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Introduction

Outline of the talk

m Basic ideas

m Equivalent operators in Hilbert space

m Operator preconditioning for elliptic problems
Single equations

Systems (transport type, saddle-point)
Convection-dominated equations

Helmholtz problems
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Preconditioning in Hilbert space
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Theoretical background

The problem of preconditioning

m Linear(ized) algebraic system: Ac =d.

m Preconditioning matrix: B
Preconditioned algebraic system: B—'Ac =Bld.

CG (CGN, GCG-LS, GMRES) iteration — auxiliary systems Bz =r
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Preconditioning in Hilbert space
000000000000

Theoretical background

The problem of preconditioning

m Linear(ized) algebraic system: Ac =d.

m Preconditioning matrix: B
Preconditioned algebraic system: B—'Ac =Bld.

CG (CGN, GCG-LS, GMRES) iteration — auxiliary systems Bz =r

m Twofold goals:

m Faster CG convergence — B~ A
m Low cost - B~

Conflicting goals — a compromise needed.

m Various strategies mainly use algebraic structure of A.
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Preconditioning in Hilbert space
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Theoretical background

Equivalent operator preconditioning

The problem: discretized linear elliptic PDE, using FEM:
L,c=d (SLAE)

Disadvantage:  cond(Lp) — oo as h — 0.
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Theoretical background

Equivalent operator preconditioning

The problem: discretized linear elliptic PDE, using FEM:
L,c=d (SLAE)

Disadvantage:  cond(Lp) — oo as h — 0.

Advantage: for certain PDEs, (SLAE) can be solved optimally or
quasi-optimally,
i.e. with O(n) or O(nlog n) operations.
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Theoretical background

Equivalent operator preconditioning

The problem: discretized linear elliptic PDE, using FEM:
L,c=d (SLAE)

Disadvantage:  cond(Lp) — oo as h — 0.

Advantage: for certain PDEs, (SLAE) can be solved optimally or
quasi-optimally,
i.e. with O(n) or O(nlog n) operations.
E.g.: such problems: symmetric elliptic equations,
equations with constant coefficients;
such methods: multigrid, FFT.
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Preconditioning in Hilbert space
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Theoretical background

Equivalent operator preconditioning

The problem: discretized linear elliptic PDE, using FEM:
L,c=d (SLAE)

Disadvantage:  cond(Lp) — oo as h — 0.

Advantage: for certain PDEs, (SLAE) can be solved optimally or
quasi-optimally,
i.e. with O(n) or O(nlog n) operations.
E.g.: such problems: symmetric elliptic equations,
equations with constant coefficients;
such methods: multigrid, FFT.

More general problems: nonsymmetric eqns; systems;
parameter-dependent problems.
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Theoretical background

Equivalent operator preconditioning

Proposal: let S be another elliptic operator, such that systems
Spz = r can be solved (quasi-)optimally.
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Theoretical background

Equivalent operator preconditioning

Proposal: let S be another elliptic operator, such that systems
Spz = r can be solved (quasi-)optimally.

Preconditioning matrix: Sy,.

CG iteration for system S;thc = S;ld
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Theoretical background

Equivalent operator preconditioning

Proposal: let S be another elliptic operator, such that systems
Spz = r can be solved (quasi-)optimally.

Preconditioning matrix: Sy,.
CG iteration for system S;thc = S;ld

!

if the convergence is mesh-independent, then the original problem
is solved also (quasi-)optimally  (since const.-O(n) = O(n))
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Theoretical background

Equivalent operator preconditioning

Theory of mesh-independent /inear convergence:

Various early and later works (1966 to present)

[Dyakonov, Gunn, Concus, Golub, Elman, Widlund, Cao, Hiptmair,
Mardal, Winther...

T. Manteuffel, Goldstein, Faber, Parter, Otto]

— a solid theoretical framework:
theory of equivalent operators in Hilbert space
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Theoretical background

Equivalent operator preconditioning

Theory of mesh-independent /inear convergence:

Various early and later works (1966 to present)

[Dyakonov, Gunn, Concus, Golub, Elman, Widlund, Cao, Hiptmair,
Mardal, Winther...

T. Manteuffel, Goldstein, Faber, Parter, Otto]
— a solid theoretical framework:
theory of equivalent operators in Hilbert space

Under proper assumptions:

if L~S = mesh independent linear convergence
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Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

m Motivation: CG convergence history

2 phases: linear conv. — superlin. conv.
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Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

m Motivation: CG convergence history

mesh independence:  linear conv. — superlin. conv.
—_——

equivalent op.-s

J. Kardatson Budapest, Hungary

Equivalent operator precon i i element problems



Preconditioning in Hilbert space
000000080000

Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

m Motivation: CG convergence history

mesh independence:  linear conv. — superlin. conv.
N—— —_——
equivalent op.-s ?
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Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

(theory of mesh-independent superlinear convergence,
[Axelsson-Karatson, SIAM J. Numer. Anal. 2007]).
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Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

(theory of mesh-independent superlinear convergence,
[Axelsson-Karatson, SIAM J. Numer. Anal. 2007]).

Let L and N be unbounded coercive operators in a Hilbert space,
let Ls and Ns be their suitable weak forms in an energy space Hs.
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Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

(theory of mesh-independent superlinear convergence,
[Axelsson-Karatson, SIAM J. Numer. Anal. 2007]).

Let L and N be unbounded coercive operators in a Hilbert space,
let Ls and Ns be their suitable weak forms in an energy space Hs.

Def. L and N are compact-equivalent if
Ls = uNs + Qs, where i > 0 and Qs is compact.
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Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

(theory of mesh-independent superlinear convergence,
[Axelsson-Karatson, SIAM J. Numer. Anal. 2007]).

Let L and N be unbounded coercive operators in a Hilbert space,
let Ls and Ns be their suitable weak forms in an energy space Hs.

Def. L and N are compact-equivalent if
Ls = uNs + Qs, where i > 0 and Qs is compact.

Special case: if N =S is symmetric then Ls = ul + Qs.
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Preconditioning in Hilbert space
000000000080

Theoretical background

Equivalent operator preconditioning

Compact-equivalent operators in Hilbert space

(theory of mesh-independent superlinear convergence,
[Axelsson-Karatson, SIAM J. Numer. Anal. 2007]).

Let L and N be unbounded coercive operators in a Hilbert space,
let Ls and Ns be their suitable weak forms in an energy space Hs.

Def. L and N are compact-equivalent if

Ls = uNs + Qs, where i > 0 and Qs is compact.

Special case: if N =S is symmetric then Ls = /| + Qs.

We may let 4y =1 — compact perturbation of the identity.
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Introduction Preconditioning in Hilbert space ditioning for elliptic problems
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Theoretical background

Equivalent operator preconditioning

If Ls = | + Qs, then for any Galerkin subspace the CGN iteration
for system S;thc = S;ld satisfies

1/k
<||rk||sh> < e (k=1,2,...n),

Irolls,

where €, — 0 is a sequence independent of V. In fact,

k
€k = # 21(‘)\,((?; = QS)I + A,(Q;QS))

—  Mesh-independent superlinear convergence.
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Operator preconditioning for elliptic problems
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Equations

Elliptic equations

Case 1: scalar elliptic operators.

We consider elliptic operators

Lu= —difAVu)+ b-Vu+ cu

J. Karatson

Budapest, Hungary
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Operator preconditioning for elliptic problems
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Equations

Elliptic equations

Case 1: scalar elliptic operators.

We consider elliptic operators
Lu= —difAVu)+ b-Vu+ cu

for ur, =0, g—lj’A +aur, =0.
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Equations

Elliptic equations

Assumptions 1. (standard for having H-coercivity)

(i) Q € R? is a bounded piecewise C* domain; I'p, 'y are disjoint open
measurable subsets of 9Q2 such that 9Q =Tp U p;

(i) A€ L>®(Q,R¥*) and for all x € Q the matrix A(x) is symmetric;
further, b € W1°(Q)9, c € L>®(Q), a € L=(Ty);

(iii) we have the following properties which will imply coercivity:
Fp>0 ANE-E>plEP (VxeQ, £eRY);
é::c—%divaOinQ, @::a—i—%(b-y)zOonrN;

(iv) either I'p # 0, or ¢ or & has a positive lower bound.
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Equations

Elliptic equations

Characterization of compact-equivalence:

Theorem

Let the elliptic operators L1 and Ly satisfy Assumptions 1. Then
L1 and Ly are compact-equivalent in Hp(S2) if and only if their
principal parts coincide up to some constant p > 0, i.e. A1 = pAs.

J. Karatson Budapest, Hungary

Equivalent operator preconditioning for elliptic finite element problems



Operator preconditioning for elliptic problems
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Equations

Elliptic equations

Freedom: choice of lower order coefficients.

Example: convection-diffusion operator

Lu= —Au+ b(x) - Vu+ c(x)u

for ur, =0, g—‘; +a(x)ur, = 0.
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Equations

Elliptic equations

Freedom: choice of lower order coefficients.

Example: convection-diffusion operator

Lu= —Au+ b(x) -Vu+ c(x)u

for ur, =0, gu a(x)ur, = 0.
Preconditioning operator:
Su= —Au+ w(x)-Vu+o(x)u

for ur, =0, g—‘; + B(x)uyr, = 0.

J. Kardatson Budapest, Hungary
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Equations

Elliptic equations

Freedom: choice of lower order coefficients.

Example: convection-diffusion operator

Lu= —Au+ b(x) -Vu+ c(x)u

for ur, =0, (?TZ + a(x)yr, = 0.
Preconditioning operator: e.g.

Su= —Au+ +o0 u

for ur, = 0, g% + 5 ury = 0.

J. Kardatson Budapest, Hungary
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Operator preconditioning for elliptic problems
000000

Equations

Elliptic equations

Freedom: choice of lower order coefficients.

Example: convection-diffusion operator
Lu= —Au+ b(x) - Vu+ c(x)u
for ur, =0, g—Z +a(x)ur, = 0.
Preconditioning operator: e.g.
Su= —Au+ ou
for ur, =0, g—‘; +Byr, =0

— symmetric operator with constant coefficients.
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: saddle-point

Case 2: Stokes problem
—Au+ Vp =f

divu =

with b.c. Upn = 0.
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Systems

Elliptic systems: saddle-point

Case 2: Stokes problem

Regularized form:

—Au+ Vp =f
divu—cAp = o divf

with b.c. Upn = 0, 8VP\8Q = 0.
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: saddle-point

Case 2: Stokes problem

Preconditioning operator: auxiliary problems

—Au = ..
—oclAp = ...

with b.c. Upn = 0, 8VP\8Q = 0.
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Operator preconditioning for elliptic problems

00@000000000000

Systems

Elliptic systems: saddle-point

Case 2: Stokes problem

Preconditioning operator: auxiliary problems

—Au = ..
—oclAp = ...

with b.c. Upn = 0, 8VP\8Q = 0.

Independent Poisson equations.
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Operator preconditioning for elliptic problems

00@000000000000

Systems

Elliptic systems: saddle-point

Case 2: Stokes problem

Preconditioning operator: auxiliary problems

—Au = ..
—oclAp = ...

with b.c. Upn = 0, 8VP\8Q = 0.

Independent Poisson equations.

FEM solution: mesh independent superlinear convergence.
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: transport problems

Case 3: elliptic systems of transport type
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Systems

Elliptic systems: transport problems

Case 3: elliptic systems of transport type

We consider /-tuples of operators

J4
Liu= —diV(A;VU,')—{—b;-VU;—l—ZVUUJ' (i=1,...,%)
j=1
for  wujr, =0,

Bu,-
Ovp

+ Oé,'U,'|rN = O

J. Karatson Budapest, Hungary
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Systems

Elliptic systems: transport problems

Case 3: elliptic systems of transport type

We consider /-tuples of operators

y4
Liu= —diV(A,'VU,')—Fb,'-VU,'—i-ZVUUJ' (i:1,...,£)

j=1

f — .

or  ujr, =0, coupling
ou; _ .

s +aiujr, =0. (matrix V)

J. Kardatson Budapest, Hungary
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: transport problems

Assumptions:

(i) Q, Aj, «a; as before

(i) Smoothness: as before

J. Kardatson Budapest, Hungary
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: transport problems

Assumptions:

(i) Q, Aj, «a; as before
(i) Smoothness: as before

(iii) Coercivity:
Amin(V 4+ VT) — maxdivb; > 0.

For example: divb; =0 (Vi), and
V is positive semidefinite.

J. Karatson Budapest, Hungary
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: transport problems

Main idea of equivalent preconditioning:

define an (-tuple of separate (i.e. independent) symmetric
preconditioning operators

Siuj == *diV(A,'VU,') + oju; (i =1,... ,f)

8u,~ —
for Uiirp, = 0, B + B,’U”rN =0.

J. Kardatson Budapest, Hungary
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: transport problems

For example: let the original operators be of the form

4
Liu=—Au;+b;-Vu; + Z V,-juj
Jj=1

J. Kardatson Budapest, Hungary
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Systems

Elliptic systems: transport problems

For example: let the original operators be of the form

4 4
L,-uE—Au,'—i-b,'-VU,'—i-Z Vijui = Nju; + Z Viiu;
= =1

N,‘U,’
(i=1,...,0).

J. Kardatson Budapest, Hungary
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Systems

Elliptic systems: transport problems

Original PDE system:

(N1 + Var)ur + Vio uip +--- + Vie up, = g1
Vor ug + (N2 + Vao)up + -+ - + Vo up = g
Vi u + Vip up + -+ (N + Vi)ue = go

+ b.c.

J. Kardatson Budapest, Hungary
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: transport problems

Preconditioning — auxiliary PDE systems

(—A+o01)n =n
(—A + op)up =n

+ b.c.

J. Kardatson Budapest, Hungary

Equivalent operator precol i ite element problems



Operator preconditioning for elliptic problems
00000000000 e000

Systems

Elliptic systems: transport problems

According block structure of the stiffness matrices.

Original system:

11 12 12
R B

Lo fu

o L
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Systems

Elliptic systems: transport problems

According block structure of the stiffness matrices.

Auxiliary systems:

R
s,_ |0 S o .. 0
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Operator preconditioning for elliptic problems
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Systems

Elliptic systems: transport problems

According block structure of the stiffness matrices.

Auxiliary systems:

1

m Parallelizability

m Cost of solution ~ cost of a single equation

J. Kardatson Budapest, Hungary
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Systems

Elliptic systems: transport problems

Example: a parabolic system in modeling air pollution.
m FEM + time discretization + Newton linearization: —

FEM solution of linear elliptic systems.

J. Kardatson Budapest, Hungary
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Systems

Elliptic systems: transport problems

Example: a parabolic system in modeling air pollution.
m FEM + time discretization + Newton linearization: —

FEM solution of linear elliptic systems.

m preconditioning operators (independent, symmetric):
incorporate the time-step:

1
Sipi = —KAp,'—i-;Pi (I':].,...,ﬁ).

Numerical results: mesh-independent superlinear convergence

J. Karatson Budapest, Hungary
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CDE

Convection-dominated equations

Case 4: Convection-diffusion equations, convection-dominated
case: ek 1,

—eAu+w-Vu=g

U|QQ =0.

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Case 4: Convection-diffusion equations, convection-dominated
case: ek 1,

—cAu+w-Vu=g
uppq = 0.
Assumptions (a simple model case):
(i) Q C R"is a polyhedral domain.
(i) we CHQ, R"), divw =0.
(i) g € L2(Q).

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Streamline diffusion FEM (SDFEM):

m V, C H3(R) piecewise linear subspace;
m choose paramaters dx > 0 on elements T, € T;

m replace test functions: v, — vy + dew -V on Ty

= stabilized bilinear form

N

aSD(uh, Vh) = /Q(€ Vuh-VVh+(W~Vuh)Vh)—|— Z Ok /T (W . Vuh) (W . Vvh)
k=1 k

on Vh X Vh.

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Stabilized inner product: SD-inner product

N
(up, vp)sp = / eVup- Vv, + Z 5k/ (W . Vuh) (W . Vvh) .
Q k=1 Ty

= stable lower coercivity bound:

aSD(uh, uh) Z HUhH?SD (i.e. m=1 )

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Preconditioned CG iteration for the SLAE:
apply operator preconditioning.

Preconditioner = stiffness matrix for the SD-inner product:

(Sh);j = {wir ¢j)sp

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Preconditioned CG iteration for the SLAE:
apply operator preconditioning.

Preconditioner = stiffness matrix for the SD-inner product:
(Sh);j = {wir ¢j)sp

= here (up, vp)sp = /Q(Sauh) Vh o,

where S.u := —div (AaVu) with A, =el +sw-w'

= S, comes from a discretized symmetric elliptic operator

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Preconditioned CG iteration for the SLAE:
apply operator preconditioning.

Preconditioner = stiffness matrix for the SD-inner product:

(Sh);j = {wir ¢j)sp

= here <uh, Vh>SD = /Q(SEUh) Vh
where S.u := —div (AaVu) with A, =el +sw-w'

= S, comes from a discretized symmetric elliptic operator

= optimal O(N) solvers available (multigrid, multilevel)

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Linear convergence estimate — we need bounds m and M.

Seen above: m=1.
M =?

Upper bound needed:

lasp (un, vi)| < M ||up||spllvallsp (Vup, vih € Vi),

J. Kardatson Budapest, Hungary
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CDE

Convection-dominated equations

Linear convergence estimate — we need bounds m and M.

Seen above: m=1.
M =?

Upper bound needed:

lasp (un, vi)| < M ||up||spllvallsp (Vup, vih € Vi),

where

asp(up, vh) = (Un, Vh)sp + /Q(W -Vup)vp.

J. Kardatson Budapest, Hungary

Equivalent operator preconditioning for elliptic finite element problems



Operator preconditioning for elliptic problems
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CDE

Streamline Poincaré-Friedrichs inequality

Theorem. (Streamline Poincaré-Friedrichs inequality). Let
w € C1(©,R") be a globally rectifiable vector field on Q. Then
there exists a constant C,, > 0 (depending on w but independent
of v) such that

Vi@ < CGullw-Vvlee) (v e Hy(Q).

J. Kardatson Budapest, Hungary
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CDE

Streamline Poincaré-Friedrichs inequality

Then one can derive
Cw
asp(un, ) < (145 llunllsollvallso

(where g := min dy).
That is: the upper bound of asp satisfies

M<14 S
do

independently of ¢.

J. Kardatson Budapest, Hungary
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CDE

Streamline Poincaré-Friedrichs inequality

Then one can derive
Cw
asp(un, ) < (145 llunllsollvallso

(where g := min dy).
That is: the upper bound of asp satisfies

M<14 S
do

independently of ¢.

Consequence: the PCG iterations converge with rate independently
of ¢ — robustness.

[Axelsson—Karatson—Kovacs, SIAM J. Numer. Anal. 2014]
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CDE

Numerical experiments
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CDE

Numerical experiments

numerical solution exact solution

Figure : result for e = 10 10 — no unphysical oscillations.
g
Budapest, Hungary
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Operator preconditioning for elliptic problems

Complex shift

Helmholtz equations

Case 5: Helmholtz equations and shifted Laplace preconditioners.
The Helmholtz equation:

—Au— K?u = g
o (1)
(% — iKku) oo = 0

(a model problem for high-frequency wave scattering).
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Equivalent operator preconditioning for elliptic finite element problems



Operator preconditioning for elliptic problems

Complex shift

Helmholtz equations

Case 5: Helmholtz equations and shifted Laplace preconditioners.
The Helmholtz equation:

—Au — K2u =
{ (au : (1)

on — iKU)jpg = 0
(a model problem for high-frequency wave scattering).
Preconditioner : the stiffness matrix of the "complex shifted
Laplace” problem (using a proper "absorption” parameter)
—Au— (K2 +ic)u = g
{ (2 (2)

— ipu) o0 =0
[Erlangga, Gander, Magoules, Graham, Enquist, Ying, Shanks...]

J. Karatson Budapest, Hungary
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Operator preconditioning for elliptic problems

Complex shift

Helmholtz equations

Assumptions:
discrete inf-sup-condition for both the original and auxiliary problems
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Operator preconditioning for elliptic problems

Complex shift

Helmholtz equations

Assumptions:
discrete inf-sup-condition for both the original and auxiliary problems

Theorem. Mesh-independent superlinear convergence:

1/k
(nrkush) <o

Irolls,

where gy == mom1 % Z si(Qs) for the GMRES, and an analogous

formula holds for the CGN

(Here s;(Qs) = the singular values of a compact operator, arising
from the weak formulations.)
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Thank you for your attention!
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