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5 �7698�:<;>=<?>@A?�;>@.B�CABED
FHG�CJI,CA;>K�L�MJ:<N�=OI,PQ:OK,;SRTCJI,8�:OL�MJU�=OI,G<:VL�MW=ODEX,;>L�YHBZB!K�:OM[:OI\=<N�N�K�I]K,D7CJL�MACAB�CA;_^28�:a`JL�:<B
CJbOP�cdI,e�:OI]KfI]K,D7CJL�MgI,@A;>CJMJKhB�i�:<B!B�cO?j:OMA;.k*l
:�k

lim
x→2

(x − 2) sin x +
x

x2 + 3

N�k
lim
x→2

1

(x − 2)2
`�k

lim
x→2

1

(x − 2)3

e(k
lim
x→1

3

(1 − x)3
+

1

x − 1

C�k
lim

x→∞
(x + 1)1−

1
x

Rmk
lim

x→∞
(2 − 3

x
)−x2

n �76oI,B<:OI]D7:OLpCJbOPHL�MACA?>F�L�Xh;>@JL_LqCJbdX,;>Lq@Jbd@AG�CJIrL�MW=OD7Xh;>L�YHBsB!Kt:0B�u"G�CA;�B�CJMJvw8�:<;*=<?>@A?q;>@AB�CAB�CA;Jl

:�k
lim
x→1

5x2 − 4x − 1

x2 − 1

N�k
lim

x→∞
5x2 − 4x − 1

x2 − 1

`�k
lim

x→+∞
x4 − 2x2

8x3 + 3

e(k
lim

x→−∞
x3 + 3x2

x2 + 1
− x

x �7ygCAz�U�X]`AK]{s:OI]:<|!}>=OU~N�K]MJcdU�PHXh;>L�YHB�N�C<i�8�cdbOP
lim
x→a

√
x =

√
a
i�8�:

a > 0
i�@JL

lim
x→∞

√
x = ∞ �

� ���!MW=OD7Xh;>L�YHB�B!Kg:OM�:OI\=<N�N�KoI,K]D7CAL�MJCAB�CA;Jl�6o8�cdIgL�MA�HBHL�@JbdCALJi_��bOP�uOB!;�CJI]CJU�Xh;>L��HBQ��:�U�C.G�CJMJvO;�G<:ObOP�:
L�MW=ODEI\=OI]{O;Jl
:�k

lim
x→6

√
x − 2 − 2

x − 6

N�k
lim

x→+∞
x
√

x − 2 3
√

x4

x + 2
x

`�k
lim

x→+∞

√
x2 + 2x + 3 − x

e(k
lim

x→−1

x + 1√
6x2 + 3 + 3x

C�k
lim
x→0

x
3
√

x + 8 − 2

(�76�B�u$G�C.;�B�CJMJv�8�:<;*=<?>@A?q;>@AB�CAB�B!K]L�MJ=OD7X,;*=OL�=OU�=OIS8�:OL�MAU�=OI }�Y�UHB�;�?>K,bdcdU�cdD7CA;�?>KhBHY�LZ:OMAcdU�cdL�L>=ObdcOB<:<;Wi�K]I��

I]C.;�G�Ca:
lim
x→0

sin x

x

8�:<;*=<?>@.?�;>@AB�CA;Jl

:�k
lim
x→0

tg x − sinx

sin3 x

N�k
lim
x→0

tg 4x

sinx

`�k
lim
x→π

sinx

x(π − x)

e(k
lim
x→0

1 − cos 2x

3x2

� � :�ks��YH;*:OL�LqYHBZD7CJb�iO8�cdbOPV:OM
f(x) =

2x2 + x + 3

x − 1

RT��bdbOG�@JU�PHU�C.B
:OL�MJK,DE|�;>cO;*="}>:[:
g(x) = 2x+3

RT��bdbOG�@JU�P�i�:OMW:OM
lim

x→+∞
f(x) − g(x) = 0 �

N�k��g:<;*=<?�cdMJMJYHB�D7CJb�:�� � `$kVRTCJI]:Oe�:<;7CA?�CJe�D7@JU�P�@JU�CAB�L�CJbdXh;>L�@Jbd@AG�CAI_: √
x2 + 2x + 3

RT��bdbOG�@AUQP
:OL�MAK]DE|�;>cO;>=OK,;

+∞ ��N(CJU�@JL −∞ ��N�CJUfl

� �7�ocdIfRTcdI,P�;>cdU�cdLj:OM
f(x) =

sin2 x

1 − cos x

RT��bdbOG�@JUQP�i�@JLjD7K]IhP�CJUs;>X,|�Y�Lq��:<B�:0L�MW:<B<:Oe�=OL>:OKT 

¡ �7�g:<;*=<?>cdMAMJYHB�D7CJb
a
@JL

b
@A?q;>@AB�@A;_��bOP�i�8�cdbOP�:OM�:OI\=<N�N�KtRT��bdbOG�@JU�P~D7K]U�e�CAU��H;�;_RTcdI,P�;>cdU�cdL¢I]CJbOP�CJUfl

f(x) =







√
2x2−sin2 x

x
,

8�:
x < 0

ax + b,
8�:

0 ≤ x ≤ 1√
x,

8�:
1 ≤ x

£ �7�g:<;*=<?>cdMAMJYHB�D7CJbE:OM
f(x) =

2x2 − x

x − 1

RT��bdbOG�@AUQP¤udL�L�MJCAL[:OL�MJK,DE|�;>cO;*="}>=<;Wl
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5 � :�k
2/7 � ^�6oM�CJI,L�vw;>:ObE:Z?>CJU�e�vO?>CAI,G~D7K\:<;q;p;*:<?�; 0

� 8�cdME^28�:0:wL�K,U�RT��bdbOG�@JU�P~RTcdI,P!;�cdU�cdL�L>=Ob�=<;¢U�CJD
8�:OL�MAU�=OI }�YHB�k�� −|x − 2| ≤ (x − 2) sinx ≤ |x − 2| k �

N�k 1

0+
= +∞ �

`�k�
oCJD I,@A;>CJMJKhB�i�e�C
lim

x→2−

1
(x−2)3 = 1

0−
= −∞ i�@JL

lim
x→2+

1
(x−2)3 = 1

0+ = +∞ �
e(k

lim
x→1

3
(1−x)3 + 1

x−1 = lim
x→1

−3+(x−1)2

(x−1)3 � 6 B�@A;>cdI,e�:OI]K I]K]DECJL�MZU�CJD I]@.;>CJMJKhB�i�e�C
1−
��N�:OU −3

0−
=

+∞ i�@JL
1+ ��N�:OU −3

0+ = −∞ �C�k ∞1 = ∞ �R*k
2−∞ = 0

n � :�k 0

0

;>X,|�Y�Lq�fi�e�C�CJbOPHL�MACA?>F�L�Xh;>8�CA;>��UHB�:
0
��8�cdM ;>:<?�;>{w;�@JUQP�CAMJv$G�CAI��

lim
x→1

5x2−4x−1
x2−1 = lim

x→1

(x−1)(5x+1)
(x−1)(x+1) = lim

x→1

5x+1
x+1 = 6

2 = 3 �
N�k ∞

∞
;>X,|�Y�Lq� ��� DECJI }��HBsB!Kt:wI]CAbdbOP�cO?>L>:<N�N�:OU ∞ ��8�CJM ;>:<?�;>{E8�:<;qGO=OU�P!;��

lim
x→∞

5x2−4x−1
x2−1

= lim
x→∞

x2(5− 4
x − 1

x2 )

x2(1− 1

x2 )
= lim

x→∞
(5− 4

x− 1

x2 )

(1− 1

x2 )
= 5.

`�k
lim

x→+∞
x4−2x2

8x3+3 = lim
x→+∞

x4(1− 2

x2 )

x3(8+ 3

x3 )
= lim

x→+∞
x(1− 2

x2 )

8+ 3

x3

= ∞·1
8 = ∞.

e(k −∞ + ∞ ;>X,|�Y�L�� � �ocdMJMAYHB¤B�udMJudL_U�CAG�CJMJvO?>C<i�:OMA;*=OU�:EN�k*i�`$kpCJL�C.;>8�CJMZ8�:OL�cdU�I,{�:OU�:OI\:<BHXh;>L�YHB��

lim
x→−∞

x3+3x2

x2+1
− x = lim

x→−∞
x3+3x2−x3−x

x2+1
= lim

x→−∞
3x2−x
x2+1

= lim
x→−∞

3− 1
x

1+ 1

x2

= 3.
6 RTvO;>:ObdcOB�B!K]CJDECJI]@JLq@AG�CJI�B�udU�UQP�CAU�I\=<;>8�:<;�{�i 8�cdbOP polinom

polinom

:OI\:<B!��BHK,RTC }�CJMJ@AL�CAB�I,K]D7CAL�MJC ±∞ ��N�CJU
D7CJbdCAbOP�CJMJK,B�:�RTvO;*:ObdcOB�8�=OU�PQ:Oe�cdL>=OU�:<B�I,K]D7CJLqMJ@AG�CJI2i X]bOP�:�N�k*i `�k>i e(kgRTCJI]:Oe�:<;>cOB�DECJbdcdI]e�=OL>:¤CJU!�
U�CAB L�CJbdXh;>L�@Jbd@AG�CAIEK]L�BHK,L�MW=OD7Xh;>8�:<;>{��

lim
x→∞

5x2−4x−1
x2−1

= lim
x→∞

5x2

x2 = 5
i

lim
x→+∞

x4 − 2x2

8x3 + 3
=

lim
x→+∞

x4

8x3
= lim

x→+∞
x

8
= +∞ i0@JL�e(k���N�CJU B�udMAudL�U�CAG�CAMJvO?>C 8�cdMW=OL�YH;*=OU

lim
x→−∞

3x2−x
x2+1 =

lim
x→−∞

3x2

x2 = 3 �

x � |
√

x−
√

a| =
|x − a|

|√x +
√

a| ≤
|x − a|√

a
< ε

i�8�: |x− a| < ε
√

a ��� CJ8�=<; ;�CA;>L�MJvdI,CJbdCJL ε > 0
��8�cdM[GO:OU

cdI,PQ:OU
δ > 0

i�CJL�CA;���UHB!N�CAU
δ = ε

√
a
DECJbdRTCJI]CAI�i�8�cdbOP

0 < |x − a| < δ
CJL�CA;�@JU |√x −√

a| < ε �
∞ ��N�CJU�� √

x > K
i�8�:

x > K2 i ;>CA8�=<;
D7K]U�e�CJU K > 0
� 8�cdM7G<:OU�cdI,PQ:OU

x0
^2CAL�CA;>��UHB�N�CJU

x0 = K2 D7CAbdRTCJI]CJI3k*i�8�cdbOP x > x0
CJL�C.;>@JU √

x > K �
� � :�k 0

0

;>X,|�Y�Lq����bOP�uOB�;>CJI]CAU�X,;>@JL¢YH;*=OU¤I]CJ8�C.;o:
0
� 8�cdM�;>:<?�;>{
;>@JU�P�CJMJv"G�CJI CAbOPHL�MJC.?>F�L�X,;�CJU�K��

lim
x→6

√
x−2−2
x−6

= lim
x→6

(
√

x−2−2)(
√

x−2+2)

(x−6)(
√

x−2+2)
= lim

x→6

(
√

x−2)2−22

(x−6)(
√

x−2+2)
= lim

x→6

x−6
(x−6)(

√
x−2+2)

=

lim
x→6

1√
x−2+2

= 1
4 �

N�k ∞
∞
;>X,|�Y�Lq����CAD7CJI }��HB�B!K :0I]CJbdU�:ObOP�cON�N

x
��8�:<;�G<=OUQP�;��

lim
x→+∞

x
√

x−2 3
√

x4

x+ 2
x

=

x lim
x→+∞

x3/2−2x4/3

x+ 2
x

= lim
x→+∞

x3/2(1−2x−1/6)

x(1+ 2

x2 )
= lim

x→+∞
x1/2(1−2x−1/6)

1+ 2

x2

= +∞ �
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`�k ∞ − ∞ ;>Xh|�Y�L�� � 6 I]CJbdU�:ObOP�cON�N
x
��8�:<;�GO=OU�P BHK,CJD7CJI,@JL�C�`JL>:<B ∞ · 0

;>X,|�Y�L�� I]K]DECJL�MJ8�CJM
G�CJMACA;>U�COi�CJMJ@A?q;oCJI]vON�N�bOP�uOB!;>CAI]CJU�Xh;>��UHB � lim

x→+∞

√
x2 + 2x + 3 − x = lim

x→+∞
x2+2x+3−x2

√
x2+2x+3+x

=

lim
x→+∞

x(2+ 3
x )

x

(
√

1+ 2
x + 3

x2 +1
) = 1 �

e(k 0
0

;>X,|�Y�Lq� � lim
x→−1

x+1√
6x2+3+3x

= lim
x→−1

(x+1)(
√

6x2+3−3x)
(6x2+3)−9x2 = lim

x→−1

(x+1)(
√

6x2+3−3x)
−3(x−1)(x+1) =

lim
x→−1

√
6x2+3−3x
−3(x−1) = 6

6 = 1 �
C�k 0

0

;>X,|�Y�Lq�fi(:OM CJbOPHLqMJCA?>F�L�Xh;>@JL�8�CAMVbOP�uOB!;>CAI]CJU�Xh;>CJU�K�B�CJI,I �
lim
x→0

x
3
√

x+8−2
= lim

x→0

x(( 3
√

x+8 )2+2 3
√

x+8+4)
(x+8)−8 = lim

x→0
( 3
√

x + 8 )2 + 2 3
√

x + 8 + 4 = 12 �

(� :�k

lim
x→0

tg x−sin x

sin3 x
= lim

x→0

sin x
cos x−sin x

sin3 x
= lim

x→0

1
cos x −1

sin2 x
= lim

x→0

1−cos x
cos x(1−cos2 x) = lim

x→0

1
cos x(1+cos x) =

1
2 �N�k
lim
x→0

tg 4x
sin x

= lim
x→0

sin 4x
sin x

· 1
cos 4x

= lim
x→0

sin 4x
4x ·4x
sin x

x
·x · 1

cos 4x
= 4.

`�k 0
0

;>X,|�Y�Lq� ��� CAI]8�:OL�MJU�=OIhGO:Hi$8�cdbOP sin x = sin(π−x)
i<:OM

y = π−x
8�CAI,P�CA;�;�CJL�X,;�@JL�L�CJI

lim
x→π

sin x
π−x

=

lim
x→π

sin(π−x)
(π−x) = lim

y→0

sin y
y

= 1
i�X,bOP

lim
x→π

sin x
x(π−x) = 1

π
�

e(k
lim
x→0

1−cos 2x
3x2 = lim

x→0

2 sin2 x
3x2 = lim

x→0

2
3

(

sin x
x

)2
= 2

3 �
� � :�k

lim
x→∞

2x2+x+3
x−1

− (2x + 3) = lim
x→∞

2x2+x+3−2x2−x+3
x−1

= lim
x→∞

6
x−1

= 0 �
N�k�6 � � `�kfRTCAI\:Oe�:<; DECJbdcdI]e�=OL>: L�MJCA?�K]U�;�:OM f(x) =

√
x2 + 2x + 3

RT��bdbOG�@AUQP�?>C
lim

x→∞
f(x)−x = 1

i
X,bOP

lim
x→∞

f(x) − (x + 1) = 0
iwGO:ObOP!K]L

y = x + 1
:OL�MJK]Dw|�;>cO;*="}>: : RT��bdbOG�@JU�PHU�CAB :

+∞ ��N(CJU � −∞ ��N(CJU�GHK,L�MJcdU�;
lim

x→−∞
f(x)

x
= lim

x→−∞

√
x2+2x+3

x
= lim

x→−∞

|x|
√

1+ 2
x + 3

x2

x
=

−1
i�@JL

lim
x→−∞

f(x) − (−x) = lim
x→−∞

√
x2 + 2x + 3 + x = lim

x→−∞
x2+2x+3−x2

√
x2+2x+3−x

=

lim
x→−∞

x(2+ 3
x )

|x|
√

1+ 2
x + 3

x2 −x
= lim

x→−∞
2+ 3

x

−
√

1+ 2
x + 3

x2 −1
= −1

i ;>CJ8�=<; −∞ ��N�CAU :OM�:OL�MJK,DE|�;>cO;*:

y = −x − 2 �
� �7��K,G�CJI!D7K]U�e�CJUQ�H;�;�RTcdIhP!;>cdU�cdL RT��bdbOG�@AUQP�CAB�N�vdIH?*:<B�;>YHBVudLqL�MJC :OI\:<|�D
FHG�CJI,CA;>CAB�L�CJbdXh;>L�@Jbd@AG�CAI�i�`JL>:<BZcO;q;

U�CJD RTcdI,P�;>cdU�cdLJi :O8�cdISU�K,U�`JLa@A?q;>CJI]DECJMAG�COi :OMW:OME:O8�cdI
cos x = 1

i CAME|�CJe�K,b�:OM
x = 2kπ

^
k ∈ Z

k
8�CJIhP�CAB�CJU�G<:OU ��� ;�;a:�RT��bdbOG�@JU�P�I,K]D7CAL�MJC�� lim

x→a

sin2 x
1−cos x

= lim
x→a

sin2 x(1+cos x)
1−cos2 x

= lim
x→a

1 + cos x =

1 + cos a
G�@JbdCAL_@A?�;�@AB�i�CJMJ@.?�;[CJMACAB~D7CJbdL�MJ��U�;>CA;�8�CA;>v7L�MJ:<BO:Oe�=OL�cOB �

¡ �
f(x)

RTcdIhP!;>cdU�cdL�:
(−∞, 0)

i
(0, 1)

@JL
(1,∞)

K]U�;>CA?�G<:OI]I,Y�D7cOB DEK]U�e�CJbOP!K,B�@JUfi¢D7CA?q;�:OM
f
� CA;�Kh;�;

e�CAz�U�K]=OI]{aRT��bdbOG�@AUQP�CAB0RTcdIhP!;>cdU�cdL>:<B � ^26oM¢CJI,L�v�RT��bdbOG�@AUQP�?>vdI�Y�bOPQ:OUwCJI,I]CJU�vO?�K]MJU�K�B�CJI,I�id8�cdbOPZG<:OI]{ON�:OU@A?�;�CJI]D7CAMAG�C�GO:OU!��C :p;*:<?�;>cdDs=OU�P�cdUfi"e�C bdCJcdDECA;�?>K]:OK<cOB�cdLqB�c�e�=OL�L>:OIdI\=<;�8�:<;>{�i�8�cdbOP
x ≥ sin x

i$8�:
x ∈

[0, π
2 )
i�@JL

x ≥ π
2 > 1 ≥ | sinx| i�8�: x ≥ π

2

i�G�@Jbd��I
x < 0

��?*:
x2 − sin2 x = (−x)2 − sin2(−x) ≥

0
io;>CJ8�=<;

2x2 − sin2 x ≥ x2 ≥ 0 � k � bOP `JL>:<B9:OMA;�B�CJI,IgD7CJbdU�@JMJU�K2ig8�cdbOP9D7K,I,P�CJU RTCJI,;�@A;>CJI,CAB
D7CJI,I]CA;q; CJbOP�CAMJK,BaD7CJbo:OM K,I]I,CJL�MA;>@AL�K�|(cdUQ;�N�:OU0: }�cON�NH�f@JL N�:OI!cdI,e�:OI]KQ8�:<;*=<?>@A?�;�@ABa@AL�:[RT��bdbOG�@JUQP�@.?�;>@AB �

lim
x→0−

f(x) = lim
x→0−

√
2x2−sin2 x

x
= lim

x→0−

|x|
√

2−
(

sin x
x

)2

x
= lim

x→0−

−
√

2 −
(

sinx
x

)2
= −1

i DEX]b

f(0) = b = lim
x→0+

ax+b = lim
x→0+

f(x)
iO;>CJ8�=<; : RT��bdbOG�@JU�Pw:<B!B�cO?�@JL `JL>:<Bw:<B�B�cO?�RTcdI,P!;�cdU�cdL

0
��N�:OUfi

8�:
b = −1 � lim

x→1−

f(x) = lim
x→1−

ax + b = a + b = f(1)
i�D7X]b

lim
x→1+

f(x) = lim
x→1+

√
x = 1

i�X,bOP
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a + b = 1
i :OD7K

b = −1
D7CJI,I]CA;�;�:<B�B�cO?�@ALa`JL>:<B�:<B�B�cO? ;�CJI }�CJLq��I�i 8�:

a = 2 � � CA8�=<; f
:<B!B�cO? @JL

`JL>:<B¤:<B�B�cO?jRTcdIhP!;>cdU�cdL D7K,U�e�CJU��H;q;Wi�8�:
a = 2

@JL
b = −1 �

£ �
f
RTcdI,P�;>cdU�cdL

R \ { 1 } ��CJUfi�;>CJ8�=<; RT��bdbdvdI,CJbdCJL�:OL�MJK,DE|�;>cO;*="}>: I,CJbdRTudI }�CAN�N
x = 1

��N(CJU I,CJ8�CA; �
lim

x→1+
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