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5 �7698;:=<>8;:!?�@>8A@>B,CED�F�GHD;IJI;BKIML�BNIML�OHI
ABCD P <>Q�RABKIML�OHISLT<>Q�U,8 A1B1C1D1 V I;W�FABXI;YZ<>8;:�<>?[G>?�\�G]?�F;DI;Y[I;BKIML^I;Y>FA_�FA?9`T<.aHCcb�<>BAO�<>B,Y><]a�adG>?�\�G>?HI Pfe B e aga9bMI;_�_�IMDThji!Ylk;m7noaH?�pcD0DcUTIZD e b�<]a�D�<]Y>RZDcU P <qO�<>Y>@]?�<]D�<]ar I;W�FABsI;Yt<]uH<]Q�m7@>_�:vb�<.D!aHF;u V I;Y]awIED�F!GHD;IxbMI;BNI;m7<>Bo:yD�@]a0G>?g\�G>?HkMa e ?�?�Y><]D e a�Rzb�<]D�aHF;u�D�@>_�awI;Q"O�pcD

m7<>8!{Hh
I�{ −−→

AB +
−−→
CC1

`T{ −−→
AB +

−−→
AC1 +

−−→
BD1 +

−−→
C1BG�{ −−→

AB · −−→AB1

Q({ | −−→AB × −−→
AD1 +

−−→
AB | <�{ −→

AC · −−→D1A
| �S}~8�I;Y.�q< V W�FA8;:^W�I a × c = b × c V @]? c 6= 0 V IMD!D�F;u a = b �
��7698;:!?�Y><]u�C�?�n,aH?g�cD�I
D e b�<.a�D�<>Y>Rw?�Y>F;uHYlIMa�F;D;IMal�I�{

(a + b)(a− b)
`T{

(a + b) × (a − b)
G�{

(a + b)a(b + c)
b�<>8;:�<]?�?�Y>F;uHY>IMa

� �7��I
e1, e2, e3

<>8;:c?g@>8;b�<]D!a�F;uHF;D V @]? e1 + e2 + e3 = 0 V IMD!D�F;u�m7<>_�_�:cU e1e2 + e1e3 + e2e3 �
� �J��UKY>FA_�:cnoaH?�pcD7`(< V W�FA8;: ((a× b)× a)× b = 0

IMD!D�F;us@>?�G>?HIMD^IMD�D�F;u�aH<>B O�<>?���B V W�I a
L�kMu�W�p�YlI;mSFA?

b
��b�<>B�b;I;8;:

a
m7<.uHRABK<>8A<]?

b
��uH<;h r2� 8;:xaH<.DcUK_�a3O��cD V W�FA8;:zI

0
b�<]D�aHF;u�m7UK_�Q�<>_�_�<]B�L�kMuHW�p�YlI;m7FA?�@>?

m7U,_�Q�<>_cuH<�m7<]uHRAB,<>8A<>?>h�{
� �7��<>8;:�<>_

u = (1, 2, 1) V v = (0, 1,−1)
@>?

w = (1, 0, 0)
h

I�{^i!Ylk;mSn,aH?�pcDJD!U�I0D e b�<]a�D�<>Y>R0DcU P <qO�<>Y>@>?g<]D�<]al�
uv u × v uvw (uv)w (u× v) × w`T{t��<]uH<>?g?���_cD

u V v �qW�<>Y�FAB,:�I;_^b�<]D!aHF;uga V I;m7<>Bo:Jm7UK_�QcD�<.a�aHR;uH<�m7<]u�RABK<>8A<>?]h� �ti!Ylk;m7noaH?�pcD=DcU�I;Y
a = (1, 1, 0)

b�<]D!aHF;u[b�<.aH��BK<]a�@]a�I
b = (0, 1,−1)

b�<]D�aHF;u�u*Ic���[BKB,n,aH?gpcD�<>B,R=I;Y
ab�<]D�aHF;u�a�<>8;:

b
b�<.D!aHF;u�uHI0m7<.uHRABK<>8A<]?�@>?�<>8;:

b
b�<]D!a�F;u�u*I;BTL�kMuHW�p�YlI;m7FA?sb�<]D!a�F;u e ?�?gY><>8A<]D�@>_�al�

� � I�{J�E<]D�D�F;u*ISI
(2,−1)

@>?
(−1, 3)

b�<]D�aHF;uHF;Dt?�Y e 8A< �`T{t�EUKBo:�<>_
t
@.u�aH@]D�uH<�B,<>?�YZI;Y

(1, t, 1)
@>?

(t,−1, 1)
b�<.D!aHF;uHF;Dt?gY e 8A< 60◦ �G�{^� <]8;:c�cD P <>B V W�FA8;: |a| = |b| V @>? |a + b| = |a − 2b| hj�E<]D�D�F;u*IwI;Y a

@>?
b
b�<.D!aHF;uHF;Dt?gY e 8A< �

¡ �7�E<]D!D�F;uHIxI;Y
(1, 0,−1) V (2, 2, 3) V (0, 1, 0)

@>?
(1, 2, 1)

G>?�\�G>?�F;D¢k;B,a*I;B�m7<>8AW�IMa*kMu�FAY>F;a�aZa�<]a�u*I;@>Q�<.u
aH@]u P FA8�IMa*I �

5!£ �J��UK_�<lkMuHU,?HI;_ e ?�?�Y>< P ��8A8AR;D��q< V U,BKBK<.a�b�<
I t
m7U,B,:�<>_E@]ugaH@]D�@]uH<
B,UK_�<lkMuHU,?HI;_ e ?�?�Y>< P ��8A8AR;D¤I;YwI;BKkM`�`�U b�<]D��aHF;u�u�<>_�Q�?�Y><]u�<]D �I�{ {(1, 1, 0), (2, 2, 0), (0, 1, 2) }`T{ {(1, 0, 0), (0, 1, 1), (1, 1, 1) }G�{ {(1, 0, 0), (1, 1, 0), (1, 1, 1) }Q({ {(2, t, 1), (4, 3t, 2) }<�{ {(1, 2, t), (0, t,−1), (1, 0, 3) }

5�5 �7¥¦u3O�pcD Pfe B V I;Y (1, 2, 3)
b�<]D!a�F;u�axI¨§"©chªG�{ P <>BKI;Q�IMa�b�<]D�aHF;u*I;UK_�IMD«B,UK_�<lkMuHU,?�D�FAm¬`�UK_�k;G>U,$OHIMD�@>_�a V W�IBK<]W�<]aH?�@>8A<]?>�

5�| �J��<>8;:�<>_�<]D
a V b @]?

c
BKU,_�<lkMuHU,?HI;_ P ��8A8A<]aHB,<>_�<]D(h���UK_�<>kMuHUK?HI;_ P ��8A8A<.aHBK<>_�<.D��q<®I;Y a+b V b+c

@>?
c+ab�<]D�aHF;uHF;D �
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5 � I�{ −−→
AB +

−−→
CC1 =

−−→
AB +

−−→
BB1 =

−−→
AB1`T{ −−→

AB+
−−→
AC1+

−−→
BD1+

−−→
C1B = (

−−→
AB+

−−→
BD1)+(

−−→
AC1+

−−→
C1B) =

−−→
AD1+

−−→
AB =

−−→
AD1+

−−−→
D1C1 =−−→

AC1G�{ −−→
AB · −−→AB1 = 1 ·

√
2 · cos 45◦ = 1Q({ −−→

AB × −−→
AD1

m7<]uHRAB,<>8A<>?sI;Y −−→
AB

b�<]D�aHF;u�u*I V nK8;: e ?g?�Y><>8A�cDtW�FA?�?gYlIwI��jU,aHW�I;8AF;u*I;?gY.��aH@.aH<>B(?gY><]uHU,_�a
√

∣

∣

∣

−−→
AB × −−→

AD1

∣

∣

∣

2

+
∣

∣

∣

−−→
AB

∣

∣

∣

2

=
√

(1 ·
√

2 · cos 90◦)2 + 12 =
√

3
<�{�[Y

ACD1

W�kMuHFAm7?gY e 8tm7UK_�Q�<>_EFAB,Q�I;BNI √
2
W�FA?�?�Y>\ V aH<>W�kMa�IJW�kMuHFAmS?�Y e 8J?�YlIM`�k;Bo:�FA? V @>?�n,8;:−→

AC
@>? −−→

AD1

?gY e 8A< 60◦ V I;Y −→
AC

@>? −−→
D1A

?�Y e 8A<�LT<>Q�U,8 120◦
hj� <>W�kMa −→

AC · −−→D1A =
√

2 ·
√

2 ·
cos 120◦ = −1

h
| ���[<>m UK8�I;YMhj��<>8;:�<>_�L(@>BKQ�k;p�B

a
@]?

b
D�@]a I;Y>FA_�FA? W�FA?�?gY>\�?Hk;8A\ V Q�<Z_�<>m L�kMuHW�p�YlI;m7FA?sb�<]D!aHF;u V @>? cm7<]u�RABK<>8A<>?�I;Y

a
@>?

b
?�noDlOHkMu*Ich�6jD�D�F;u

a × c = b × c V Q�< a 6= b
h

�� I�{
(a + b)(a− b) = a2 − ab + ba− b2 = a2 − ab + ab − b2 = |a|2 − |b|2 h`T{
(a + b)× (a−b) = a× a− a×b + b× a−b×b = 0− a×b− a×b− 0 = −2a×bG�{
(a + b)a(b+ c) = aab + aac + bab + bac = 0 + 0 + 0 + bac = bac V m7<]u�as<]8;:J?�n,D�`�I;_B,<]b�Rwb�<]D�aHF;uHF;DJb�<>8;:�<]?�?�Y>F;uHY>IMa*IS©ch

� �
0 = (e1 + e2 + e3)

2 = e2

1 + e2

2 + e2

3 +2(e1e2 + e1e3 + e2e3) = 3+2(e1e2 + e1e3 + e2e3) V nK8;:
e1e2 +e1e3 +e2e3 = − 3

2

h��9I;8;:
8A<>FAm7<.a�uHUNI;U,BNI;8�� I�W�kMuHFAm b�<]D�aHF;u�<>8;:0<>8;:c?�@]8 FABKQ�I;B,\S?�YlIM`�k;Bo:�FA?
W�kMuHFAm7?gY e 8A<]a�I;BoD�F;a V I;mS<>B,:!_�<]D I;Y9FABKQ�I;BNI;U�<>8;: I;Q�F;a�a D e u���B OHkMu*k;?X?gY><]uHU,_�a�bMI;_�_�IMD Uou*k;_�:!n,a�bMI V a�<>W�kMa`�kMuHm7<]B,:¢D�@]aw<>8;:cm7k;?ga
D e b�<]a�R¤b�<]D�aHF;uw?�Y e 8A< 120◦ V ?gDMI;BNkMuH?�Y]F;uHYlIMa*IELT<>Q�U,8 − 1

2 V
nK8;: IED�<]uH<>?�<.a�a

DcU P <qO�<>Y>@]? − 3

2

h
� �7��I

a
@>?

b
L�kMuHW�p�YlI;m7FA?HIMD V IMD!D�F;u9mJkMu9I;Y®<>BK?gR b�<]D!aHF;u�UNk;BKU,?j?gY>F;uHYlIMa 0 V W�I mS<]uHRABK<]8A<>?�<]D r @>?d<]8;:cU,D?�<>m

0
{ V IMD!D�F;u a× b

I;Y
a
@>?

b
?gn,DlOHk;_�IMD7_�F;uHmJk;B,b�<.D!aHF;u*I V @>? (a× b)× a

<]`�`(<>_xI
?�n,D�`�I;_
a
��uHI

m7<]u�RABK<>8A<>?sb�<]D�aHF;u V aH<>W�kMa b
��b�<>BTL�kMuHW�p�YlI;m7FA? V @>?�nK8;: ((a× b) × a) × b = 0

h
��F;uHQ�n,agb;I V aH<>8;:!�cD P <>B V W�FA8;:¤a�<>B O�<>?g��B9I;Yw<>8;:�<>_�BKRA?g@>8 V @]? P <>BoaH<>W�<]a3O��cD V W�FA8;: a

@>?
b
_�<>m

0
h

��I
a × b = 0 V IMD!D�F;u a

L�kMuHW�p�YlI;m7FA?
b
��b�<>B�h¤��Ix<>Yt_�<>m

0 V Q�< (a × b) × a
U,8A<>_ V IMD�D�F;u aL�kMuHW�p�YlI;m7FA?sI

b
��uH<[m7<]uHRAB,<>8A<>?d_�<]m _�p�B,BNI

a×b
b�<.D!aHF;u�uHI;B V a�<>W�kMa a

m7<]uHRAB,<>8A<>?
b
��uH<;h���@>8A��BTW�I

<>Y[I�?�Y>F;uHYlIMa9?�<>m
0 V IMD!D�F;u b

L�kMuHW�p�YlI;m7FA?�I;Y
a
��u*IZmS<]uHRABK<]8A<>?9_�<>m _�p�B,BNI

(a×b)×a
b�<]D�aHF;u�u*I;B VnK8;:

b
m7<]u�RABK<>8A<>?

a
��u*Ich

� � I�{
uv = (1, 2, 1)(0, 1,−1) = 0 + 2 − 1 = 1 V
u × v =

∣

∣

∣

∣

∣

∣

i j k

1 2 1
0 1 −1

∣

∣

∣

∣

∣

∣

= i(−3) − j(−1) + k · 1 = (−3, 1, 1) V
uvw = (u× v)w = (−3, 1, 1)(1, 0, 0) = −3 + 0 + 0 = −3 V
(uv)w = 1 ·w = (1, 0, 0) V @>?

(u× v)×w = (−3, 1, 1)× (1, 0, 0) =

∣

∣

∣

∣

∣

∣

i j k

−3 1 1
1 0 0

∣

∣

∣

∣

∣

∣

= i · 0− j(−1) + k(−1) = (0, 1,−1)
h

`T{
u × v = (−3, 1, 1)

UKB,:�<]_ V aHF$bMkM`�`�kS<>_�_�<.D=`�kMuHmS<>B,:J? D;I;BKkMuH?�Y>F;uHFA?�IwUK?]h
� �� b�<.aH��BK<]a

a′ =
ab

|b|2b = 1

2
(0, 1,−1) = (0, 1

2
,− 1

2
) V @]? a−a′ = (1, 1, 0)− (0, 1

2
,− 1

2
) = (1, 1

2
, 1

2
)

I0D!UK<>8A@]?�Y>n,a�Rwb�<]D�aHF;ul�
(1, 1, 0) = (0, 1

2
− 1

2
) + (1, 1

2
, 1

2
)
h
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� � I�{ «D�@]a9b�<]D�aHF;uj?�Y e 8A@>_�<]D0D�FA?�Y>U,_�p�?gYlI (2,−1)(−1, 3)

|(2,−1)| · |(−1, 3)| = −5√
5·
√

10
= − 1√

2
V nK8;:0I�b�<.D!aHF;uHF;D?�Y e 8A< 120◦

h
`T{t��I

ϕ
IvD�@.a=b�<]D�aHF;u^?�Y e 8A< V IMD�D�F;u cos ϕ = (1, t, 1)(t,−1, 1)/(|(1, t, 1)| · |(t,−1, 1)|) =

1/(t2 + 2)
h ®D!D�F;u�B,<>?�Y

ϕ = 60◦ V W�I 1/(t2 + 2) = 1/2 V I;YlI;Y t = 0
h

G�{� P <]B,aH@]a�<>B,`(RAB�D e b�<]a�D�<>Y]U,D V W�FA8;: (a+b)2 = (a−2b)2 V I;Y>I;Y a2+b2+2ab = a2+4b2−4ab
h

6�`�`TRAB
6ab = 3b2 V @]?wI�D�@]a
b�<]D�aHF;u¬?�Y e 8A@>_�<]D¢D�FA?�Y>U,_�p�?gYlI

ab/(|a||b|) = ab/|b|2 = 1

2

h
� <]W�kMa®I
D�@]a�b�<.D!aHF;u�?�Y e 8A< 60◦

h
¡ ��[Y

(1, 0,−1)
G>?�\�G]?g`TAB
DcU,UK_�Q�p�BK @>B,b�<.D!aHF;uHF;D

(1, 2, 4) V (−1, 1, 1)
@>?

(0, 2, 2) V I;Y <]Y><]D k;B,a*I;B
m7<>8AW�IMaHkMuHFAY>F;a�a�L�IMu*I;BK<]BK<]L�UoLT<>Q�FA_J<>B,R$O�<>BK<>?jaH@]u P FA8�IMa*I

∣

∣

∣

∣

∣

∣

1 2 4
−1 1 1

0 2 2

∣

∣

∣

∣

∣

∣

= 1 · 0− 2 · (−2)+4 · (−2) =

−4 V I0aH<]agu*I;@>Q�<]u�aH@]u P FA8�IMa*I¬LT<]Q�UK8JI
L�IMu*I;BK<>B,<]L�U,L(<>Q�FA_�aH@.u P FA8�IMa*k;_�IMDtW�IMaHF�QcuH@>?�Y><M� 4

6
= 2

3

h
5!£ � I�{ � ?�?�Y>< P ��8A8AR;D V m7<]uga I�mJk;?�F!Q�UoD®b�<]D�aHF;u D�@.aH?�Y><]u�<>?�<�I;Yj<>BK?�RA_�<.D r bMI;8;:T� 2·v1−1·v2+0·v3 = 0_�<>m a�uHUobcUKk;BKUK?�B,UK_�<lkMu�UK?sD�FAm
`�U,_�k;G>UK V I;mSU�I 0

b�<]D�aHF;u�a�I;Q"OHI�{*h
`T{ � ?�?�Y>< P ��8A8AR;D V m7<]u�a IwW�IMuHm7I;Q�U,D7b�<]D�aHF;u I;Y�<>B,?�RwD�<.a�aHRA_�<]D=I;Y e ?�?�Y><>8A<MhG�{�����8A8A<]a�BK<>_�<]D(��W�I

x(1, 0, 0)+y(1, 1, 0)+z(1, 1, 1) = (0, 0, 0) V IMD!D�F;u (x+y+z, y+z, z) =
(0, 0, 0) V @>?�nK8;: z = 0 V y = 0

@]?
x = 0

h r �dI;8;:(�
R

3
W�kMu�FAm _�<>m <>8;:S?�n,D�`�I;_ P <.D!b�R¬b�<]D!a�F;u*Im7U,_�Q�UK8 P ��8A8A<]aHB,<>_�ho{Q({t��@]a¤b�<]D!aHF;u¤G>?�IMD IMD�D�F;uEBK<>W�<.a e ?�?gY>< P ��8A8AR V W�I«bMI;BNI;m7<]B,:cUoD¨I«mJk;?�UoDc_�IMD¨? D;I;BKkMuH?�Y>F;uHFA?�I V?�mSU,b�<>B�<>8;:!U,D«b�<]D!aHF;u�?�<>m

0 V <>Y¢I ?gDMI;BNkMu�_�<>m
0 V @>?�nK8;:«`�kMuHm7<>Bo:cU,D b�<.D!aHF;u�I mJk;?�U,D

?gDMI;BNkMu�?�Y>F;uHFA?HIcht��<>8;:�<>_
(4, 3t, 2) = λ(2, t, 1)

h [Y7<>B,?�R�D�FAmSL(FA_�<>_�? m7UKIMa�a
λ = 2 V @>? n,8;:

3t = 2t V I;YlI;Y t = 0
h�6j`�`(<>_tI;Y®<>?g<]a�`T<]_7LT<>Q�U,8 b;I;B,;`�I;_ e ?�?�Y>< P ��8A8AR;DT� (4, 0, 2) = 2(2, 0, 1)

h
<�{

R
3
��`(<>_ W�kMuHFAm b�<]D!aHF;u0LTFA_�aHFA?HI;_ IMD!D�F;uwBKUK_�<>kMuHUK?HI;_ e ?�?�Y>< P ��8A8AR V W�Iy<]8;: ?gn,D!`�I;_ b;I;_�_�IMD VI;YlI;YZI0b�<>8;:�<]? ?�Y>F;u�YlIMaHpcD

0
h96j_�_�<]D�IwW�kMuHFAm b�<]D�aHF;uH_�IMD=I0b�<>8;:�<]? ?�Y>F;u�YlIMa*I −t2 + 3t − 2 V@>?�<>Y

t = 1
@>?

t = 2
<>?�<.aH@>_

0
h

5�5 �
(1, 2, 3) = x(1, 0, 0)+y(1, 1, 0)+z(1, 1, 1) = (x+y+z, y+z, z) V <]`�`(RAB z = 3 V y = 2−z = −1 V@>?

x = 1 − y − z = −1 V I;YlI;Y (1, 2, 3) = −(1, 0, 0)− (1, 1, 0) + 3(1, 1, 1)
h

5�| �t� <>8;:!�cD P <>B V W�FA8;:SbMI;BNI;mS<>B,: x, y, z
? D;I;BKkMuHF;D!u*I

x(a+b)+ y(b+ c) + z(c+ a) = 0
h [Y

a V b V cb�<]D�aHF;uHF;D¬?�Y]<]uHUK_�a9u�<>_�Q�<>Y]b�< I;Y�<>8;:�<]_�BK<]aH<.adI;Y]a�DMIML!O�pcD V W�FA8;: (x+z)a+(x+y)b+(y+z)c = 0
h

[Y
a V b V c

b�<]D!aHF;u�F;D P ��8A8A<]aHBK<]_�?�@>8A@]`(RAB�D e b�<]a�D�<>Y]U,D V W�FA8;: x + z = x + y = y + z = 0 V @>?D e _�_�:�<>_�BKkMaHW�IMaH V W�FA8;:t<>_�_�<.D=G]?HIMD x = y = z = 0
I
m7<>8AFABKQ�k;?�I V nK8;: a + b V b + c

@>?
c + a

UK?
BKU,_�<lkMuHU,?HI;_ P ��8A8A<]a�BK<>_�<]D(h


