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There is practically no chemical reaction with independent reaction rates
having Poissonian stationary (equilibrium) distribution. There exists, hovewer,
a manifold of reactions with dependent reaction rates and with Poissonian
stationary distribution, In this case the explicit form of the interdependence
between the reaction rates is also given,

Ha mpaxiike He CYIIECTBYIOT XHMHYECKHE PEAKUMH C HE3aBUCHMEIME CKOPOCTAMH, HMe-
OLIHMH IyaCCOHOBCKOE CTallMOHapHoe (paBHOBECHOe) pacnpepeneHue. OQHAKO CYLIECTBYeT
COBOKYHNHOCTD PeaKkuli, CKOPOCTH KOTOPEIX HMEIOT Iy aCCOHOBCKOE PacIpe/ie/icHHe 1
ABNIAIOTCA B3aHMHO 3aBUCHMBIMH. J11st 9TOTO CIIyyast OaeTcs TakKe ABHAA GPopMa B3aUM-
HO¥ 3aBHCHMOCTH CKOPOCTEN peakiuil.

INTRODUCTION

Some interest has arisen in determining the form of the equilibrium distribution
in stochastic kinetics. Prigogine’s surprise (/3/, p. 782) suggests the reason for his
conjecture that the stationary distributions in stochastic reaction kinetics are usually
Poissonian. Prigogine was able to construct a reaction with non-Poissonian stationary
distribution, This need not be surprising. At first, it is easy to prove, using the results
of Bartlett /1/ and Whittle /4/ that, loosely speaking, simple birth and death processe
have a Poissonian stationary distrubution (PSD) if and only if their transition rates are

linear (frdi and Téth /2/).
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On the other hand, it is easy to prove (as we shall do below) for the one-dimensional
case that

(i) there is no reaction with independent reaction rate- constants having a PSD
(with a wivial exception, see below);

(ii) there does exist a manifold of reactions of each order having a PSD,

These statements will be proven by giving the explicit relations between the reaction

rate constants,
POLYNOMIAL JUMP PROCESSES WITH PSD

Let k and 1 be nonnegative integers, wo' vaes \llk; ”o’ ceesley nonnegative real

numbers; and let us define for all nonnegative integers n polinomials ¢ and x as follows:

k 1 .
ym):= I ¢in1. p@):= X yinl (¥ £0), 4y #0 (1)
i=o i=o

Let us consider the (one-dimensional) birth and death process with birth and death rate
functions ¥ and u, respectively. Which of these processes has a PSD? A necessary and

sufficient condition for this is that there exists a positive real number for which

Prl Y@m) = Pn+1y(n+1) m=0,1...) (2)
holds, where
- A
P‘n:= /Ine /nl; n=0,1,,.. 3)

After inserting eq. (3) into (2), we obtain
m+1)yy¥ n)y= Ap (m+1) 4
and this gives the necessary condition
1=k +1

168



TOTH, TOROK: STOCHASTIC KINETICS

Let us insert eq. (1) into (4) and use eq. (5). Then a comparison of the coefficients of

the polynomials on the two sides gives:

Yo = l(,ua+ ﬂl + e +[6k+1) )
o 1 2 k+l ,
o+ ¥y = A B+ (Dl e OO D) ()
_ j j+1 k+1 o
w‘j—l"' wj - Zc(o)ﬂj +( 1 )"l’j+1+'°' +(k+1_]‘):uk+1 (] )
_ k k+1 ,
wk-l + "'k = 1((°)ﬂk Oy )ﬂk+1 k)
a//k = dny g ((k+1)")

Now we can say that we have an implicit system of k+2 equations for the following 2k+4
variables: &; Brogtoer Ay Y

MEEY
A, and, ifk> 0, ¥ 'I’k-2""

v/zo. Let us consider as unknown the following s
k=T ¢°. 4 can be expressed, from eq. ((k+1)'), as
A= 'pk/ ”k+1

It is clear that the remaining system of equations has a (unique, positive) solution in the

¥'s. Using egs. (K'),..., (2') ('), we get by induction

k+1 -1
¢r=(!bk/,uk+1). 3« ) (r=0,1,,..,k-1) ©)
i=r+1

Inserting the expressions for 4 and wo’ into eq. (0"), ry = 0 is obtained,
Therefore, we can relate the birth and death rates /1/ with the following reaction

(which is not the only way to relate them, cf. Kurtz-type or combinatorial kinetics, and
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the inverse problem of reaction kinetics):

Yo '//1 wk
Ao X = 2X = ... &= kX _— kD)X M
151 #9 PR+l

(Here A is an external, constant component, and #o =0 is already used, )

We conclude that reaction (7) results in a PSD if and only if the respective reaction
rates are interdependent and the dependence is as expressed in eq. /6/,

There is no theoretical obstacle listing the equations corresponding to (07), 010 TP

((k+1)’) for the six polynomials By By ¥ ¥, 9100 oy in the two-dimensional

r 2
case. The calculations in the two-dimensional case are the more tedious that the analogue

of eq. (2), i.e. a kind of "stochastic detailed balance”, does not hold.

EXAMPLES

If k =0, we have #y =0, i= e;;o/ By thatis y(m) = z,bo. u(n) = ,uln and the reaction
Yo
—

= X ®)
#

A

Strictly speaking, this is the exceptional case where PSD results without an inter-
dependence between the reaction rate constants.

= = }. = N = -
Ifk=1, we have “ 0, *l/l/ 1112. xl/o l//1( py /42)//42 and the reac

tion is
v(u +u ) w ¥
1
A ...1.——-—:—»1_____.2—-2-* X = 2X (9)
#q fg
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