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Abstract. In this paper, we study the Hölder exponents of a certain class of
fractal curves, which can be considered as a natural generalization of the well-
known de Rham-curve. These curves are the attractors of Iterated Function
System (IFS) with affine transformations. We give a characterization of the
local Hölder exponents if the linear parts of the corresponding functions are
matrices with strictly positive entries. Moreover, we give a condition that the
curve is non-differentiable but the Lebesgue-typical Hölder exponent is strictly
bigger than 1.

1. Introduction and Statements

Classical examples of fractal curves are the von Koch snowflake, the Heighway
dragon, the devil’s staircase or de Rham-curves. Any continuous fractal curve in Rd

is the union of certain contractive affine copies of itself and can be parameterized by
a continuous curve v : [0, 1] → Rd whose image v([0, 1]) coincides with the fractal
curve.

In particular, the well-known de Rham-curve is defined in R2 with the help of
the affine maps

f0(x) =

[
ω 0
ω 1− 2ω

]
x−

[
0

2ω

]
and f1(x) =

[
1− 2ω ω

0 ω

]
x+

[
2ω
0

]
, (1.1)

where ω ∈ (0, 1/2) is a fixed parameter. The functions f0 and f1 are mapping
[0, 1]× [−1, 0] into itself. The de Rham-curve is obtained by repeatedly taking the
image of [0, 1]× [−1, 0] under the maps in (1.1) (see Figure 1) or equivalently, it is
the image of the function

v(x) = fi(v(2x− i)), for x ∈
[ i

2
,
i+ 1

2

)
, i = 0, 1. (1.2)

Geometrically, starting from a square, it can be obtained by trisecting each side
with ratios ω : (1− 2ω) : ω and ”cutting the corners” by connecting each adjacent
partitioning point to get an octagon. Again, each side is divided into three parts in
the same ratio and adjacent partitioning points are connected, and so on. The de
Rham-curve is the limit curve of this procedure. More precisely, v([0, 1]) in (1.2)
gives the segment between two midpoints of the original square.

Originally introduced and studied by de Rham [1, 2, 3], various properties and
generalizations of the de Rham-curve were investigated, see [4, 9, 10, 12, 13] to
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Figure 1. The image of the square after the first (red), second (green)
and third (black) iteration of (1.1) defining the de Rham-curve for ω = 0.3
(image on left), and a de Rham like fractal curve defined by three affine
mappings (on the right).

name a few. Here we study the local regularity and differentiability of a natural
generalization of the de Rham-curve in Rd in the following setting.

Setup. Throughout, let ‖ · ‖ denote the usual matrix norm induced by the Euc-
lidean norm. We also use the `1 norm ‖A‖1 = eTAe, where e ∈ Rd denotes the
vector (1, . . . , 1)T . For i = 0, 1, . . . , N − 1, define the affine mappings fi : Rd →
Rd, fi(x) := Aix+ ti, such that

(1) ‖Ai‖ < 1 and all entries of Ai are strictly positive (i = 0, 1, . . . , N − 1),
(2) the translations ti satisfy the cross-condition:

fi−1(xN−1) = fi(x0), for i = 1, . . . , N − 1,

where x0 and xN−1 denote the fixed points of f0 and fN−1, respectively.

Define the curve v : [0, 1]→ Rd

v(x) = fi(v(Nx− i)), for x ∈
[ i
N
,
i+ 1

N

)
. (1.3)

We call v([0, 1]) the de Rham like fractal curve Γ which satisfies the self-affine
relation Γ =

⋃
i fi(Γ) and is continuous by the cross-condition. See Figure 1 for an

example defined by three mappings.

Main results. To prove our results, we use the technique of Feng. Here we in-
troduce the notations used in [6]. Denote by P (t) the pressure function which is
defined as

P (t) = lim
n→∞

−1

n logN
log

N−1∑
i1,...,in=0

‖Ai1 · · ·Ain‖t.

Let

αmin = lim
t→∞

P (t)

t
, αmax = lim

t→−∞

P (t)

t
and α̂ = P ′(0).

Alternatively, using [6, Proposition 2.2, Proposition 2.3] the values αmin and
αmax can be characterised as

αmin = lim
n→∞

log maxi1,...,in ‖Ai1 · · ·Ain‖
−n logN

and αmax = lim
n→∞

log mini1,...,in ‖Ai1 · · ·Ain‖
−n logN

.



HÖLDER EXPONENTS OF DE RHAM-CURVES 3

Thus, the values αmin and αmax correspond to the logarithm of the joint- and
the lower-spectral radius, see [13]. Moreover, we can express α̂ as

α̂ = lim
n→∞

N−1∑
i1,...,in=0

log ‖Ai1 · · ·Ain‖
−nNn logN

, (1.4)

see Section 4.
Let us denote by α(x) the local Hölder exponent and by αr(x) the regular local

Hölder exponent of the function v, see the precise definition later in Definition 2.1
and Definition 2.3. Our first result gives a multifractal analysis of the size of the
level sets of α(x) and αr(x). Let us denote the s-dimensional Hausdorff measure by
Hs and the Hausdorff dimension by dimH , for the basic definitions and properties
we refer to [5].

Theorem 1.1. For every α ∈ [α̂, αmax]

dimH E(α) = dimH {x ∈ [0, 1] : α(x) = α} = inf
t∈R
{tα− P (t)} . (1.5)

Moreover, for every α ∈ [αmin, αmax]

dimH Er(α) = dimH {x ∈ [0, 1] : αr(x) = α} = inf
t∈R
{tα− P (t)} . (1.6)

Furthermore, the functions α 7→ dimH E(α) and α 7→ dimH E(α) are continuous
and concave on their respective domains.

Remark 1.2. In general α̂ ≥ 1, see Section 4. The closest related result is due
to Protasov [12, 13] who showed for general fractal curves (without the positivity
condition on the entries of the matrices) that the Lebesgue measure of the sets E(α)
is zero except for α = α̂ when it has full measure.

Theorem 1.3. If there exists a finite product of matrices {A1, . . . , AN} such that

pTAi1 · · ·Aine 6= N−n,

where pT (
∑N−1

i=0 Ai) = pT , then the set N ⊆ [0, 1] where v is not differentiable has
positive Hausdorff dimension. Moreover, for Lebesgue almost every x ∈ [0, 1]

α(x) = αr(x) = α̂ > 1.

In particular, v is differentiable at Lebesgue-almost every point with derivative zero.

2. Preliminaries

Here we collect the notations we use for the symbolic space, define the local
Hölder exponent of a function at a given point and introduce the pressure function
with its main properties.

Symbolic space. Consider an N -ary expansion of x ∈ [0, 1] : x =
∑

n≥1
in
Nn ,

where in ∈ {0, . . . , N − 1}. The sequence i = (i1, i2, . . .) determines an infinite
word on the symbolic space Σ = {0, . . . , N − 1}N and we write Π(i) :=

∑
n≥1

in
Nn .

Let σ denote the left shift on Σ, its n-fold composition by σni = (in+1, in+2, . . .).
We use the standard notation i|n for i1, . . . , in and i∧ j for the length of the longest
common prefix of i, j ∈ Σ, i.e. i∧ j = min{n− 1 : in 6= jn}. Let d(i, j) := N−i∧j be
the natural distance on Σ.
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For a function f : Σ 7→ R we use the notation limj→i f(j) if for any {jn}∞n=1
sequence with d(i, jn) → 0 the limit limn→∞ f(jn) exists and equal to a constant
independent of the choice of sequences. Also define

i ∨ j =

 min{ki, `j}, if ii∧j+1 + 1 = ji∧j+1,
min{kj, `i}, if ji∧j+1 + 1 = ii∧j+1,
0, otherwise;

where ki and `i count the number of consecutive N − 1-s and 0s, respectively
starting from ii∧j+2. The natural projection π from Σ to Γ is

π(i) := lim
n→∞

fi1 ◦ . . . ◦ fin(0) =

∞∑
n=1

Ai|n−1tin = v(x), for i = (i1, i2, . . .) ∈ Σ,

where Ai|n denotes the matrix product Ai1 . . . Ain . Given a measure µ on Σ, its
push forward measure is

π∗µ(E) = µ(π−1(E)), for any Borel set E ⊂ Rd.

Local Hölder exponent. In the literature [8, 13, 14] different definitions are used
for the local Hölder exponent.

Definition 2.1. Let g : [0, 1] → Rd be a function. Then for every x ∈ (0, 1) we
define the quantities

α1(x) = lim inf
y→x

log |g(x)− g(y)|
log |x− y|

, (2.1)

α2(x) = sup
{
α : ∀ρ > 0, sup

y∈Bρ(x)

|g(x)− g(y)|
|x− y|α

<∞
}
, (2.2)

α3(x) = sup
{
α : ∃C > 0, |g(x)− g(y)| ≤ C · |x− y|α ∀y ∈ [0, 1]

}
, (2.3)

where Bρ(x) is the ball with radius ρ around x. We say that α1(x), α2(x) and α3(x)
are the local Hölder exponents of the first, second and third type, respectively.

We collect the relations between these definitions in the following proposition.

Proposition 2.2. For any continuous function g : [0, 1] → Rd and any x ∈ (0, 1)
we have

α1(x) = α2(x) = α3(x). (2.4)

Since these notions of local Hölder exponent coincide, in the sequel we will simply
say local Hölder exponent denoted by α(x).

Proof. Let x ∈ (0, 1) be arbitrary but fixed. We prove that α1(x) = α2(x) in two
steps. First we show that for any ε > 0

α1 − ε ≤ α2. (2.5)

By (2.1), for every ε > 0 there exists 0 < R < 1 such that for every y ∈ BR(x)

log |g(x)− g(y)|
log |x− y|

≥ α1 − ε.

Since |x− y| < 1, we have log |g(x)− g(y)| ≤ log |x− y|α1−ε. Hence,

|g(x)− g(y)|
|x− y|α1−ε ≤ 1.
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Since α2 is the supreme of α’s such that the sup |g(x)−g(y)|
|x−y|α1−ε <∞, thus we get (2.5).

Conversely, for ε > 0 let 0 < R < 1 be such that

sup
y∈BR(x)

|g(x)− g(y)|
|x− y|α2−ε < CR,

where the constant CR depends on R. Therefore, |g(x)− g(y)| < CR|x− y|α2−ε for
every y ∈ BR(x). Taking logarithm of each side, since log |x− y| < 0

log |g(x)− g(y)|
log |x− y|

>
logCR

log |x− y|
+ α2 − ε.

The first term of the right-hand side tends to 0 whenever y → x. Thus α2−ε ≤ α1.
We now turn to α1(x) = α3(x). First we show that for any ε > 0

α3 − ε ≤ α1.

The definition of α3 implies that there exist C > 0 such that

|g(x)− g(y)| ≤ C · |x− y|α3−ε ∀y ∈ [0, 1].

Again taking the logarithm, when y → x we get

α3 − ε ≤ lim inf
y→x

log |g(x)− g(y)|
log |x− y|

= α1.

On the other hand, by (2.1) for any ε > 0 there exists a δ = δ(x) > 0 such that

|g(x)− g(z)| ≤ |x− z|α1−ε, if |x− z| < δ.

So if y ∈ [0, 1] arbitrary then

if |x− y| < δ then |g(x)− g(y)| ≤ |x− y|α1−ε

if |x− y| ≥ δ then |g(x)− g(y)| ≤ C ≤ Cδ−(α1−ε)|x− y|α1−ε,

where C = supx,y∈[0,1] |g(x)− g(y)| <∞. Hence, for any y ∈ [0, 1]

|g(x)− g(y)| ≤ C ′|x− y|α1−ε,

which implies that α3 ≥ α1 − ε. �

Definition 2.3. Analogous to (2.1), we also define

α1(x) = lim sup
y→x

log |g(x)− g(y)|
log |x− y|

.

We say that the function g : [0, 1]→ Rd has regular local Hölder exponent at x if

α1(x) = α1(x).

We denote this common limit by αr(x) whenever it exists.

The following proposition gives a formula to calculate α(x) specifically of de
Rham like fractal curves.

Proposition 2.4. Let v : [0, 1] 7→ Rd be the fractal curve defined in (1.3). Then
for any x ∈ (0, 1)

α(x) = lim inf
j→i

log ‖Ai|i∧j‖
(
‖AkAi∨j

0 ‖+ ‖A`Ai∨j
N−1‖

)
−(i ∧ j + i ∨ j) logN

, (2.6)
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where x =
∑∞

n=1 in/N
n. In particular,

αr(x) = lim
j→i

log ‖Ai|i∧j‖
(
‖AkAi∨j

0 ‖+ ‖A`Ai∨j
N−1‖

)
−(i ∧ j + i ∨ j) logN

. (2.7)

This proposition immediately follows from Lemmas 2.5 and 2.6 below.

Lemma 2.5. There exist constants c1, c2 > 0 such that for all i, j ∈ Σ with i∧ j, i∨
j <∞

c1‖Ai|i∧j‖
(
‖AkAi∨j

0 ‖+ ‖A`Ai∨j
N−1‖

)
≤ |π(i)− π(j)|

≤ c2‖Ai|i∧j‖
(
‖AkAi∨j

0 ‖+ ‖A`Ai∨j
N−1‖

)
, (2.8)

where k = ii∧j+1 and ` = ji∧j+1.

For simplicity, we introduce the notations m = i ∧ j and p = i ∨ j.

Proof. Assume im+1 > jm+1 (proof is analog for im+1 < jm+1).

|π(i)− π(j)| =
∣∣∣∣ ∞∑
n=m+1

Ai|n−1tin −
∞∑

n=m+1

Aj|n−1tjn

∣∣∣∣
=

∣∣∣∣Ai|m

( ∞∑
n=1

Aσmi|n−1tim+n −
∞∑
n=1

Aσmj|n−1tjm+n

)∣∣∣∣ = |Ai|mz|,

where z = π(σmi)− π(σmj).
Let us observe that for every i′, j′ ∈ Σ with π(i′) 6= π(j′) and i1 > j1, all

coordinates of π(i′)− π(j′) are strictly positive. Moreover, the argument of π(i′)−
π(j′) is uniformly bounded away from 0 and π/2 (all entries of the matrices are
strictly positive).

Hence, there is a constant c > 0 such that for every i, j ∈ Σ

c−1|π(i)− π(j)| ≤ ‖Ai∧j‖|z| ≤ c|π(i)− π(j)|. (2.9)

Furthermore, if l = k + 1

|z| = |π(k

p︷ ︸︸ ︷
0 . . . 0σm+p+1i)− π(`

p︷ ︸︸ ︷
N − 1 . . . N − 1σm+p+1j)|

= |π(k0 . . . 0σm+p+1i)− π(k0∞) + π(`(N − 1)∞)− π(`N − 1 . . . N − 1σm+p+1j)|
= |AkAp0(π(σm+p+1i)− π(0∞)) +A`A

p
N−1(π((N − 1)∞)− π(σm+p+1j))|

Again, the coordinates of the vectors π(σm+p+1i) − π(0∞) and π((N − 1)∞) −
π(σm+p+1j) are all uniformly positive. If l > k+ 1 the elements of the vector z are
uniformly positive. Hence, similarly to (2.9), the lemma follows. �

Lemma 2.6. There exists constants c1, c2 > 0 such that for every x =
∑
in/N

n, and y =∑
jn/N

n, then

c1N
−(i∧j+i∨j) ≤ |x− y| ≤ c2N

−(i∧j+i∨j).
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Proof. Assume x > y (proof is the same for x < y).

|x− y| =
∣∣∣∣ ∞∑
n=1

in − jn
Nn

∣∣∣∣ =
1

Nm

∣∣∣∣ ∞∑
n=1

im+n − jm+n

Nn

∣∣∣∣
=


1

Nm

∣∣∣∣ im+1 − jm+1

N
+
∞∑
n=2

im+n − jm+n

Nn

∣∣∣∣ for p = 0,

1

Nm

∣∣∣∣ 1

N
−

p+1∑
n=2

N − 1

Nn
+

∞∑
n=p+2

im+n − jm+n

Nn

∣∣∣∣ for p > 0.

For p = 0, the sum is bounded from above and below by 1/N by taking |im+n −
jm+n| ≤ N − 1 for all n, which implies the assertion. For p > 0 we have

|x− y| ≤ 1

Nm

2

Np+1
,

|x− y| ≥ 1

Nm

( 1

Np+1
− N − 2

Np+2
− 1

Np+2

)
= N−(m+p+2).

�

Pressure function and its properties. Recall from the Setup in Section 1 that
for i = 0, 1, . . . , N −1 we defined the functions fi(x) = Aix+ ti so that they satisfy
the cross-condition

fi−1(xN−1) = fi(x0), for i = 1, . . . , N − 1, (2.10)

where x0 and xN−1 denote the fixed points of f0 and fN−1, respectively. Without
loss of generality, we may assume that x0 = 0 and xN−1 = e, where e = (1, . . . , 1)T .

The equation fN−1(e) = e implies that tN−1 = (I −AN−1)e and clearly, t0 = 0.
Moreover, from the cross-condition it readily follows that

N−1∑
i=0

Ai is a stochastic matrix, i.e.
(N−1∑
i=0

Ai

)
e = e. (2.11)

Indeed, (2.10) implies that Aj−1(e) = tj − tj−1 for every 1 ≤ j ≤ N − 1. Summing
in j now gives (2.11). Denote the corresponding left normalized eigenvector by p.
Since all the entries of

∑
Ai are strictly positive, by Perron-Frobenius theory, p is

unique up to a constant multiple and its elements pi > 0.
Denote by P (t) the pressure function which is defined as

P (t) = lim
n→∞

−1

n logN
log

∑
|i|=n

‖Ai‖t1. (2.12)

In the next lemma we cite some important properties of the pressure function
due to Feng [6] and Feng, Lau [7].

Lemma 2.7. The matrix pressure function P (t) exists and it is monotone increas-
ing, concave and continuously differentiable for every t ∈ R.

Moreover, for every t ∈ R there exists a unique ergodic, left-shift invariant
Gibbs measure µt on Σ such that there exists a C > 0 that for any (i1, . . . , in) ∈
{0, . . . , N − 1}∗

C−1 ≤ µt([i1, . . . , in])

‖Ai1 · · ·Ain‖t1NnP (t)
≤ C,

that satisfies
dimH µt = tP ′(t)− P (t),
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and

lim
n→∞

log ‖Ai1 · · ·Ain‖1
−n logN

= P ′(t) for µt-almost every i ∈ Σ.

The statements follow by [6, Propostion 4.1] and [7, Theorem 1.1].

3. Proof of Theorem 1.1

To prove Theorem 1.1 we use the method of Winter and Olsen, [11]. First, we
state a sublemma.

Sublemma 3.1. For every sequences of real numbers an and bn

lim inf
n→∞

(an + bn) ≤ lim inf
n→∞

an + lim sup
n→∞

bn ≤ lim sup
n→∞

(an + bn).

The proof is straightforward.

Lemma 3.2. Except countably many x =
∑

n≥1
in
Nn ∈ (0, 1)

αr(x) = lim sup
m→∞

log ‖Ai|m‖
−m logN

and α(x) ≤ lim sup
m→∞

log ‖Ai|m‖
−m logN

.

Proof. Let B be the following subset of Σ

B := {i ∈ Σ : ∃n ≥ 0, σni = 0∞ or σni = (N − 1)∞} .
Hence, the set B is countable and for every i ∈ Σ\B

lim inf
j→i

i ∨ j ≤ 1.

Thus, by applying Proposition 2.4 and Sublemma 3.1, the statement of the lemma
follows. �

Lemma 3.3. For every α ∈ (αmin, αmax)

dimH

{
i ∈ Σ : lim sup

m→∞

log ‖Ai|m‖
−m logN

≤ α
}
≤ inf

t>0
{tα− P (t)} (3.1)

and

dimH

{
i ∈ Σ : lim sup

m→∞

log ‖Ai|m‖
−m logN

≥ α
}
≤ inf

t<0
{tα− P (t)} (3.2)

Proof. For simplicity, we use the notationsGα =
{

i ∈ Σ : lim supm→∞
log ‖Ai|m‖
−m logN ≤ α

}
and Gα =

{
i ∈ Σ : lim supm→∞

log ‖Ai|m‖
−m logN ≥ α

}
.

Let ε > 0 be arbitrary but fixed and let us define the following sets of cylinders:

Bn(ε) =

{
[i1, . . . , in] :

log ‖Ai1 · · ·Ain‖
−n logN

≤ α+ ε

}
and

Bn(ε) =

{
[i1, . . . , ik] : k ≥ n &

log ‖Ai1 · · ·Aik‖
−k logN

≥ α− ε
}
.

By definition, Bn(ε) is a cover of Gα and respectively, Bn(ε) is a cover of Gα. Now
let Cn(ε) and Cn(ε) be the disjoint set of cylinders such that⋃

[i1,...,in]∈Bn(ε)

[i1, . . . , in] =
⋃

[i1,...,in]∈Cn(ε)

[i1, . . . , in]
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and ⋃
[i1,...,ik]∈Bn(ε)

[i1, . . . , ik] =
⋃

[i1,...,ik]∈Cn(ε)

[i1, . . . , ik].

Then by Lemma 2.7 and the definition of Cn(ε) and for any t > 0

Hαt−P (t)+(1+t)ε
N−n (Gα) ≤

∑
[i1,...,in]∈Cn(ε)

N−n(αt−P (t)+(1+t)ε)

≤ N−nε
∑

[i1,...,in]∈Cn(ε)

‖Ai1 · · ·Ain‖tNnP (t)

≤ CN−nε
∑

[i1,...,in]∈Cn(ε)

µt([i1, . . . , in]) ≤ CN−nε.

Hence, Hαt−P (t)+(1+t)ε(Gα) = 0 for any t > 0 and any ε > 0, so (3.1) follows. The
proof of (3.2) is similar by using the cover Cn(ε) of Gα. �

Proof of Theorem 1.1. First we prove (1.6). Using Lemma 3.2 we get that

dimH {x ∈ [0, 1] : αr(x) = α} = dimH

{
i ∈ Σ : lim sup

m→∞

log ‖Ai|m‖
−m logN

= α

}
.

By Lemma 3.3

dimH

{
i ∈ Σ : lim sup

m→∞

log ‖Ai|m‖
−m logN

= α

}
≤ inf

t
{αt− P (t)} .

On the other hand, by Lemma 2.7, P ′ is monotone decreasing, so there exists a
t0 ∈ R such that P ′(t0) = α. Hence, using again Lemma 2.7

dimH

{
i ∈ Σ : lim sup

m→∞

log ‖Ai|m‖
−m logN

= α

}
≥ dimH

{
i ∈ Σ : lim

m→∞

log ‖Ai|m‖
−m logN

= α

}
≥ dimH µt0 = t0P

′(t0)− P (t0) = t0α− P (t0) ≥ inf
t
{αt− P (t)} ,

which proves (1.6).
To prove (1.5), we use the same argument with a slight modification. Assume

that α > α̂ = P ′(0). Observe, that for every α ∈ (α̂, αmax)

inf
t
{αt− P (t)} = inf

t<0
{tα− P (t)} .

On the other hand,

dimH {x ∈ [0, 1] : α(x) = α} ≥ dimH {x ∈ [0, 1] : αr(x) = α} ,

which gives the lower bound, and by Lemma 3.2 and Lemma 3.3

dimH {x ∈ [0, 1] : α(x) = α} ≤ dimH

{
i ∈ Σ : lim sup

m→∞

log ‖Ai|m‖
−m logN

≥ α
}

≤ inf
t<0
{tα− P (t)} ,

which gives the upper bound. �



10 BALÁZS BÁRÁNY, GERGELY KISS, AND ISTVÁN KOLOSSVÁRY

4. Proof of Theorem 1.3

Recall from (2.11) that M =
∑N−1

i=0 Ai is a stochastic matrix with left and right
eigenvectors p and e = (1, . . . , 1)T , respectively, corresponding to eigenvalue 1.
Define the measure ν on the cylinder sets [i|n] =

⋃
j∈Σ(i1, . . . , in, j) of Σ as follows

ν[i|n] = pTAi|ne = pTAi1 . . . Aine for every i ∈ Σ. (4.1)

It is clear that ν uniquely extends to every subset of Σ.

Lemma 4.1. ν is a σ-invariant, ergodic and mixing probability measure on Σ.

Proof. ν is a probability measure, since ν(i : i ∈ Σ) =
∑N−1

i=0 pTAie = pT · e = 1.
It is enough to prove for the cylinder sets [i|n]. For σ-invariance:

ν[σ−1(i|n)] =
N−1∑
j=0

pTAjAi|ne = pTM︸ ︷︷ ︸
=p

Ai|ne = pTAi|ne = ν[(i|n)].

Ergodicity of ν follows from the mixing property, which holds, since

lim
m→∞

ν(σ−m[i|n] ∩ [j|n]) = lim
m→∞

pTAj|n

(
N∑
k=1

Ak

)m−|j|
Ai|ne

= pTAj|ne · pTAi|ne = ν[i|n] · ν[j|n],

where we used from Perron-Frobenius theory that limm→∞(M)m = e · pT . �

We continue with the analysis of the pressure function P (t) (2.12). Let pmin

denote the minimal element of p. Observe that

ν[i|n] ≤ ‖Ai|n‖1 ≤ p−1
min · ν[i|n] for every i ∈ Σ, and n ≥ 1.

Therefore, P (t) can also be calculated as

P (t) = lim
n→∞

−1

n logN
log
∑
i|n

ν[i|n]t. (4.2)

Using the uniqueness of the Gibbs measure µt in Lemma 2.7 for t = 1 we get that
µ1 = ν. Hence, we get

P ′(1) = dimH ν =
hν

logN
, (4.3)

where hν denotes the entropy of ν.
Now we may analyse the typical local regular Hölder-exponent αr with respect

to P. Let us denote by P = { 1
N , . . . ,

1
N }

N the uniform measure on Σ. Again, using
the uniqueness of the Gibbs measure µt in Lemma 2.7 for t = 0 we get that µ0 = P.
Thus,

lim
n→∞

log ‖Ai|n‖1
−n logN

= P ′(0) (4.4)

exists and equal to a constant depending only on P for P-a.e. i ∈ Σ. Hence, by the
subadditive ergodic theorem (1.4) holds.

Proposition 4.2. If ν is not uniform, then α(x) = αr(x) = P ′(0) > 1 for L-a.e.
x ∈ [0, 1].

If ν[i|n] = 1
Nn for every i ∈ Σ, then α(x) = αr(x) = P ′(0) = 1 for L-a.e.

x ∈ [0, 1].
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Proof. First, let us observe that by using the projection Π from Σ to [0, 1]

L = Π∗P = P ◦Π−1.

By using equation (4.4) we have that α(x) = αr(x) = αr(P) for L-a.e. x.
Either using the definition (2.12) of P (t) or (4.2) easy calculations show that

P (0) = −1 and P (1) = 0. Since P (t) is concave (Lemma 2.7), it follows by (4.3)
that

ν is uniform⇔ hν is maximal ⇔ P ′(1) = 1⇔ P (t) = t− 1 for t ∈ [0, 1]. (4.5)

Hence, P ′(0) = 1. Otherwise, if ν is not uniform, then P ′(1) < 1 and by concavity
of P , P ′(0) > 1. �

Proof of Theorem 1.3. It is easy to see that if v is differentiable at a point x, then
either α(x) ≥ 1 or αr(x) = 1. Thus, v is not differentiable at a point x if αr(x) < 1.
Therefore, if ν is not uniform, (4.5) implies that P ′(1) < 1 and for the set N of
points, where v is not differentiable

N ⊇
{
x ∈ [0, 1] : αr(x) = P ′(1)

}
.

Using Lemma 2.7 and (4.3)

dimH N ≥ dimH ν =
hν

logN
> 0.

The second half of the statement follows by Proposition 4.2. �

Now we state a proposition about the dimension of the equidistributed measure
on v([0, 1]).

Corollary 4.3. If ν[i|n] 6= 1
Nn for an i ∈ Σ, then

dimH π∗P =
1

P ′(0)
< 1.

If ν[i|n] = 1
Nn for every i ∈ Σ, then

dimH π∗P = 1.

Proof. By using the classical result of Young

dimH π∗P = lim inf
r→0+

log π∗P(Br(x))

log r
for π∗P-a.e. x ∈ Γ = v([0, 1]).

For an i ∈ Σ and r ∈ R let n ≥ 1 be such that ‖Ai|n‖ ≤ r < ‖Ai|n−1‖. Hence,
π([i|n]) ⊆ Br(π(i)) and

lim inf
n→∞

logP([i|n])

log ‖Ai|n‖
≤ lim inf

r→0+

log π∗P(Br(π(i)))

log r

On the other hand, let us denote the projection from Rd to the line connecting
e = (1, . . . , 1) and 0 = (0, . . . , 0) by proj. Since the matrices A0, . . . , AN−1 have
positive entries there exists a constant C > 1 such that C−1‖Ai|n‖ ≤ |proj ◦
π([i|n])| ≤ C‖Ai|n‖ moreover, the function proj ◦ π is finite to one. Thus,

dimH π∗P ≥ dimH(proj ◦ π)∗P = lim inf
n→∞

logP([i|n])

log ‖Ai|n‖
.
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Since P([i|n]) = 1/Nn and by equation (4.4)

lim inf
n→∞

logP([i|n])

log ‖Ai|n‖
=

1

P ′(0)
.

Now the statement follows from Proposition 4.2. �

An example: de Rham-curve. Recall from (1.1) that the de Rham-curve was
defined with the functions f0(x) = A0x − [0, 2ω]T and f1(x) = A1x = [2ω, 0]T ,
where

A0 =

[
ω 0
ω 1− 2ω

]
and A1 =

[
1− 2ω ω

0 ω

]
.

Even though not all the entries of A0 and A1 are strictly positive, we now show
that with a suitable coordinate transform our results are applicable.

Lemma 4.4. For every ω ∈ (0, 1/3)∪(1/3, 1/2) there exists a coordinate transform
D(ω) such that D(ω)−1A0D(ω) and D(ω)−1A0D(ω) have strictly positive entries.

Proof. For ε > 0 and 0 < δ < 1 define the coordinate transform matrices

D̃ε =

[
1 ε
ε 1

]
and D̂δ =

[
1 −δ
−δ 1

]
.

Elementary calculations show that the matrices Ã0 = D̃−1
ε A0D̃ε and Ã1 = D̃−1

ε A1D̃ε

have strictly positive entries whenever

1

3− ε
< ω <

1

2− ε− ε2
.

The largest possible interval (1/3, 1/2) is attained when ε is arbitrarily small. Very

similar calculations show that the entries of Â0 = D̂−1
δ A0D̂δ and Â1 = D̂−1

δ A1D̂δ

are strictly positive whenever

δ

1 + 3δ
< ω <

1

3 + δ
,

which gives the open interval (0, 1/3). Also trivial calculations show that ‖Ãi‖1 =

‖Ai‖1 = ‖Âi‖1, i = 0, 1. �

Proposition 4.5. For every ω ∈ (0, 1/4) ∪ (1/4, 1/2), the following are true for
the de Rham function v : [0, 1] 7→ R2 (defined in (1.2))

(1) v is differentiable for Lebesgue-almost every x ∈ [0, 1],
(2) There exists a set N such that dimH N > 0 and v is not differentiable on
N ,

(3) dimH π∗P < 1, where P =
{

1
2 ,

1
2

}N
equidistributed measure on Σ = {0, 1}N

and π is the natural projection from Σ to v([0, 1]).

Proof. Using Lemma 4.4, we are able to apply Theorem 1.3 and Corollary 4.3 for
ω 6= 1/3. It is enough to prove that the measure defined in (4.1) is not equidistrib-
uted for ω 6= 1/3, 1/4. Indeed,

ν([00]) = (
1

2
,
1

2
)A0A0(1, 1)T = ω2 +

(1− 2ω)ω

2
+

(1− 2ω)2

2
,

which is not equal to 1/4 if ω 6= 1/4 or ω 6= 1/2.
For the ω = 1/3 case we refer to the work of Nikitin [9]. �
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For ω = 1/4 the de Rham-curve is a smooth curve, namely a parabola arc.
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