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There is practically no chemical reaction with independent reaction rates 
having Poissonian stationary (equilibrium) distribution. There exists, hovewer, 
a manifold of reactions with dependent reaction rates and with Poissonian 
stationary distribution. In this case the explicit form of the interdependence 
between the reaction rates is also given. 

Ha rrpaKrHKe He cymeereyaor XHMHqeCKHe peaI<tttm c He3aBHCHMI,IMH CKOpoG~rI~MH, HMe- 
rOmHMH nyaCCOHOBCKOe CTalIHOHapHoe (paBHoBecHoe) pacrtpe~enerme. O~IaKo cytLteCTByel 
COBOKyrmocTb peaKxtHlt, CKOpOCTH KOTOpI,IX HMeIOT nyaccOHOBCKOe pacnpeJ~eJIeHHe H 
HB~q~OTC$[ B3aHMHO 3aBHCHMI~IMH. ~ 3TOI~O CH)ala~ RaeTc~ Tai~e HBHaH ~opMa B3aHM- 
HO~ 3aBHCHMOCTH cKopocTe~ peaK~rn~. 

INTRODUCTION 

Some interest has arisen in determining the form of the equilibrium distribution 

in stochastic kinetics. Prigogine's surprise (/3/,  p. 782) suggests the reason for his  

conjecture that the stationary distributions in stochastic reaction kinetics are usually 

Poissonian. Prigogine was able to construct a reaction with non-Poissonian stationary 

distribution. This need not be surprising. At first, it is easy to prove, using the results 

of Bartlett / 1 / a n d  Whi t t le /4 / tha t ,  loosely speaking, simple birth and death processr 

have a Poissonian stationary distrubution (PSD) if and only if their transition rates are 

linear (~rdi and T6th/2/ ) .  
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On the other hand, it is easy to prove (as we shall do below) for the one-dimensional 

case that 

(i) there is no reaction with independent reaction r a t e  constants having a ~ D  

(with a trivial exception, see below); 

(ii) there does exist a manifold of  reactions of  each order having a PSD. 

These statements will be proven by giving the explicit relatiom between the reaction 

rate constants. 

POLYNOMIAL JUMP PROCESSES WITH PSD 

Let k and 1 be nonnegative integers, r . . . . .  Ck ; /~o . . . . .  1/~ 1 nonnegative real 

numbers ; and let us define for all nonnegative integers n polinomials ff and /~ as follows : 

k 1 
r  ~7 r hi, tz(n):= ~ tz.n i ( Ck / 0), a I / 0  (1) 

i=o i= o 

Let us consider the (one-dimensional) birth and death process with birth and death rate 

functions ff and /z, respect ively.  Which of these processes has a PSD~ A necessary and 

sufficient condition for this is that there exists a positive real number for which 

P ~(n) = Pn+i~,(n+~) (n = o, 1 . . . )  (2) 
n 

holds, where 

P := 2 n e ' 2 / n ! ;  n : 0 , 1  . . . .  (3) 
n 

After inserting eq. (3) into (2), we obtain 

(n +1)  r (n) = 21/~ (n + 1) (4) 

and this gives the necessary condition 

l = k + l  
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Let us insert eq. 

the polynomials on the two sides gives : 

(1) into (4) and use eq. (5). Then a comparison of the coefficients of 

6 o  = ;L (/~a +/~1 + " "  +/~k+i ) (0") 

1) ~ k+l 
@O + $ I  = 4 ( ( 0  /z l+(  ) / z 2 + ' ' "  +( k )/Zk+l) (1') 

j . j + l  k+l 
~j-1 + r = Jl((o)/Zj +( I ) ~ j + l + " "  +(k§ 

( j ' )  

k) k+l 
6k-1 + Sk = "~((o fl'k + ( 1 )/~k+l (k') 

~k = $/~k+1 ((k+l)') 

Now we can say that we have an implicit system of k+2 equations for the following 2k+4 

variables: ~; flk+l . . . . .  /~o' $k . . . . .  r Let us consider as unknown the following. 

~ ,  and, if k > 0, ffk- 1' Sk-~ . . . .  r ~ can be expressed, from eq. ((k+l)'), as 

= ek / ak+l 

It is clear that the remaining system of equations has a (unique, positive) solution in the 

~' s. Using eqs. (k ') , . . : . ,  (2') (1'), we get by induction 

k+l 
i-1 

Or =(  0k /Uk+l ) "  "~ ( r )/~i 
i=r+l 

(r=0, 1 . . . . .  k- l )  (6) 

Inserting the expressions for ~ and ~o' into eq. (0'), f~o = 0 is obtained. 

Therefore, we can relate the birth and death r a t e s /1 /w i th  the foUowing reaction 

(which is not the only way to relate them, of. Kurtz-type or combinatorial kinetics, and 
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the inverse problem of reaction kinetics) : 

A ~~ X ~I 2X ---~ ' kX ~k 
, g . _ _ .  , g _ . . . .  c o .  , r - - - - -  

#1 ~,2 " ~ 'k+l  
(k+3) x (7) 

(Here A is an external, constant component, and/~o = 0 is already used. ) 

We conclude that reaction (7) results in a PSD if and only if the respective reaction 

rates are interdependent and the dependence is as expressed in eq. /6 / .  

There is no meoretical  obstacle listing the equations corresponding to (0'), (1') . . . . .  

((k+l)') for the six polynomials/z 1, /*2' #1' #2' ~12' ~21 in the two-dimensional 

case. The calculations in the two-dimensional case are the more tedious that the analogue 

of eq. (2), i .e. a kind of "stochastic detailed balance", does not hold. 

EXAMPLES 

Ifk =0, we have~o=-O, A= o4//~I that is #(n) = o #-' ~(n) = /~in and the reaction 

A #.~~ X (8) 

Strictly speaking, this is the exceptional case where PSD results without an inter- 

dependence between the reaction rate constants. 

I f k = l ,  w e h a v e / z  o = 0 ,  2=  01/ 02; ~o 

tion is 

Ol( ~1 + ~2)1~2 O1 
A ~,~ ~ X ~ 2X 

= #1 (/Zl + ~2) /~2 and the reac-  

(9) 
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