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9 �;:=<?>A@CB�@EDF@CGIHJ>A<LK�@NMPOQ<LRS@CGIH!@EK�>A@ED�O�@CK�T�R�UC@EO
[A|b] V <0W�X"Y[ZLD�@ED�D]\^MPD�O�<0_�MIK�` V `aO6`IK�GEbQ`[cdB�`eDQf�T"b�f V cB�ghGIH

`�ij`IU�@CGIH!@CK�>A@kD�OQ@CK�T�R�UE@EOQK�@ V Y!lCGIDQ@C>L@CKmR�g V \;@EGhgh>AT�MIRQ`nYI`IKoc�lCRp`IU�<LR�\;@EO�@EDQ>A@EK�@ V R�UNMI\^` 2 qW�i2`IU�@CGIH!@CK�>A@kD�OQ@CK�T�R�UE@EOQK�@ V K�<AK�rCRs\;@CGhgh>AT�MIR�`[c�lCR A
O6`IK�GEbQ`

3 qr�i2`IU�@CGIH!@CK�>A@kD�OQ@CK�T�R�UE@EOQK�@ V @CGIH!@EDQ>L@CKm\;@EGhgh>AT�MIRQ`nYI`IKoc�lCR A 3 × 2 t @CRp\;MPD�OQ<0_�u


v�;wdGIH�>A<AK�@CMPOQ<ARn@CGIH!@EK�>A@ED�O�@CK�T�R�UC@EOxOQXh>yDQf�T"b�f V czB�ghGIH




1
2

−1





lCR




0
1
3





<ARn\;@CGhgh>LT�MIRQ`[{=|sT"b�f V \F@CG
\;lCG V lED V�} >A~hK!W�~hUCX�\F@CGhgh>AT�MIRQMPDd`IUp@EGIH!@CK�>A@EDxOQ@CK�T�R�UC@kOQK�@ V�� :=@ V�V gIO6`�>A@CB�@EDy`IUp@CGIH!@CK�>L@ED�OQ@EK�T�R�UC@EO\^MPD�O�<0_�MIK�` V `�O6`IK�GEbQ`!u=:=@ V�V gIO6`]>A@CB�@EDp@CU�`]O6`IK�G�c�B�`F`IU
@CGIH!@CK�>L@ED�OQ@CK�T�RxUC@EO�B�gh\;ghGhlEK�u

� �;��<AK�@NMPOQ<LRQ`IK�� } GhGh@ED�>A@CK�@ V�t @�`IU�`I>AMPW�W�<�Y!@ V DQgIOQg V u`�i
{ (1, 2,−1, 0), (1, 1, 2, 1), (2, 0, 1, 3) }W�ie�����xi

{ (0, 1, 3), (2, 1,−1), (4, 3, 1) }

� �;��>A>LZLDQRxf V @C>LXe` v1 = (1, 0, 1, 1)
c
v2 = (2, 1,−1, 3)

lER
v3 = (0, 1,−2,−1)

Y!@ V DQgIOQg V >A<LK�@NMPOQ<LR
V gh\nW�<AK�MIrC<L�$bQ` V lCK�D
`IU a = (0,−1, 3,−1)

c
b = (1, 1, 0, 1)

lCR
c = (3, 2,−2, 3)

Y!@ V DQgIO�g V�V ~hU } >`IUCg V `PDNc�`I\;@C>0H!@ V @ED�>A@EB�@ED � �����Q�zWv@C��@�b�@CUEK�<�i
� �;|�>LD�@EOQ@ED�`I> V gID�K�` V�t @ R

3 t W�@CK�`IUF`I>AMPW�W�<�OQlCR�UEB�`I>A\^`IUCg V u�|�\;@E>LH[< V `I>0DQlEONc�`IK�K�` V `IT"b�f V \;@EG2@EGIHW�MIUC<LRQMPDp<LR �`�i
{v ∈ R

3 | |v| = 1 }W�i
{ (x, y, z) |x + 2y + z = 0 }r�i
{ (x, y, z) |x + 2y + z = 1 }Tvi
{ (x, y, z) |x2 + y2 + z2 = 0 }@�i
{ (x, y, z) |x3 + y3 + z3 = 0 }

� �F��@CGIH }[V R
3 t W�@EK�`

B = { (1, 3,−1), (0, 1, 1), (2,−1, 0) }
W�MIUC<LRxDN{ :=@C>0H[< V `IU�`

v
Y!@ V DQgIONc

`I\;@C>0H[K�@ V B
R�UC@EOQ<LK�D�< V g�gIO�T�<AK�MPD6`NY!@ V D�gIO6` [v]B =





1
2

−1





c
lER�\;<�`
w = (3, 0,−3)

Y!@ V DQgIO

V g�gIO�T�<AK�MPD6`NY!@ V D�gIO6` B R�UE@EOQ<AK!D,u������Q� W�@C��@¡b�@CUCK�<�i
¢ �;|�T"b�f V \;@EGF`IU�`I>£MPW�W�<�\^MPD�O�<0_�g V R�gIO�DQ@EO�lCK�@ V c�ghR�UE>AgI¤�DQ@EO�lCK�@ V lCRsK�f�>A>0DQ@EOQlEK�@ V @EGIH t @EGIH2W�MIUE<ARQMPD �

`�i




1 2 0 −1 1
2 4 1 −1 3

−1 −2 1 2 0





W�ie�����xi






1 2 3 1
1 −2 −1 0
0 1 1 −1
1 1 2 3







¥ �F�
MI>£`IRxR�UCf�K VaV <z` V ~"Y!@ED V @CUEXmY!@ V D�gIOQB�`I>A\^`IUEg V W��h>¦\^`�_�<L\^MI>A<LR§� } GhGh@EDQ>L@CK�OQ@CK�T�RxUC@EO�DNc�lCR���@�b�@EUCU }[V
V <�`]DQ~IW�W�<�Y!@ V DQgIOxDs@EUC@ V >A<LK�@NMPOQ<AR V gh\nW�<AK�MIrC<L�$bQ` V lCK�D �`�i

{ (1, 2, 3), (−2,−4,−6), (1, 1, 1), (0, 1, 2), (2, 1, 0) }W�ie�����xi
{ (0, 1, 1,−1), (1, 2, 1, 0), (1, 0,−1, 2), (−2,−1, 1,−3) }

¨ �;|�T"b�f V \;@EGF`IU U
\F@EOQXh>A@EGh@CR V <A@CGhlER�UCZLD�X;`I>LD�@EOQlCK�@ V @CGIH^W�MIUE<ARQMPD§` V t Wv@CKoc�B�``�i

U = span
(

(1, 2, 0, 1), (3, 1,−1, 1), (1,−3,−1,−1)
) c

V = R
4 qW�ie�����xi

U = span
(

(1, 2,−1)
) c

V = R
3
{
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� �����d|�U
x1





0
1
3



+x2 ·





2
1

−1



+x3





4
3
1



 = 0
Y!@ V DQgIOQ@CGIH!@CK�>L@EDQK�@ V c�`IUN`IUp`





0 2 4 | 0
1 1 3 | 0
3 −1 1 | 0





B�gh\;ghGhlCK�@CGIH!@CK�>A@kD�OQ@CK�T�R�UE@EOQK�@ V YP`IK K�@C\ D�OQ<LY�<£MI>L<AR \;@CGhgh>LT�MIRQ`[c�\;@kO�D�`�\;MPD�OQ<0_a>LlE¤�rER�XhRn`I>£` V bQ`




1 1 3 | 0
0 1 2 | 0
0 0 0 | 0





{�� GIHJ`�Y!@ V DQgIO�OQ@EK�T�R�UC@EO�K�@C\ � } GhGh@ED�>A@CKo{��4|�U^@CGIH!@CK�>L@ED�OQ@CK�T�RxUC@EOS\;@CGhgh>AT�M t
RQMPWv�h>s`IU2<ARS>A@Cgh>0YI`IRxB�`PDQ��c�B�ghGIH `aB�`POQ\^`IT�< V Y!@ V DQgIOS`IUm@E>AR�XaY!@ V DQgIO�K�` V lCR;`a\^MIR�g�T�< V Y!@ V D�gIO
V lEDQRxUC@EOQ@CRxlCK�@ V ~hRxR�UC@CGh@I{ i
� ���zOQT�@C\;@ER§`SB�MPO�gh\ Y!@ V DQgIO�@C>LX!MI>A>AZ0D6MIRQMPD?R�UE<A\]f�>LD6MIK)@CGIH!@CK�>L@ED�OQ@CK�T�RxUC@EO V lCK!D V <AR�UNMI\Fgh>AK�<��







1 2 0 | 0 1 3
0 1 1 | −1 1 2
1 −1 −2 | 3 0 −2
1 3 −1 | −1 1 3






7→ 7→ 7→







1 0 0 | 2 3 1
0 1 0 | −1 −1 1
0 0 1 | 0 2 1
0 0 0 | 0 3 0







|�B�MPOQgh\ V ghK�RxD6`IK�R�ghR�UE>AgI¤�gID V�} >A~hKSD�@ V <LK�D�Y!@?>L@Cgh>LYP`IR�B�`PDQ� V `
\;@CGhgh>LT�MIR�g V � a = 2v1−v2

c
b
K�@C\

MI>A>LZLD6`IB�`PD���@E>AX�c�lCR
c = v1 + v2 + v3

{
� �

v = (1, 3,−1) + 2(0, 1, 1) − (2,−1, 0) = (−2, 6, 1)
cnlCR `���{ ��@E>£`IT�`PD�\F��T�R�UC@kOQlEY!@C>

V <LR�UNMI\;Z0DQB�`PD7b�f V c)B�ghGIH `
w

@C>LX!MI>A>LZLD6MIRQMPW�`IK ` W�MIUC<ARx@C>A@C\F@ V @EGIH } D�DQB�`PD��h< 1
c
−2

lCR
1
c�ZLGIH

[w]B =





1
−2

1





{

¢ � | \^MPD�OQ< _ OQ@CT�f V MI>LD >AlE¤vrCR�XhR `I>A` V bQ`[�






1 0 1 0
0 1 1 0
0 0 0 1
0 0 0 0







{ w�W�WvXh>�>L@Cgh>LYP`IR�B�`PDQ��c B�ghGIH

`IU ghR�UC>LgI¤�DQlEO�W�MIUC<ARQ`
















1
1
0
1






,







2
−2

1
1






,







1
0

−1
3

















��`IU @EO�@CT�@EDQ< \^MPDxOQ<0_[g V K�` V `IUEg V `IU ghR t
UC>LgI¤�`I<�c?`I\;@C>0H!@ V K�@ V \F@CGh��@C>A@E>AX�ghR�UE>AgI¤�g V `�>Alk¤�rCR�XhR���OQ@CT�f V MI>LD^>LlE¤�rCRxXhR^`I>£` V W�`IK D6`PO�D6`I>L\^`IUCK�` VY!@CUClkOQ@C>A@E\;@EDEi6{ | R�gIO�DQlkOQK�@ V W�MIUC<LRQMPD2`IT"bQM V ` >AlE¤vrCR�XhR ��OQ@ET�f V MI>0D)>LlE¤�rER�XhRm`I>A` V K�@C\ K�f�>A>A`�Rxg tO6`I<4c¦f�GIH�`IK�<LR�`mR�gIO�\"![Y!@E>A@EDQ@ V `2R�gIO�DQ@kOQ@ED�K�@E\ YPMI>LDQghUkD6`PD7bQM V c�lCR�` V `P¤�gID�D�R�gIOQg V K�H�<A>0YIMIK!YI`I>L�!`IK� } GhGh@EDQ>L@CK�@ V � { [ 1 0 1 0 ] , [ 0 1 1 0 ] , [ 0 0 0 1 ] }

{ | K�f�>A>0DQlEO�` \^MPD�OQ< _�B�ghU
\;<LK�D2@CGIH } D�DQB�`PDQ�h\^MPDxOQ<0_[B�ghU�D6`PO�DQghUC��B�gh\;ghGhlCK >A<LK�@NMPOQ<AR2@CGIH!@CK�>L@ED�OQ@EK�T�R�UC@EO \F@CGhgh>AT�MIRxD�@EOQ@I�JB�`
`�\;@CGhgh>LT�MIR�g V `PDSY!@ V DQgIOQghRF`I>£` V W�`IK ZLO7b�f V c?` V�V gIO^`IUm� } GhGh@EDQ>A@EK Y!@ V DQgIOQg V DQ@kDQR�UCXh>L@CGh@CR;>L<AK�@NMPOQ<LR

V gh\nW�<AK�MIrC<L�$bQ` V lCK�D�>L@CR�U�\F@CG!`IT[YI`[{$# D�Dp`S\;@EGhgh>AT�MIR






−t

−t

t

0






= t ·







−1
−1

1
0







c�DQ@CB�MPDp`SK�f�>A>LD�lEOpW�MIUC<LRQ`

















−1
−1

1
0

















{p�4wdU
@CGIH&%[D�D6`I>�`SRxgIO�DQlEOs\;@EOQXh>L@CGh@CR V <L@CGhlCR�UCZ0DQX$b�@�i6{
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¥ �����§|���{y��@C>A`IT�`PD�W�@C>L<¦\F��T�R�UC@kO %�GIHm`IT"bQ`F\;@CGF`IU�ghR�UC>LgI¤�DQlEOQK�@ V @CGIH2W�MIUC<AR�MPDNc�B�ghGIH)\^`�_[<A\^MI>L<AR� } GhGh@EDQ>L@CK O�@CK�T�R�UC@EOxDSYPMI>£`IR�UkD V <y`IUjghR�UC>LgI¤�g V Wv�h>�{���@CB�MPDS` \;@CG!`IT�gID�DnY!@ V DQgIOQg V `PD]@CGIH \^MPDxOQ<0_
ghR�UC>LgI¤�`I<LYPM�DQ@ER�R�U }[V c�lER§`I> V `I>A\;`IUCUCf V `���{���@C>A`IT�`PD�W�@E>A<�\;��T�RxUC@EO�DN{







0 1 1 −2
1 2 0 −1
1 1 −1 1

−1 0 2 −3






7→ 7→ 7→







1 0 −2 3
0 1 1 −2
0 0 0 0
0 0 0 0







wdK�K�@ V `I>£`P¤�bQMIK `IU @C>ARxX V lEDmY!@ V DQgIO W�MIUE<ARxDa`I> V gIDN� { (0, 1, 1,−2), (1, 2, 0,−1) }
cslCR=\;<0Y!@C>�`

R�gIOQ\ ![Y!@C>L@EDQ@ V K�@C\ YPMI>LDQghUEDQ`PD7bQM V \;@CGp`p>A<LK�@NMPOQ<AR�~hR�R�UE@C� } GhGhlCR�@ V @kDz`IUdghR�UC>LgI¤�g V V ~hUC~ID�DCcP`sO�@CT�f V MI>0D`I>£` V W�`IKF` DQ~IW�W�<�ghR�UC>LgI¤=��` Y!@CUClEO�@CGIH!@CR�@ V�V @C>�@CGIH]R�gIO�W�`IKF>A@EY!X�i¦@CGIH } D�DQB�`PDQ�h<[\F@CGh\]f[D6`PD7bQM V cPB�ghGIH\;<L>LH!@CK]@CGIH } D�DQB�`PDQ�hR�>A<LK�@NMPOQ<LR V gh\nW�<LK�MIrC<A��`IT"bQ`�\;@EG�`IU�@EOQ@ET�@EDQ<�Y!@ V D�gIO�Dz` V <LYPMI>£`IR�UED�gID�D W�MIUC<LRxW��h>4�
(1, 0,−1, 2) = −2·(0, 1, 1,−1)+1·(1, 2, 1, 0)

lCR
(−2,−1, 1,−3) = 3·(0, 1, 1,−1)−2·(1, 2, 1, 0)

{
¨ �����2| \;@EG!`IT�gID�DFY!@ V DQgIOQg V `PD^@CGIH \;MPD�OQ<0_ R�gIOQ`I<LW�` ZLO7b�f V cslER)` V�V gIOj`�K�f�>A>LD�lEOjW�MIUC<ARQ` >L@CR�U=`
\;@EO�Xh>A@CGh@CR V <L@CGhlCR�UEZLDQX�{ [ 1 2 −1 | 0 ]

@C>A@EY!@ OQ@CT�f V MI>LDp>AlE¤vrCR�XhRp`I>£` V c[`IU�@CGIH!@CK�>L@ED$��O�@CK�T�R�UC@EOki
\;@CGhgh>LT�MIRQ`





−2s + t

s

t



 = s ·





−2
1
0



 + t ·





1
0
1





c�lERp@EW�WvXh>¦`�\;@EOQXh>L@CGh@CR V <L@CGhlCR�UEZLDQXS`I>LDQlkOsW�MIUC<LRQ`

{ (−2, 1, 0), (1, 0, 1) }
{


