ON THE LOCAL HOLDER EXPONENTS OF DeRHAM-LIKE
FRACTAL CURVES

BALAZS BARANY, GERGELY KISS, AND ISTVAN KOLOSSVARY

ABSTRACT. In this paper, we study the Holder exponents of a certain class of
fractal curves, which can be considered as a natural generalization of the well-
known de Rham-curve. These curves are the attractors of Iterated Function
System (IFS) with affine transformations. We give a characterization of the
local Hélder exponents if the linear parts of the corresponding functions are
matrices with strictly positive entries. Moreover, we give a condition that the
curve is non-differentiable but the Lebesgue-typical Hélder exponent is strictly
bigger than 1.

1. INTRODUCTION AND STATEMENTS

Classical examples of fractal curves are the von Koch snowflake, the Heighway
dragon, the devil’s staircase or de Rham-curves. Any continuous fractal curve in R?
is the union of certain contractive affine copies of itself and can be parameterized by
a continuous curve v : [0, 1] — R? whose image v([0, 1]) coincides with the fractal
curve.

In particular, the well-known de Rham-curve is defined in R? with the help of
the affine maps

f =2y e ] wa w2 e B
where w € (0,1/2) is a fixed parameter. The functions fy and f; are mapping
[0,1] x [—1,0] into itself. The de Rham-curve is obtained by repeatedly taking the
image of [0, 1] x [—1, 0] under the maps in (1.1) (see Figure 1) or equivalently, it is
the image of the function
1 141
27 2
Geometrically, starting from a square, it can be obtained by trisecting each side
with ratios w : (1 — 2w) : w and ”cutting the corners” by connecting each adjacent
partitioning point to get an octagon. Again, each side is divided into three parts in
the same ratio and adjacent partitioning points are connected, and so on. The de
Rham-curve is the limit curve of this procedure. More precisely, v([0,1]) in (1.2)
gives the segment between two midpoints of the original square.

Originally introduced and studied by de Rham [1, 2, 3], various properties and
generalizations of the de Rham-curve were investigated, see [1, 9, 10, 12, 13] to

(@) = fi(v(2z — i), for z € [ ) i=0,1. (1.2)
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FIGURE 1. The image of the square after the first (red), second (green)
and third (black) iteration of (1.1) defining the de Rham-curve for w = 0.3
(image on left), and a de Rham like fractal curve defined by three affine
mappings (on the right).

name a few. Here we study the local regularity and differentiability of a natural
generalization of the de Rham-curve in R? in the following setting.

Setup. Throughout, let || - || denote the usual matrix norm induced by the Euc-
lidean norm. We also use the ¢; norm ||A|; = e’ Ae, where e € R? denotes the
vector (1,...,1)7. For i = 0,1,...,N — 1, define the affine mappings f; : R¢ —
RY, fi(x) := Az +t;, such that
(1) ||Ai]| < 1 and all entries of A; are strictly positive (i =0,1,..., N — 1),
(2) the translations ¢; satisfy the cross-condition:

fi—l(xN—l) = fi(l’()), for i = 1, ‘e ,N — 1,
where zg and xny_1 denote the fixed points of fy and fy_1, respectively.
Define the curve v : [0,1] — R?

v(z) = fi(v(Nz —1)), for z € [ (1.3)

1 1+1

N’ T)
We call v([0,1]) the de Rham like fractal curve T' which satisfies the self-affine
relation I" = |, fi(I") and is continuous by the cross-condition. See Figure 1 for an

example defined by three mappings.

Main results. To prove our results, we use the technique of Feng. Here we in-

troduce the notations used in [6]. Denote by P(t) the pressure function which is
defined as
N—-1
— 3 - e e . t
PO = iy os 5 WAl
11 yeensin =
Let
P(t ~
Omin = lim Q, Omax = lim ) and a = P'(0).
t—oo ¢ t——o00
Alternatively, using [0, Proposition 2.2, Proposition 2.3] the values o, and

max can be characterised as

log max, i, ||Ai, -+ A, ||

s — lim and o ~ lim log ming, ., || Ai, - - A, ||
min n—o00 —-n ]og N max o - log N .
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Thus, the values amin and amax correspond to the logarithm of the joint- and

the lower-spectral radius, see [13]. Moreover, we can express & as
N-1
" log || As, - - Ay, ||
a= lim E " 1.4
nooo 4 - —nN"logN ’ (1.4)
1yestn=

see Section 4.

Let us denote by a(x) the local Holder exponent and by «,(x) the regular local
Holder exponent of the function v, see the precise definition later in Definition 2.1
and Definition 2.3. Our first result gives a multifractal analysis of the size of the
level sets of a(x) and «.(x). Let us denote the s-dimensional Hausdorff measure by
‘H? and the Hausdorff dimension by dimpy, for the basic definitions and properties
we refer to [7].

Theorem 1.1. For every a € [&, max]

dimpg E(a) = dimy {x € [0,1] : ax) = a} = %glg {tae — P(t)}. (1.5)

Moreover, for every a € [amin, Omax]

dimg E,(a) = dimyg {z € [0,1] : a-(z) = a} = %gﬂg {tae — P(t)}. (1.6)

Furthermore, the functions o — dimg E(«) and a — dimpg E(a) are continuous
and concave on their respective domains.

Remark 1.2. In general & > 1, see Section /. The closest related result is due
to Protasov [12, 13] who showed for general fractal curves (without the positivity
condition on the entries of the matrices) that the Lebesgue measure of the sets E(«)
is zero except for a = & when it has full measure.

Theorem 1.3. If there exists a finite product of matrices {Ai,..., An} such that
pTAil e A’ine 7& an,

where pT(ZfV:_Ol A;) = pT, then the set N C [0,1] where v is not differentiable has
positive Hausdorff dimension. Moreover, for Lebesgue almost every x € [0, 1]

a(z) =ar(x) =a > 1.

In particular, v is differentiable at Lebesgue-almost every point with derivative zero.

2. PRELIMINARIES

Here we collect the notations we use for the symbolic space, define the local
Holder exponent of a function at a given point and introduce the pressure function
with its main properties.

Symbolic space. Consider an N-ary expansion of x € [0,1] : = = > -4 %,
where 4, € {0,...,N —1}. The sequence i = (iy,1is,...) determines an infinite
word on the symbolic space £ = {0,..., N — 1}N and we write II(i) := 3", -, 2.

Let o denote the left shift on ¥, its n-fold composition by 0™i = (i,11,ini2,...).
We use the standard notation i|n for i1,. .., 7, and iAj for the length of the longest
common prefix of i,j € ¥, i.e. iAj=min{n —1: i, # j,}. Let d(i,j) := NN be
the natural distance on X.
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For a function f : ¥ — R we use the notation limj_; f(j) if for any {j,} -,
sequence with d(i,j,) — 0 the limit lim,,_~ f(jn) exists and equal to a constant
independent of the choice of sequences. Also define

min{k;, 65}, if diaje1 + 1 = Jinj+1,
ivj= 1 min{ky, 4}, if Ginjr + 1= dinjia,
0, otherwise;

where k; and ¢; count the number of consecutive N — 1-s and 0s, respectively
starting from 4jpj42. The natural projection 7 from ¥ to I' is

m(i) == nlggo fiyo...0fi,(0)= ZAi|n71tin =v(x), for i = (i1,d,...) € X,
n=1

where Aj,, denotes the matrix product A;, ... A;,. Given a measure p on X, its

push forward measure is

Topi(E) = p(n~Y(E)), for any Borel set E C RY.

n*

Local Ho6lder exponent. In the literature [3, 13, 11] different definitions are used
for the local Holder exponent.

Definition 2.1. Let g : [0,1] — R? be a function. Then for every x € (0,1) we
define the quantities

log[g(z) — g(y)|

ar(x) = h;n_glf T P— (2.1)
ag(x) = sup {a :Vp >0, sup M < oo}, (2.2)
y€B,(x) |ZL‘ - y|

as(@) = sup{a:3C>0, lg@@) - gly)| <C-le—y* Vye0,1]}, (23)

where B,(x) is the ball with radius p around x. We say that a1(x), aa(z) and az(x)
are the local Holder exponents of the first, second and third type, respectively.

We collect the relations between these definitions in the following proposition.

Proposition 2.2. For any continuous function g : [0,1] — R? and any = € (0,1)
we have

a1 (z) = as(z) = as(z). (2.4)
Since these notions of local Holder exponent coincide, in the sequel we will simply
say local Holder exponent denoted by a(z).

Proof. Let x € (0,1) be arbitrary but fixed. We prove that a;(z) = as(z) in two
steps. First we show that for any ¢ > 0

a1 — & < 9. (25)
By (2.1), for every € > 0 there exists 0 < R < 1 such that for every y € Br(z)

log |g(z) — 9(y)|
log |z —y|
Since |z — y| < 1, we have log|g(z) — g(y)| < log |z — y|**~¢. Hence,

lg(z) — g(y)|

|z —yle

> o) —E.

<1.
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Since g is the supreme of a’s such that the sup W < 00, thus we get (2.5).

Conversely, for € > 0 let 0 < R < 1 be such that
wp 192 =0 _
yeBp(z) 1T —y|*

where the constant Cr depends on R. Therefore, |g(x) —g(y)| < Cr|x —y|**~¢ for
every y € Br(z). Taking logarithm of each side, since log|z —y| < 0

log |g(z) — g(y)| L, _log Cr
log |z — y| log |z — y|

The first term of the right-hand side tends to 0 whenever y — . Thus ay —¢ < ;.
We now turn to o;(x) = ag(x). First we show that for any ¢ > 0

+ a9 — €.

a3 — & < aq.
The definition of a3 implies that there exist C' > 0 such that
l9(x) —g(W)| < C o —y|*™= Vy € 0,1].
Again taking the logarithm, when y — x we get

(z) — g(y)l

1
a3 — e < liminf o8 g = Q.
y=o loglz —y

On the other hand, by (2.1) for any € > 0 there exists a 6 = d(x) > 0 such that
l9(x) = g(2)| < |lw —2[M7F, if [o — 2] < 6.

So if y € [0, 1] arbitrary then
if [ —y| <4 then |g(z) —g(y)| < |z —y["™"
if [ —y| > 6 then |g(z) —g(y)| < C < C5 |z —y|™17,
where C = sup, ,c0.1] |9(z) — g(y)| < co. Hence, for any y € [0,1]
l9(z) = g(y)| < C'z —y|™' 7,
which implies that as > a; — €. OJ
Definition 2.3. Analogous to (2.1), we also define

() = lim sup log|g(z) — g(y)|
yox loglz —yl

We say that the function g : [0,1] — R? has regular local Holder exponent at x if
a1 (x) = a1 (z).
We denote this common limit by a,(x) whenever it exists.

The following proposition gives a formula to calculate a(z) specifically of de
Rham like fractal curves.

Proposition 2.4. Let v : [0,1] — R? be the fractal curve defined in (1.3). Then
for any x € (0,1)

. og | Ay, I (1ARAS ] + | Ac AR L 11)
a(z) = liminf

2.6
joi —(iAnj+iVv])logN ’ (26)
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where x =7 i, /N™. In particular,

log | Ay, 1 (1 ARAS ] + 1| Ac AR 1)
a,(z) = lim

2.7
joi —(iAnj+iVv])logN (27)

This proposition immediately follows from Lemmas 2.5 and 2.6 below.

Lemma 2.5. There exist constants ci,co > 0 such that for alli,j € X with iN],iV
j< o
el Aify | (1 ARAG" | + | AcAR L 1) < [m(3) — 7 (3))

< col| Aip, Il ([ AR AG | + 1A AV L), (2.8)

linj

where k = iip541 and £ = Jipj41-

For simplicity, we introduce the notations m =iAjand p=1iVj.

Proof. Assume ipm4+1 > jm+1 (proof is analog for 41 < Jm1)-

n=m-+1 n=m+1
oo 9]
= ’Alm( E Aami\n—ltim-o-n - E Acrmj|n—1tjm+n>’ = |Ai|mz‘a
n=1 n=1

where z = 7(c™i) — 7(c™j).

Let us observe that for every i',j € ¥ with (i) # #(j') and 41 > 7, all
coordinates of 7(i') — w(j') are strictly positive. Moreover, the argument of 7(i') —
7(j’) is uniformly bounded away from 0 and 7/2 (all entries of the matrices are
strictly positive).

Hence, there is a constant ¢ > 0 such that for every i,j €

(@) = 7)) < [ Ainglllz] < el (@) — 7 (3)]. (2.9)
Furthermore, if | =k 4+ 1

P P
—~ —SN—
lz| = |7(k0...00™P ) — (/N —1...N — 1o™PHj)]
= |m(k0...00™ P — 7 (k0®) + 7(4(N — 1)®) = 7((N —1...N — 1o PT1j)]
= [ AR AR (m (o™ ) = 7(0%°)) + AgAR_ (m((N = 1)%) = m(o™ 7))
Again, the coordinates of the vectors m(a™ P 1) — 7(0°) and 7((N — 1)) —

7(o™PTL§) are all uniformly positive. If I > k + 1 the elements of the vector z are
uniformly positive. Hence, similarly to (2.9), the lemma follows. ]

Lemma 2.6. There exists constants c1,ca > 0 such that for every x = > i, /N", and y =
> in/N™, then

oy N~ONHVI) < g g| < o N ONHIVE),
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Proof. Assume x > y (proof is the same for = < y).

o0

in — Jn 1 tm+n — Jm+n
eyl =Y T = e 2
n=1 n=1
1

Zm+1 Jm+1 X tmtn — Jmtn
43 fmbn = Jmin

v ) A for p =0,
n=

pHN—l o o
n=

n=p+2 N7

For p = 0, the sum is bounded from above and below by 1/N by taking |i,,4+n —
Jm+n| < N —1 for all n, which implies the assertion. For p > 0 we have
1 2
Nm Np+L
1 1 N -2 1
v =yl = (NP+1 T N2 N2

lz -yl <

) — N—(m+p+2)

0

Pressure function and its properties. Recall from the Setup in Section 1 that
fori=0,1,..., N — 1 we defined the functions f;(x) = A;z +t; so that they satisfy
the cross-condition

fi_l(ﬂZNfl) :fi(l‘o), for i = 1,...,N—1, (210)
where xg and x_1 denote the fixed points of fy and fy_1, respectively. Without
loss of generality, we may assume that o = 0 and x_1 = e, where e = (1,...,1)%.

The equation fy_1(e) = e implies that txy_1 = (I — Ay_1)e and clearly, ¢ty = 0.
Moreover, from the cross-condition it readily follows that

N-1 —1
Z A; is a stochastic matrix, i.e. ( Z Ai>e =e. (2.11)
i=0 i=0

Indeed, (2.10) implies that A;_1(e) =t; —t;—1 for every 1 < j < N — 1. Summing
in j now gives (2.11). Denote the corresponding left normalized eigenvector by p.
Since all the entries of ) A; are strictly positive, by Perron-Frobenius theory, p is
unique up to a constant multiple and its elements p; > 0.

Denote by P(t) the pressure function which is defined as

- log Z AL (2.12)

In the next lemma we cite some important propert1es of the pressure function
due to Feng [0] and Feng, Lau [7].

Lemma 2.7. The matriz pressure function P(t) exists and it is monotone increas-
ing, concave and continuously differentiable for every t € R.

Moreover, for every t € R there exists a unique ergodic, left-shift invariant
Gibbs measure py on ¥ such that there exists a C > 0 that for any (i1,...,i,) €
{0,...,N —1}*

-1 ut([zl,,zn])
R VR T [

that satisfies
dimgy pe = tP'(t) — P(t),
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and log ||A A; |
. og 11 " T A (|1 /
lim =P
n00 —nlog N

(t) for pi-almost every i € X.
The statements follow by [0, Propostion 4.1] and [7, Theorem 1.1].

3. PROOF OF THEOREM 1.1

To prove Theorem 1.1 we use the method of Winter and Olsen, [I1]. First, we
state a sublemma.

Sublemma 3.1. For every sequences of real numbers a, and by,

liminf(a, + b,) < liminf a,, + limsup b,, < limsup(a, + by,).
n—00 n—00 n—00 n—00

The proof is straightforward.
Lemma 3.2. Fxcept countably many x = Zn21 % € (0,1)

ar(x) = limsu Lg HAi‘mH
" mﬁoop —mlog N

Proof. Let B be the following subset of 3
B:={ieX: In>0, 6"i=0%or o"i= (N —1)*}.

and «(z) < limsup M.
T mooo —mlog N

Hence, the set B is countable and for every i € ¥\ B
liminfivj<1.

j—i

Thus, by applying Proposition 2.4 and Sublemma 3.1, the statement of the lemma

follows. g
Lemma 3.3. For every o € (Qumin, ®max)
10g || Ajjm, |
di ieX: i —— < <inf {ta — P(t 3.1
i {1 B stimow S <of Snffa- PO} @1
and oz I 4
O .
dim g {i ex: limsupM > a} <inf {ta — P(t)} (3.2)
m—oo —mlog N t<0
Proof. For simplicity, we use the notations G, = {i € ¥ : limsup,,_, % < a}

10g||Ai|mH

and éa = {i € X : lim SUPm—00 —mlog N =

Let € > 0 be arbitrary but fixed and let us define the following sets of cylinders:

log ||A4;, -+ 4;
Bn(f‘:):{[il,..,7in]: og || A, N

<
—nlog N _a—l—s}

and

= : : log [|Ai, -- - Ai |
B, (¢s) = k> L >a—¢p.
() {[’Ll, Jigl ik >n & “hlog N >a—c¢

By definition, B,,(¢) is a cover of G, and respectively, By (e) is a cover of G,. Now
let C,,(g) and Cp(e) be the disjoint set of cylinders such that

U [Zl,,ln]: U [i1;-~-7in]

[i1,...,in]€B,, (€) [i1,...,in]€C,, (€)
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and
U [i1, ... i) = U i1, ..., ).
[i1,eik]EBn(e) [i1,e0yi2] EC ()

Then by Lemma 2.7 and the definition of C,,(¢) and for any t > 0

H%t;f(t)+(1+t)s(ga) < Z N—lat=P(t)+(1+t)e)
[i1,-.in]€C,, (€)
SN N Ay A PN
[i1,-vin]€C,, ()
<ON > wlfi,. . in)) SCNTE
[i15..3n]€C,, (€)

Hence, H - PO+0+0e(G ) = 0 for any ¢ > 0 and any € > 0, so (3.1) follows. The
proof of (3.2) is similar by using the cover C,(¢) of G,. O

Proof of Theorem 1.1. First we prove (1.6). Using Lemma 3.2 we get that

dimpg {z € [0,1] : ap-(2) = o} =dimpg i€ ¥ : limsup ———— =a ;.

By Lemma 3.3

dimg i€ X : limsup M =a, <inf{at — P(t)}.
m—oco —mlog N ot

On the other hand, by Lemma 2.7, P’ is monotone decreasing, so there exists a
to € R such that P'(tp) = . Hence, using again Lemma 2.7

log || A;
dimg qi € X limsupM =
m—oo —mlog N

> dimpy py, = toP'(to) — P(to) = toa — P(to) > inf {at — P(t)},

| A;
oV > dimg Jie s tm 8l _
m—oo —m log N

which proves (1.6).
To prove (1.5), we use the same argument with a slight modification. Assume
that a > @ = P’(0). Observe, that for every a € (@, tmax)

i1;1f {at — P(t)} = %I<1£ {ta — P(t)}.

On the other hand,
dimg {z € [0,1] : a(z) = a} > dimg {z € [0,1] : a,-(z) = a},
which gives the lower bound, and by Lemma 3.2 and Lemma 3.3
dimg {z € [0,1] : a(x) = a} < dimpy {i eX: limsupM > a}
m—oo —Mmlog N

< —
< inf {ta — P(t)},

which gives the upper bound. O
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4. PROOF OF THEOREM 1.3

Recall from (2.11) that M = Zf\; _01 A; is a stochastic matrix with left and right

eigenvectors p and e = (1,...,1)T, respectively, corresponding to eigenvalue 1.
Define the measure v on the cylinder sets [i|n] = U;ex (i1, - - - 1 in, j) of X as follows
v[iln] = pTAi‘ne =pl Ay ... A e for every i € X. (4.1)

It is clear that v uniquely extends to every subset of 3.
Lemma 4.1. v is a o-invariant, ergodic and mizing probability measure on 3.

Proof. v is a probability measure, since v(i: i € ¥) = SV 0 LpT Aje=pT e =1.
It is enough to prove for the cylinder sets [i|n]. For o-invariance:

N-1
Vo7 (iln)] = Z p" AjAje = pT M Aje = p" Aype = v[(in)).
= ——

=p
Ergodicity of v follows from the mixing property, which holds, since

11
Tim_v(o"ifn] N fjln]) = Tim_p” Ay, (2%) e

=p" Aje - p" Ajne = vli|n] - [J|n]
where we used from Perron-Frobenius theory that lim,, . (M) = O

We continue with the analysis of the pressure function P(t) (2.12). Let pmin
denote the minimal element of p. Observe that

vlijn] < |45l < pot - v[ijn] for every i € %, and n > 1.

Therefore, P(t) can also be calculated as

P(t) = lim log Y vliln]". (4.2)

n—o0 N log N

iln

Using the uniqueness of the Gibbs measure u; in Lemma 2.7 for t = 1 we get that
p1 = v. Hence, we get
hy

P'(1) =di = —
(1) Y log N’

(4.3)

where h, denotes the entropy of v.

Now we may analyse the typical local regular Holder-exponent «, with respect
to P. Let us denote by P = {%,..., %} the uniform measure on ¥. Again, using
the uniqueness of the Gibbs measure p; in Lemma 2.7 for t = 0 we get that pg = P.
Thus,

log || Ajjn 1

n—oo —nlog N

exists and equal to a constant depending only on P for P-a.e. i € ¥. Hence, by the
subadditive ergodic theorem (1.4) holds.

= P'(0) (4.4)

Proposition 4.2. If v is not uniform, then a(x) = a,(x) = P'(0) > 1 for L-a.e.
x €[0,1].

If v[iln] = = for every i € X, then a(z) = ay(z) = P'(0) = 1 for L-a.e.
x € [0,1].
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Proof. First, let us observe that by using the projection II from ¥ to [0, 1]
L=T,P=PoIl ..

By using equation (4.4) we have that a(z) = a,(z) = a,(P) for L-a.e. .

Either using the definition (2.12) of P(t) or (4.2) easy calculations show that
P(0) = —1 and P(1) = 0. Since P(t) is concave (Lemma 2.7), it follows by (4.3)
that

v is uniform < h, is maximal < P'(1) =1« P(t)=t—1fort € [0,1]. (4.5)

Hence, P’(0) = 1. Otherwise, if v is not uniform, then P’(1) < 1 and by concavity
of P, P'(0) > 1. O

Proof of Theorem 1.3. It is easy to see that if v is differentiable at a point x, then
either a(z) > 1 or () = 1. Thus, v is not differentiable at a point z if a, () < 1.
Therefore, if v is not uniform, (4.5) implies that P’(1) < 1 and for the set N of
points, where v is not differentiable

N2 {ze€0,1]:an(z)=P(1)}.
Using Lemma 2.7 and (4.3)

hy
dimy N > dimp v = log N > 0.

The second half of the statement follows by Proposition 4.2. O

Now we state a proposition about the dimension of the equidistributed measure
on v([0, 1]).

Corollary 4.3. If viln] # 5= for ani€ X, then

If v[iln] = & for every i€ X, then
dimH 71'*]P> =1.
Proof. By using the classical result of Young

1 P(B,
dimg 7P = lim inf M

for m,P-a.e. z € I' = v([0,1]).
r—0+ logr

For an i € ¥ and r € R let n > 1 be such that [|A4;,|| < r < [[Aj,—1|. Hence,
#([ijn]) € By(x(i)) and

g 2D g, P(B (7(0)
n—oo  log || Ajp, | r—0+ log

On the other hand, let us denote the projection from R? to the line connecting
e=(1,...,1) and 0 = (0,...,0) by proj. Since the matrices Ay,..., Ay_1 have
positive entries there exists a constant C' > 1 such that C'|4;,| < |proj o
7([iln])| < C||A;, || moreover, the function proj o 7 is finite to one. Thus,

dimp m P > dimp (proj o )P = lim inf log P([iln])
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Since P([i|n]) = 1/N™ and by equation (4.4)

. logP(fijn]) 1
1 f = .
e log [[Ag,| — P'(0)

Now the statement follows from Proposition 4.2. O

An example: de Rham-curve. Recall from (1.1) that the de Rham-curve was
defined with the functions fo(z) = Aoz — [0,2w]? and fi(z) = Ajx = [2w,0]7,
where
w 0 1-2w w
A0—|:w 1_2w:| and A1—|: 0 w:|.
Even though not all the entries of Ayp and A; are strictly positive, we now show
that with a suitable coordinate transform our results are applicable.

Lemma 4.4. For everyw € (0,1/3)U(1/3,1/2) there exists a coordinate transform
D(w) such that D(w)~'AgD(w) and D(w)~tAgD(w) have strictly positive entries.

Proof. For ¢ > 0 and 0 < § < 1 define the coordinate transform matrices
~ 1 ¢ =~ 1 =0
DE—L 1} and D(;—{_(S 1].

Elementary calculations show that the matrices g@ = 15; 1A055 and Zl = 15; 1A, 55
have strictly positive entries whenever

1
<w< —m—.
3—¢ 2—¢g—¢g?

The largest possible interval (1/3,1/2) is attained when ¢ is arbitrarily small. Very

similar calculations show that the entries of A\O = lA)glAglA)g and ﬁl = ﬁ(s_lAllA)g
are strictly positive whenever

143 ~“ 356
which gives the open interval (0,1/3). Also trivial calculations show that ngHl =
[Aills = [[Aill1, i = 0,1. O

Proposition 4.5. For every w € (0,1/4) U (1/4,1/2), the following are true for
the de Rham function v : [0,1] = R? (defined in (1.2))
(1) v is differentiable for Lebesgue-almost every z € [0, 1],
(2) There exists a set N such that dimpg N > 0 and v is not differentiable on
N,
(3) dimpy mP < 1, where P = {3, 3 N equidistributed measure on ¥ = {0,1}"
and 7 is the natural projection from ¥ to v([0, 1]).
Proof. Using Lemma 4.4, we are able to apply Theorem 1.3 and Corollary 4.3 for
w # 1/3. Tt is enough to prove that the measure defined in (4.1) is not equidistrib-
uted for w # 1/3,1/4. Indeed,

11

00]) = (5, =

W([00]) = (5, 5
which is not equal to 1/4 if w # 1/4 or w # 1/2.

For the w = 1/3 case we refer to the work of Nikitin [J]. O

1—2ww (1-—2w)?
) +( )

) Aodo(1,1)7 = w? + 1 s



HOLDER EXPONENTS OF DE RHAM-CURVES 13

For w = 1/4 the de Rham-curve is a smooth curve, namely a parabola arc.
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