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M�m
F(r) =

(

x

y
,

y

x
, xz

)

n m
F(r) = grad |r|oqpRr
div F(r) = 1

y + 1
x + x sRt rotF(r) =

(

0, −z, − y
x2 + x

y2

) u v r
grad |r| =

grad
√

x2 + y2 + z2 =

(

x√
x2+y2+z2

, y√
x2+y2+z2

, z√
x2+y2+z2

)

w
pixNy v{z�|

divF = y2+z2

(x2+y2+z2)3/2
+ x2+z2

(x2+y2+z2)3/2
+ x2+y2

(x2+y2+z2)3/2
= 2√

x2+y2+z2

w s{t rotF = 0 wxD}R~R�
F
}8�0�j�{�!�%�i� sR� �U�i~�p��iy[} ��t } w �1}{���i������(} ��� y�� | � t w s{t �����1} ��� y�� | � t �{�!�%�i� sR� ��~-���8� � y[�(�Sp 0

u r
� �K��Lg?SW`b!c+CFEHG�I+J n Q0����W`_0c

div(g · F) = (grad g) · F + g · div F �o
F = (P, Q, R) � ~H} div(gF) = div(gP, gQ, gR) = gxP + gPx + gyQ + gQy + gzR + gRz w s{tp��%� v%v � | �!p | y t }-�{�%} | }8�0�!} � |gz`u r

� �D�@0G�G�I+J n Q0�
��W`_0c�M0?
F(r) = (2x + 6xz, −2y, 3x2 − 3z2)

P!QVJ�E�W0XHBDQS?ST�\^W0X�X-@0G�BDQVb�EHQVG�aSG
O0X�P!aSb!c+B QSb�E�QSG.LeGSl
o
divF = 0 s{t rotF = 0

r
�¡�D¢�MiX-M0BDaREHQVXHQS?V?S]+J£M0?VE
M>J�¤+¥�¥�M0¦§@0GqEHW0ES�M0B QS¦ec�b�QVJ¨M0¦§Mi¥�hHM©M0?

x2 + y2 = 1
�
z = 0

QS_0c!QVb�¦gQVEHQRJ�J!QS¦
BDQS_!M0d�W0EqEjJ!O0XS��fSG�¤�fSGHM ¥ªQSd�Lg_

A(1, 2, 3) �o�«¬3®3�!��p | � t �1�i� | }��%}H����}R�¯�{��¬�p �{t ® �{t ���°p±¬`²�~°��� � �¯�Spiy9�ip | ² t-t �%}{¬!²�� z t �Ap�¬0p t �%�3¬%¬0p |eu «¬`²i~³}8�i�
�(}R� t � z�| }8��} t ��� � �´�Sp P (cos u, sinu, 0) w s{t p3�

AP t �Ap�¬`p t �R� v � �0} | ��pi~�pix s �1}V~H}-�R�`}µp¶¬3®3�!��p | � t ��(}R� t � z�| }8��} t ��� � �¯�S� � p�¬°��} | �i�0}{¬3�(��~H�i~�p>p��
r(u, v) =

−→
OA + v

−→
AP = (1 − v + v cos u, 2 − 2v + v sin u, 3 − 3v)

¬3y·�A}��A}-� s{t ��¬0pR�3�{¸�¬ w p���� |
0 ≤ u ≤ 2π s{t 0 ≤ v ≤ 1

u r
¹ � º1X9h�I+J»\^QS¦¡MUJ!O%P!QVE�J!QS?ST�\^QS¦g]�¦eQVEHQVJ©aVX�Lgb!EHT`G�CeJShH@0b�MiJ©QS_0c!QSb�¦gQREHaVE¼MUBDQS_!M0d�W0E�E�¥ªW`b�E n M0b&l

M�m
r = (uv, u

v ,
√

u)
M0?

(u, v) = (4, 1)
¥�MiX-M0BDaVE�QVXH½»¥ªW`b�E n M0b&¾

n m
x3 + xy2 + 3yz3 = 5

M0?
(1, 1, 1)

¥�W`b!E n M0b �o¿pRr
ru = (v, 1

v , 1
2
√

u
) w rv = (u, − u

v2 , 0) w p3��p!�������ª��� � � v p � ru = (1, 1, 1
4) s{t rv = (4,−4, 0)

u
À v%v{z�| p � ��~{x � | �0}{¬3�(��~ (1, 1,−8) w p±xD}1�!p!�������j��� � � r(4, 1) = (4, 4, 2) w s{t p3� s ~{y � � z tRÁ ¬ x +
y − 8z = −8

uÂv r±«Ã�%} | � | }V�Kp
g(x, y, z) = x3 + xy2 + 3yz3

�{�!�%�i� sR� � ��Á �0�3�+p | x p3�Ap w Á �i�
� ��~Rx � | �0}R¬3�1�i~�p grad g = (3x2 + y2, 2xy + 3z3, 9yz2) w p0xNy6p3� (1, 1, 1)

��� � � v p � (4, 5, 9) w s{tp tRÁ ¬D}8�i��} � | }R�(} 4x + 5y + 9z = 18
u r
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M�m

r(u, v) = (u2, 2u cos v, 2u sin v)
�

0 ≤ u ≤ 1
�
0 ≤ v ≤ π

2

¾
n m>Å¼?

x2 + y2 + z2 = 2
_`O`B n�n T`¦ÆM

z =
√

x2 + y2
J�¤+¥³@0¦eEHM0¦�J+LgB QVEHG�?SQRE�E¿XHaSG�? �

oqpRr π/2
∫

0

1
∫

0

|ru × rv| du dv
π/2
∫

0

1
∫

0

4u
√

1 + u2 du dv = 4
√

2−2
3 π

uÇv r©«È¬3®3� s{t p���²ix v xD}R� t �%}R�(}
p3�

x2 + y2 = 1 w z = 1
¬`²i~ w �1}{���i�Kp©�%} | � | }V�8�!p0~�p v �`}R�É� | }R�(}Êp3� xy �1t{Á ¬3~HpËp3�

x2 + y2 ≤ 1¬`²�~ u « ∫ ∫ |∇g|
|(∇g)p| dA

¬ s � | }V�1}R�j�+p t � � � | �ip w p���� | g(x, y, z) = x2 + y2 + z2 w sRt p = (0, 0, 1)
p

�0}R��� | }R� tRÁ ¬1�S� � p�¬ }8�i� tAs � � �iy � ��~Rx � | �0}{¬��1��~Hp!Ì |∇g| = |(2x, 2y, 2z)| = 2
√

x2 + y2 + z2 = 2
√

2
p
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��²�x v �A} | � | }R�(} � w |(∇g)p| = |2z| = 2

√

2 − x2 − y2 w s{t p �A} | t � Á9� ∫ ∫

x2+y2≤1
2
√

2

2
√

2−x2−y2
dx dy =

∫ 1

0

∫ 2π

0

√
2√

2−r2
r dϑ dr = (4 − 2

√
2)π

u�� � t ¬ s �!�ÆÌ pµ��²�x v t p{��¬0p ��pi~�p0x s �(}R~H}-� s{t } r(ϕ, ϑ) =

(
√

2 sin ϕ cos ϑ,
√

2 sin ϕ sin ϑ,
√

2 cos ϕ) w p���� | 0 ≤ ϕ ≤ π
4
w |rϕ × rϑ| = 2 sinϕ w sRt pj�A} | t � Á��

∫ π/4

0

∫ 2π

0
2 sin ϕ = (4 − 2

√
2)π

u r
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F(r) = (x2 + y3, 12xy − 3x, xyz2)n m
F(r) = r × (1, 1, 1)� �K��Lg?SW`b!c+CFEHG�I+J n Q0����W`_0c

div(F × G) = (rotF)G − F(rotG) �� �D¢�MiX-M0BDaREHQVXHQS?V?S]+J»M
z = y2 _`O0X n Q y

J!O0XH]�¦gLÆ\^W0XH_!MiE-@0G�@%PiM0¦�J0Mi¥ªW0E�E.\^QS¦g]�¦eQVEHQVEAl
�¡��� MiE-@iXHW`?V?SI+J¨BDQS_©M0?

r(u, v) = (u, cosu sin v, cosu cos v)
\^QS¦e]�¦gQVE�b�W0XHBK@0¦FP!QVJ�EHW0XH@iE M0?

u0 = π
4

�
v0 = π

3
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¹ �DÅjd%h�I+J BDQV_ M0?

xy2 + z3 = 12
\^QS¦g]�¦eQVE aRXHLgb!EHT`G�CFJAhH@0b�MiJ©QS_0c!QSb�¦eQVEHaVE�M

P0(1, 2, 2)
¥�W`b!E n M0b&l

Ä �>=�?A@0BDCFEHG�I+J J+L�M0?
r(u, v) = (cos u − v sin u, sin u + v cos u, u + v)

�
0 ≤ u ≤ π

�
0 ≤ v ≤ 1\^QS¦e]�¦gQVEHd�MiXHM n \^QS¦gGq?SCgb�aVESl
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div F = 2x + 12y + 2xyz
�

rotF = (xz2, −yz2, 12y − 3 − 3y2)
n m

F(x, y, z) =
(y − z, z − x, x − y)

�
divF = 0

�
rotF = (−2,−2,−2) �� ���QS_0c!QVb

F = (F1, F2, F3)
�+aSG

G = (G1, G2, G3) div(F×G) = div(F2G3 −F3G2, F3G1 −
F1G3, F1G2 − F2G1) =
(

(F2)xG3 + F2(G3)x − (F3)xG2 − F3(G2)x

)

+
(

(F3)yG1 + F3(G1)y − (F1)yG3 − F1(G3)y

)

+
(

(F1)zG2 + F1(G2)z − (F2)zG1 − F2(G1)z

)

=
(

(F3)y − (F2)z

)

G1 +
(

(F1)z − (F3)x

)

G2 +
(

(F2)x − (F1)y

)

G3+

F1

(

(G2)z − (G3)y

)

+ F2

(

(G3)x − (G1)z

)

+ F3

(

(G1)y − (G2)x

)

=

(rotF)G + F(rotG) �� �
r(y, ϕ) = (y2 sin ϕ, y, y2 cos ϕ)

�
y ∈ R

�
0 ≤ ϕ ≤ 2π ��¡�

ru × rv = ( 1
2 ,

√
6

4 ,
√

2
4 )¹ � ∇(xy2 + z3 − 12) = (y2, 2xy, 3z2)

��Cg_0cµM0?>aVX�Lgb!EHT`G�CeJ�b�W0XHBK@0¦eP!QRJ�EHW0X-M
(4, 4, 12)

�P0M0_0cµM0?
QS?S?VQS¦¡¥�@iX���I�?AM0B W`G

(1, 1, 3)
�+aSG.M�GqCeJ©QS_0c!QSb�¦eQVEHQ

x + y + 3z = 9 �Ä �
ru × rv = (−v sin u, v cos u,−v)

� |ru × rv| = v
√

2
��MU\^QS¦gG�?VCgb

π/
√

2 �


