by y;(t), : = 1,2,...,n respectively) are competing for a single
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prey species (the quantity of prey at time ¢ is denoted by z(t)):

. . Yi
b= rag(e,K) = yp; (;)
=1

Yi
X

(1.1)
where dot means differentiation with respect to time t. We assume that
the per capita growth rate of prey in absence of predators is rg(z, K)
where 7 is a positive constant (in fact the maximal growth rate of prey),
K > 0 is the carrying capacity of environment with respect to the prey,
the function g satisfies some natural conditions, see the details in [6]. For
example one of these conditions is the following:

(K —2)g(x,K)>0, >0, z#K. (1.2)

Such a function g is the so called logistic growth rate of prey

gz, K)=1— % (1.3)

We assume further that the death rate d; > 0 of predator i is constant

1

and the per capita birth rate of the same predator is p; (y_>7 where the
x

function p; also satisfies some natural conditions, see also in [6].
In that paper we have already investigated the system with the Michaelis—
Menten or Holling type functional response in case of ratio-dependence:

Yi ) z
i\~ Qi ) = My 14
P <x “ m a;Y; + ( )

and with the ratio-dependent Ivlev functional response:

p’L (%7az> =m; <1 — e_azzuz> s (15)
x

where parameter a; is the so called "half-saturation constant”, namely
in the case where p; is a bounded function for fixed a; > 0, m; =

sup p;(x,y;,a;) is the "maximal birth rate” of the i-th predator. That
zvyi>0

means, if the functional response is a Holling-type without ratio-dependence
then a; means the quantity of prey at which the birth rate of predator
7 is half of its supremum. In case of a ratio-dependent Holling model a;




RATIO-DEPENDENT PREDATOR-PREY SYSTEMS WITH MEMORY 11113

means a proportion of prey to predator at which the birth rate is half of
its supremum. In case of an Ivlev model the meaning of a; is similar to
the earlier, see the details in [6]. (To save space we did not write out the
dependence on a; in (1.1).) For the survival of predator i it is, clearly,
necessary that the maximal birth rate be larger than the death rate:

This will be assumed in the sequel. Finally, we assume that the presence
of predators decreases the growth rate of prey by the amount equal to
the birth rate of the respective predator.

2. Model with delay

We get a more realistic model if we take into account that the predators’
growth rate at present depends on past quantities of prey and therefore
a continuous weight (or density) function f is introduced whose role
is to weight moments of the past. Function f satisfies the following
requirements:

f(s) >0, se(0,00); /000 f(s)ds =1, (2.7)

and xz(t) is replaced in the growth rate of predator i by its weighted
average over the past:

t
q(t) ::/ x(7)f(t — T)dT. (2.8)
This means that the time average of prey quantity over the past has the
same fading influence on the present growth rates of different predators.
The simplest choice is f(s) = ae™**, with a > 0. This function satisfies
the condition (2.7) and now

q(t) = /t z(7)ae = dr, (2.9)

We call this choice of f exponentially fading memory, see in [2], [7]; later
in [4]. (Since f is the probability density of an exponentially distributed
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random variable, the probabilistic interpretation is obvious.) The smaller
a > 0 is the longer is the time interval in the past in which the values
of x are taken into account, i.e. i is the "measure of the influence of
the past”. It is easy to see that with this special delay, system (1.1) is
equivalent to the following system of ordinary differential equations:

i = rag(r,K) - Zyzn( )

go= yzpl(y Cdys, i=12...n ( (2.10)
q

¢ = alz—q)

where function p;(%) can be (1.4),(1.5) or any kind of general ratio-
dependent functlonal response if we replace x(t) by the time average ¢(t)
of prey quantity over the past. Similar systems have been studied by
many authors in the two-dimensional case, specially in [1], and also with
diffusion in [8]. In [1] the functional response was of the simplest Holling-
type one without ratio-dependence and in [8] the functional response was
of the Michaelis—Menten-type with ratio-dependence and also with diffu-
sion. Our aim in this paper is to study the effect of exponentially fading
memory in case of a general ratio-dependent functional response with
more than one different predators.

The qualitative behaviour of (1.1) was studied in [6], where it has been
supposed that there exists an equilibrium point E*(z*,y{,...,y}) in the
positive orthant, where z*, and y; are the solutions of the following equa-
tions:

reg(z, K) = Zdyl, pl(yz):di, i=1,...,n. (2.11)

Note that «* > 0 if and only if K > x* because of (1.2).
The coefficient matrix of the system (1.1) linearized at E* is:
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A=
an —dy —yipr L —di -y L —dp —yrpr L]
1P1 Z= 1 YaPy o= " YnPn 7=
yipit (— ) v A 0 0
y3p (= 225) 0 ysph L 0
Yn
Yo lpfr:< 1(= = = 0 0 y,’i,lpﬁf,lr% 0
ynon (— %) 0 0 0 ynon &=
(2.12)
where
* * /*
an = rg(x",K)+rz*g, (v E vl *2 (2.13)

po= 1 (y—) P (y—) _ (?). (2.14)

) ) )

An n x n matrix A = [a;;] is said to be stable if each of its eigenvalues
has a negative real part. The following definition can be found in [5]:

Definiton 2.1. Annxn matriz A = [ay] is called sign-stable if each
matriz A of the same sign-pattern as A (signa,;; = signa;; for all i, j) is
stable.

It was proven in [6] the following:

Theorem 2.2. If
an <0, (2.15)

= () <o it 2.16)
xXr

and

*

—di —yi"p; — = —di — yi"D; (y_) — <0, 2=1,...,n (2.17)
x x
then matriz (2.12) is sign-stable, thus, E* is an asymptotically stable
equilibrium point of system (1.1).

Now, let us suppose that there exists a positive equilibrium point
E*(x*,y5,...,y%) of system (1.1), then with the definition ¢* := z* and
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Ex(z*,y5, ...,y q") we get an equilibrium point of (2.10) in the positive
orthant. And again x* > 0 if and only if K > z*.
The coefficient matrix of system (2.10) linearized at E} is:

Ag =
an —di—yipr L —de—yiph . . —dn—ynp 0
0 Yyt o= 0 . 0 YipT (—22)
0 0 ysph & . 0 Y305 (— %)
0 . . 0 Ynl o unp (=)
| @ 0 0 -« |
(2.18)

where aj; is given by (2.13) and again p," = p| <yL), P, <%> _
dpi (%)

(%)
We note that (2.18) can not be sign-stable because its graph has cycles.
(See in [5].)
Let us restrict the number of predators to two.

2.1. One prey two predators with delay

Let us consider system (2.10) in case of n = 2. We suppose that
(2.15),(2.16), (2.17) hold for ¢ = 1,2. In this special case the entries of
matrix Ay are a;; < 0, aso, a3z < 0, aio,a13 < 0, asg,a3q4 > 0, a4 = a > 0,
agy = —a < 0. This means that A; has the following sign pattern:

-/0 — — 0
o — 0 +
Ay = . (2.19)
0 0o — 4+
o 0 0 —«

The characteristic polynomial of a matrix with the same sign pattern as
(2.19) is:
D(N\) = A + a3\ + ap\? + a )\ + ag (2.20)
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with
a3 = —a11 — Gz — A3z + @,
A = Q11022 + Q11033 + Axass — aar; + age + ass),
a1 = —a11022a33 + (@110 + a11as3 + aznass) — a(aisas + arzass),

ap = det Ay = a(—a11a20a33 + 22013034 + A33012024).

It is known that the necessary condition of stability of the polynomial
D(\)isa; >0, i=0,1,2,3.

Lemma 2.1. If A, has the same sign pattern as (2.19) then the above
necessary conditions of stability are satisfied for all o > 0.

Proof. It is an elementary calculation to prove a; > 0, ¢ =0,1, 2,3,
for all @« > 0. Sufficient condition of stability of matrix Ay in this case
is:

as(ayay — agas) — at >0 (2.21)

See for example Theorem 1.4.8 in [3]. It leads to a very complicated
formula. In order to check this we used Wolfram Mathematica 6.0.
http://www.wolfram.com. We got the following:

H(a) = az(ajas — apaz) — a? =

(—aga?, — assal, — aj,ai — a?,gan + a12a24a11 — 2a92a33011 + a13a34011
—Q20035 + Q12022024 — A3oa33 + A13033a34) O°

+(agead; + aszal; + 2a2,a%, + 2a3;a3, — a1aa94at, + dagazzal, — ajzazsal,
+ a3ya11 + a35a11 + 4492035011 — A12a20a24011 + 443533011 + A12a24a33011
+ 13029034011 — Q13033034011 + U9 0g — Q2505 + 2055035+ A12024a35 — al5a3,
— A12035024 + A3y033 + A12022024a33 + Q130350310 — 13035034 — 2012013024034
+ a13a92a33a34) &

+(_a§2a?1 - a§3a§1 - 2a22a33a§1 - a‘32a%1 - a§3a%1 - 4a22a§3a%1

+ a12a92a9407, — 4a3ya33a7, + a13a33a3407, — 2092035011 — 443,031

- a12a24a§3a11 + a12a§2a24a11 - 261%261336111 — (12022024033011 — G13G32G34&11
+ a13a§3a34a11 — 1322033034011 — a§2a§3 - a12a24a§3 - a§2a§3 - 612(122(124(1%3
- a13a§2a34 - a13a§2a33a34) «

‘HLHa%zags + a%1a22a§3 + a11a§2a§3 + 2“%1“%261%3 + a?1a22a§3 + a3,a5,033
+ a:{’la%Qagg.

Lemma 2.2. If matriz (2.18) in case of n = 2 has a pure imaginary
eigenvalue then in (2.21) the expression at left hand side is equal to zero.
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Proof. If we substitute jw, j2 = —1, w # 0 into (2.20) we get

w? = % and ag(aras — agaz) — af = 0. As we can see by result of

Wolfram Mathematica 6.0 the left hand side of condition (2.21) has the
following form depending on «:

H(Oé) = AgOéB + /IQO} + /4104 + AO (222)

Le~mn~1a 2.3. If Ay has the same sign pattern as (2.19) and a;; < 0
then Ag, AQ > 0.

Proof. The proof is complete by elementary calculations. Lemma
2.3. means that the function H(«) given by (2.22) is positive, and mono-
tone increasing or decreasing depending on A; > 0 or A; < 0, respec-
tively; and has a convex or concave down shape if Ay > 0 or Ay < 0,
respectively; at a = 0.

la 1b 1c

S

Figure 1: The value of Al and of 142 is positive

P /

Figures 1, 2, 3, 4 show that there are several cases when delay does
not destabilize the system for any «, for example if Ay > 0, A; > 0,
and the cases when H(«) has a single real root only. Furthermore, if «
increases through a limit, namely if é is small, "measure of the influence
of the past” is small then the system (2.10) has a locally asymptotically
stable equilibrium point E7. This situation corresponds to our expecta-
tion and it is similar as it was in the 2-dimensional case, see in [1].

Now we can formulate our main result. We will give appropriate condi-
tions that can easily be checked in order to satisfy Ay > 0, A; > 0.
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2a 2b 2c

s

Figure 2: The value of Ay is positive and of A, is negative

3a 3b

Figure 3: The value of A; is negative and of A, is positive

Theorem 2.3. If matriz Ay given by (2.18) in case of n = 2 satisfies
conditions (2.15),(2.16),(2.17) fori = 1,2 (it has the same sign pattern
as (2.19)) and the following two conditions also hold

2 2
aj, > ajy > —ay3034, (2.23)

2 2

then Ag is stable and EY is an asymptotically stable equilibrium point of
the delayed system (2.10) in case of n = 2 for any a > 0.
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Figure 4: The value of A; is negative and of A, is negative

Proof. Under the conditions of the theorem we can decompose the
expression of A; into the following positive terms:

Al = ((122 + a12a24)(—a§3 - aua§3 - CL11CL226L33)
+ (a3 a3z + 6113&34)(—6132 — a11a§2 — Q11G92033)
+ (af, — a33)(a22a12a24) + (a3, — a3,)(assa13ass)
+ (=

a11a22 a%lag’z + a11a§2a12a24 — 2a:{'1a22a33
— daf a3,a33 — ainnazyazs — a?1(133 dat, agal

— 2011035533 — 07,035 — 411022033 + (11055013034)
> 0
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and similarly for the expression of A, :

Vo

Vi o+ + +

(a§2 + a12a94) (11033 + agoass + G%g — G12094)
(a§3 + a13a34)(a11G22 + aa33 + a§2 — a13a34)
(—0%10126124 - a%1a13a34 - 2G12G24G13G34)

(Cli’lam + QG%GEQ + a11a§’2 — (11022012024 + a?1a33 + 40%1%2@33
3a11a§2a33 + 2(1,%1(1%3 + 301110/22@%3 + anagg — CL11(L336L136L34)

(@32 + G12a24) (a11a33 + a22a33 + &33 — (12094)

(a3 + a13a34)(a11G92 + a22a33 + a3y — a13a34)

(—@53(1126124 - a§2a13a34 - 2a12a24a13a34)

(a}1a22 + 203,05, + a1103, — a11a22012024 + afyazs + 4aT azass
3a11a§2a33 + 2a%1a§3 + 301110,22@%3 + anagg — CL116L33CL136L34)

(032 + a12a24)(a11a33 + agoass + a§3 — (12024)

(a§3 + ar3azq)(ar1a2a + axnass + &32 — (13G34)

(—a12a24(a§3 + a13a34) — a13a34(a§2 + a12a24))

(Gi’lam + 261%16132 + a11a§’2 — 11022012024 + a?laszs + 4a%1a22a33
3&11&%2(133 + 2&%161%3 + 3&11&226133 + a11a33 — a11a33a13a34)

0.

This theorem means that in case of a sign-stable interaction matrix
(2.12) there are many cases when delay does not destabilize the sys-
tem. By Theorem 2.1, if a;; < 0 (given by (2.13)) and if conditions
(2.16), (2.17) are also satisfied then (2.12) is sign-stable. This is the
two-dimensional situation modelled by Farkas and Cavani in [1] when
the equilibrium point lies on the descending branch of the prey nullcline.
That is the case when E* lies outside the Allée-effect zone — here the ef-
fect of overcrowding is already felt. Any further increase in prey quantity
must be counterbalanced by a decrease in predator quantity, see in [4].
On the other hand, in the Allée-effect zone prey is scarce and an increase
in prey quantity is beneficial for the growth rate of prey, see in [4]. Let
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us introduce the vector

3 - M1 <_)

reg(z, K) ;:1 vipi (7
(3/1) —d

F(I7 Y1,Y2, ... 7yn) - 1 T 1% . (225)

YnDn <y_n> - dnyn
x

Vector (2.25) has two rows F; and F; in the two-dimensional case. Sup-

pose that any predator quantity growth will decrease the growth rate

of prey, namely Fl’y1 < 0. Some typical reasonable forms of the zero

isoclines Fi(x,y;) = 0, that are applicable to most species in case of

ratio-dependence are shown in Figure 5. We can see that F] > 0, thus

ay; > 0 in the Allée-effect zone modelled by the increasing branch of the
function in the third graph.

0012 o
P N

oxl  m/a<r | oooff

Figure 5: Typical nullclines of prey in 2-dimensional case

In case of our model we keep this meaning of the Allée-effect zone,
and we say we are outside of Allée-effect zone if — in order to keep the
prey growth rate zero — the increase of prey can be counterbalanced
by the decrease of the whole quantities of the different predators. Let
us consider the higher dimensional cases. Now the function F' given
by (2.25) has n + 1 rows F;, i = 1,2,...,n + 1. Suppose that any
predator quantity growth will decrease the growth rate of prey, namely
Fl’y <0,7=1,2,...,n. In the three dimensional case a typical onion-

like prey zero isocline surface of Fi(z,y1,y2) = 0 is shown in Figure 2.4.2
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in [4] on page 44 without ratio-dependence. Inside the onion-like surface
Fy > 0 while outside F; < 0. Function F' is increasing as we cross the
surface inwards and therefore its gradient points inwards. Therefore if
the equilibrium point is on the eastern hemisphere of this onion then
F| < 0, thus, a;; < 0 and on the western hemisphere of the onion
F{ >0, thus, a;; > 0 and we can see that Fy > 0, thus a;; > 0 in the
Allée-effect zone. The onion is similar to this in case of ratio-dependence
shown in Figures 6, 7, 8.

Figure 6: Typical zero-cline of prey in case of r = 3 in 3-dimensions
(r=3, K=0.1, m; =16, a1 =4, my = 18, ay = 2)

If ¥/ < 0 (namely y; is predator of x) then a;; > 0 holds also
in higher dimension in the Allée-effect zone. To see this, let us consider

Fl(x7y17 e 7yn) = rmg(m,K)—Z YiDi <%> and surface Fl(xayla s 7yn) =
i=1

0, which is the prey zero isocline surface. Let be B! = (2l yl, .. y)), E? =
(22, 92,...,9y%) two different points in the Allée-effect zone on the prey
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Figure 7: Typical zero-cline of prey in case of r = 7 in 3-dimensions
(r=7 K=0.1, m =16, a; =4, my =18, ay = 2)

isocline surface, where z! < 2%, y! <y?, ,i=1,...,n.

o
|

= R, ) - Pty )

= (A, ) — Ry ys oy}

{F(@® 91,05 - 00) — P& u1, 02,93, V4, -5 Y) )

(P2 y1, 02,05, 03, 00) — FL (@, 0, 4, 95,0, u)

{F (2 01,03, U35 - Yne W) — FL (@ 01, 03, 03, Um0, Un)
(x

{Fl 2,y%,y%,y31,,---,y711)—F1<5U1,y%,---,y,{b)}-

+ o+ o+ o+

Expressions in the brackets are negative except the last bracket be-
cause of F; < 0, thus F, > 0 must hold.
It is reasonable to say that E* lies outside the Allée-effect zone if a;; < 0
and E* lies in the Allée-effect zone if a;; > 0.
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Figure 8: Typical zero-cline of prey in case of r = 10 in 3-dimensions
(r=10, K =0.1, m; =16, a; =4, my = 18, as = 2)

Remark 2.1. Theorem 2.3. means that if E* lies outside the Allée-
effect zone then delay does not change the stability behaviour of the system
in this special case.

This remark is a direct generalization of Case 1 of [1] on page 226.

The meaning of conditions (2.23), (2.24) is the following:

Conditions a3, > a%;, a?, > a3, mean that intraspecific competition in
prey species is greater than intraspecific competition in predators species.
The meaning of conditions a2, > —a13a34, a3 > —a12a24 is in connection
with the phenomenon of their consume strategy, namely do they try to
ensure their survival by having a relatively high or low growth rate and
are able or not to raise their offspring on a scarce supply of food. We
will discuss this very interesting meaning of conditions (2.23), (2.24) in
case of (1.3) and (1.4) or (1.5) in the following section.
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2.2. Strategies

The condition a;; < 0 can be ensured by a relative high intrinsic growth
rate r of prey. This means that there is enough food for predators in
order to reproduce well. If this statement is valid in a long term, then
we expect even more, that a predator species has an advantage that need
more food and has a high growth rate. The parameter a; > 0 is the half
saturation constant of predator ¢. This means that when the quantity
of prey reaches value a; then the per capita birth rate of predator ¢
reaches half of the maximal birth rate, as one can see in case of a simple
Holling model where p;(z,a;) = mzﬁ, m; is ”"the maximal birth rate”
of the i-th predator, and p;(a;,a;) = 5. In case of ratio-dependent
models parameter a; has a similar meaning, namely the greater a; is the
more food is needed for predator 7. To see this let us consider the ratio-
dependent Holling function, given by (1.4). In this case at a fixed value of
ms

Yi, pi(7, Y, a;) = 5+ if ¥ = azy;. Similarly in case of the ratio-dependent

Ivlev function, given by (1.5) at a fixed value of v;, pi(z,yi, a;) = 5 if
x = a;y; In 2. Thus, a predator with a big half saturation constant can be
considered as an r-strategist and with a lower one as a K-strategist (Cf.
6], [4]). Thus, we expect that the parameters a; cannot be arbitrary
small, because the mentioned effect is stronger in that case when the
time average of prey quantity over the past has the same influence on
the present growth rates of different predators. The following theorems

express this situation.

Theorem 2.4. Let matriz Ag be given by (2.18) in case of n = 2
satisfying conditions (2.15),(2.16),(2.17) for i = 1,2 (i.e. Ay has the
same sign pattern as (2.19)) and the function g, p; are given by (1.3),
(1.4), respectively. If a; > 1 for i = 1,2 then conditions (2.23), (2.24)
are satisfied.

Proof.  Calculate a3; > —aj3ass, a3y > —ajaa4 by substituting
(1.3), (1.4) and the statement follows.

Theorem 2.5. Let matriz Ay be given by (2.18) in case of n = 2
satisfying conditions (2.15),(2.16),(2.17) for i = 1,2 (i.e. Aq has the
same sign pattern as (2.19)) and the function g, p; are given by (1.3),
(1.5), respectively. If a; > % for i = 1,2 then conditions (2.23), (2.24)
are satisfied.
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Proof.  Calculate a3; > —aj3ass, a3, > —aj2a4 by substituting
(1.3), (1.5), then we get:

ai > i zm. i 7 . .
(ln m)Q
Let us denote x = -, z > 1. Thus,
1-1 1y
)= gy

where lim,_1490;(z) = 3 and a;(x) is monotone decreasing for z > 1

1 2
. . . . = ((Inz)?—2z+2+421nzx)
because its derivative is: a;(z) = < P and the numerator

is negative because it is zero if x = 1 and the derivative of ((Inz)? — 2z +
2+21Inx) is negative for x < 1. Thus, the maximum of the righthand side
of (2.26) is equal to 5 and theorem holds. The meaning of Theorems 2.4.,
2.5. corresponds to our expectation, namely in case of delayed models
the advantage of the r-strategist can be seen over the K-strategist. This
advantage is greater in case of a ratio-dependent Holling model than in
case of a ratio-dependent Ivlev model.

2.3. One prey, n predators with delay

Now let the number of predators n be an arbitrary positive integer and
let us consider system (1.1) with its coefficient matrix given by (2.12).
Let us denote the entries of (2.12) by a;;, thus

a1 A12 e e e G1n
21 azy 0 0
4 .a31 0 ‘a33 cee 0 (2.27)
0
an—11 0 0 S RO
| an 0 O ... 0 ann |

If we modify system (1.1) with delay we get system (2.10), which after
linearization has the coefficient matrix given by (2.18). We have seen
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that (2.18) can be obtained from the entries of A as follows:

ap; a2 a1z ... ap 0
0 929 0 ... 0 a921
0 0 a ... 0 a
A= T T (2:28)
O 0 O Ann  Apl
a 0 0 0 —a

Theorem 2.6. Let matriz Aq be given by (2.18) for arbitrary positive
integer n, and suppose it satisfies conditions (2.16) and (2.17) for all
1=1,2,...,n; and let a;1 < 0. If a is small enough or large enough then
Ay is stable, and E} is an asymptotically stable equilibrium state of the
delayed system (2.10).

Proof. Let us consider the characteristic polynomial D(\) :=
det(Ay — AF) of (2.28). Let us denote column ¢ of matrix A; by c;,
(1t =1,2,...,n) and let us make the following column operations: first

Cc;, = C; + Cy41, then ¢, 1 = c,,11 — c;. Now we get

aip — )\ ai12 ce QA1np —(CLH — )\)
a1 Az — A . 0 0
a 0 aszs— A 0
det(Ay — \E) = o %
an1 . cee Qpp — A 0
—A 0 . 0 —
(2.29)

Let us make the following partition of this determinant:
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det(Ay — \E) =

_ o .
0

A= \E .
: A—-)NE B
det ' = det [ ] .
0 C D
_ _ - - _
| -2 0 0 | —« ]

Applying the Schur theorem [9, Theorem 3.1.1] we get:
det(Ay — A\E) = det(A — AE) det(Ay — AE|A — \E),

where (A; — AE|A— A\E) is the Schur-complement of A—AE in A;— \FE,
namely (Ag — AE|A — AE) = D — C(A — AE)"' B and suppose that X is
not an eigenvalue of A.

(Ag— ME|JA—AE) =D — C(A— \E)"'B

—(a11 = A)

——a—[=x 0 ... 0)(A-AE)

= —a — ANan — A Ay,
where A7 := m(an —A) -+ (apn — A), thus,

(an_)\).....(ann_/\)

det(Ag — AE|A — \E) = —a — A A D)

We get the following relation (true for all A € C)

det(Ag — AE) = —adet(A—AE) — Aajg —A)----- (Qppn — A)
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Now we prove that the coefficients of this polynomial have the same sign,
using the fact that A being sign stable, hence the coefficients of det(A —
AFE) have the same sign. Let us denote the coefficients of det(A — AF)

by a;, namely:
det(A — AE) = (=A)" + an_1 (A" 4+ + ao.
Thus,

det(4g = AE) = (=D{a(-N)" + aa,—1(=A)""" + -+ aaqq
FA(=N)" + (a1 + -+ 4 Qpn) (=A)" 7!
+(ar1a92 + -+ Gy 1n1Gnn) (=) 72
4.4+ (a11a22 e ann))}
= (=N)"" 4 (an + -+ Ay — @) (=)
+(a11a22 4 - F Qp1n1Gnn — Q1) (=N)"!

+- -+ (a1a - -+ - py — aay) (=) — aag.

Since det(A — AFE) is a stable polynomial, hence if n is even, then ag
is positive, and a9, is negative for all k. Thus, the coefficients with
even indices of det(Ay — AE) are negative, and those with odd indices
are positive, and all the coefficients of (A\)? (5 = 0,1,...,n + 1) in
det(Ay — AE) are negative.

For the case of n odd we can repeat the above proof. Thus the
necessary condition of stability of the polynomial det(A4; — AE) holds.

This means that if det(A; — AE) is not a stable polynomial then it
has to have a pair of complex conjugate roots with nonnegative real part.

Now let us consider the case when « is very large. Then the eigen-
values of det(Ay — A\E) are close to the eigenvalues of A and there is a
remaining root with an unknown sign. But this root should also be a
negative real number, because it has no pair to be a member of a complex
conjugate pair, and because the coefficients of the characteristic polyno-
mial are positive. Thus, for sufficiently large o > 0 the matrix A, is
stable.

If « is very small then the eigenvalues of det(A;— AE) are close to the
roots of A][_;(a;; — A) = 0. It has n negative real roots and one more
root left with an unknown sign. And again, this should be a negative real
number, because it has no pair to be a member of a complex conjugate
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pair, and because the coefficients of the characteristic polynomial are
positive. Thus, for sufficiently small o # 0 the matrix Ay is stable. This
completes the proof of the theorem.

The meaning of this theorem is the following. If a is small then the
measure of the influence of the past is large. In this case the equilibrium
point Ej is locally asymptotically stable.

If «v is large then the measure of the influence of the past is small, the
system’s behaviour is close to the behaviour of the system without delay,
of which the equilibrium E* was stable. Thus, the results correspond
to our expectations. But all these are true outside the Allée-effect zone,
where the stability is stronger than inside.

2.4. Numerical examples

Example 2.7. Let us consider a three dimensional Holling type ratio-
dependent model with delay, namely g is given by (1.3) and p; is given
by (1.4). Let the constants be given as follows: my = 16, mqg = 18, d; =
8 dy =12, ay = 4, ay = 2, K = 0.1. The equilibrium point of the
system depending on v is E* = (0.1(1 — 2), (1 — 3), (1 — 3)) . In this
case the interaction matrixz of the system without delay is given by:

8—r —4 =8
A= 1 4 0 |. (2.31)
1 0 —4

The characteristic polynomial of A is:
DA)=(—4=2) (NP +(r—Hr+4(r—5)).

This is a stable polynomial for r > 5 and A s sign stable forr > 8 .
The equilibrium point of the delayed system depending on r is

By = (0.1(1 _Y %(1 _Y 10(1 %),0.1(1 — 1)) .

T r’ 4 r T
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The coefficient matriz of the delayed system linearized at Eg* is

8—r —4 -8 0

A= . (2.32)

The characteristic polynomial of Ag is:
Dy N) = (4= (8=r—=AN) (=4 =N (—a— ) — 120a).

Let us check conditions (2.23), (2.24). It is easy to see that in case of
r > 12 these are satisfied. The conditions of Theorem 2.3. hold, Eq" is
asymptotically stable. Time evolution of the species is shown on the left
side of Fig. 9, whereas the right side shows the corresponding trajectory
together with the equilibrium point. The form of (2.22) with r = 13 is

010k
008}

]
0.06 Jﬁy —
0.04 —\\ /

\ Y2
<
002 N _
.
2 4 6 8 10

Figure 9: Left: Time evolution of the species in case of r = 13, a = 1.
Right: The trajectory tends to the asymptotically stable equilibrium
point. (z is red, ¢ is green, y; is dashed blue, y; is yellow.)

shown in Fig. 10. This corresponds to Fig. 1, case 1c. It is easy to
see that the equilibrium point of the delay system remains asymptotically
stable for any a > 0. We note that in this case the equilibrium point is
outside the Allée-effect zone, see Fig. 8.
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80000 -

60000 -

—-20000 -

Figure 10: The function (2.22) with r = 13

If 12 > r > 5 then conditions (2.23), (2.24) are not valid, and there
are such cases when E;* is stable and there are cases when it is unsta-
ble. Time evolution of the species is shown on the left side of Fig. 11,
whereas the right side shows the corresponding trajectory together with
the equilibrium point. The form of (2.22) with r = 7 is shown in Fig.

i

Figure 11: Left: Time evolution of the species in case of r =7, a = 1.
Right: The trajectory leaves the neighborhood of the unstable equilib-
rium point. (x is red, ¢ is green, y; is dashed blue, y, is yellow.)

12. It is easy to see that there are values of o for which H(a) < 0, thus,
the equilibrium point of the delay system is unstable, and also values for
which H(a) > 0, thus, the equilibrium point of the delay system is asymp-
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1000

~3000}

—4000[

-5000

Figure 12: The function (2.22) with r =7

totically stable. We note that in this case the equilibrium point is inside
the Allée-effect zone, see Fig. 7.

Of course this study is not complete. There are many interesting
trajectories, periodic orbits, see e. g. Fig. 13, 14.

oco] |
.

\ |
002 \‘\ J \ \

“ Y2

Figure 13: Left: Time evolution of the species in case of r =7, a = 1.
The solution seems to be periodic at first sight. (The reason of this
phenomenon may also be numerical errors.) Right: The corresponding
trajectory. (x is red, ¢ is green, y; is dashed blue, y, is yellow.)

The interested reader can experiment with the parameters and initial
conditions of the model using the Mathematica program on the page
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N

0.04

N

002

001f e e

Figure 14: Left: Seemingly time periodic evolution of the species in case
of r =8, a = 0.2. Right: The corresponding periodic orbit. (x is red, ¢
is green, y; is dashed blue, y, is yellow.)

http://www.math.bme.hu/"jtoth.html#kktj. E. g. it is also interesting
how the trajectories change if we reduce a;. In case of r < 5 there is no
positive equilibrium point Ej.

The mentioned program produces figures like Fig. 15. In case of an
Ivlev model similar situations may occur.
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Figure 15: Snapshot of manipulation. » = 8 and o = 0.25.
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